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In this paper, the qualitative properties of solutions for a kind 

of non-autonomous third-order neutral delay differential 

equations (NDDEs) are discussed. New results on the stability, 

boundedness and square integrability of solutions and their 

derivatives are obtained by using the method of Lyapunov 

functional. Our results generalize and extend many related results 

on third-order neural differential equations with and without delay 

in the literature. Moreover, an example is given to show the 

correctness and feasibility of the main results. 
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Introduction 
In this research, we examine the 

asymptotic stability of a zero solution for 

the following non-autonomous third-

order NDDEs: 

as well as the square integrability and boundedness of 
 

           (1.2)        

 

for all , where 

 is a constant with 

 and , .        

The functions , , , , 

 and  are continuous depending 

only on the arguments shown. In 

addition, it is also supposed that the 

derivative  exists and continuous. 

By a solution of (1.2) we mean a 

continuous function   such 

that  

and which satisfies (1.2) on . 

A family of differential equations known 

as neutral differential equations includes 

both the function and its advanced or 

delayed argument. Control theory, 

biology, economics, and engineering are 

among the fields that use these equations 

to understand how a system's prior states 

influence its current behavior. 

The qualitative characteristics of neutral 

differential equations are the subject of 

several textbooks, frequently in relation 

to functional or delay differential 

equations, for instance (Hale and 

Verduyn Lunel, 1993; Kolmanovski and 

Myshkis, 1992 &1999; Kuang, 1993; 

Lakshmikantham et al., 1994; Strogatz, 

2018).    

NDDEs can exhibit rich dynamics, 

including fixed points, limit cycles, and 

even more complex attractors. The study 

of bifurcations in such systems is crucial 

to understanding how these dynamics 

evolve as parameters change. 

Third-order NDDEs are a specific type 

of delay differential equation where the 

highest derivative is third-order, and the 

equation involves neutral terms meaning 

that the delayed arguments appear not 

only in the terms involving derivatives 

but also in the terms without derivatives. 

These equations are more complex than 

standard delay differential equations 

because of their structure. 

NDDEs are applied in many domains, 

including population dynamics, control 

theory, and mechanical systems, where 

the current behavior of the system is 

influenced by its prior state and rate of 

change. 

In the advanced field of differential 

equations with delays, Lyapunov 

functionals are used to analyze the 

stability, boundedness, and integrability 

of solutions to NDDEs. Here is an 

organized method for doing this study, 

along with several sources for more in-

depth knowledge. 

Lyapunov functionals provide a 

powerful tool for analyzing the 

qualitative properties of NDDEs, though 

they require careful construction and 

manipulation to handle the neutral term 

effectively. The key is to find a 

functional that appropriately captures the 
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dynamics of the system and yields a 

negative time derivative, indicating 

stability. 

Several authors have studied that 

stability and boundedness of solutions 

for certain differential equations with 

and without delay using Lyapunov's 

direct method. We can mention in this 

direction, the works of (Fellous et al., 

2022; Graef et al., 2015; Mahmoud, 2016; 

Remili and Beldjerd, 2015; Remili and 

Oudjedi, 2014& 2016(a,b,c); Remili et al., 

2016; Santra et al., 2020) and the 

references therein. 

The problem of neutral differential 

equations with and without delay has 

received considerable attention in recent 

years, for example, (Ademola et al., 2019; 

Graef et al., 2018, 2019 and 2021; Khatir, 

2022; Khatir et al., 2020; Oudjedi et al., 

2019; Philos and Purnaras, 2010; 

Rahmane and Abdellaoui, 2024; Remili 

and Oudjedi, 2020) and some other 

papers in literature before proving our 

results. 

Asymptotic Stability 

Setting  and 

, then 

(1.1) is equivalent to the system of first-

order differential equations. 

 

For the brevity, we put 

 
According (2.1), we get 

               

The following theorem is the stability 

result of this paper: 

Theorem 2.1.  Assume that there are 

positive constants 

 and 

, such that the following conditions are 

satisfied, for all : 

 

 

 

Then the zero solution of (2.1) is asymptotically stable, provided that 
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where 

 

 

Proof. Define a Lyapunov functional  such that: 

where 

 

          

          

(2.5) 
 

where  are positive constants and to be selected below suitably, for all . 

The functional  defined in (2.5) can be written in the following form 

 

     

      
  

                                     
Since the following integrals 

 

 
are positive, it follows that 
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By conditions , it tends to 

 
Then there exists a positive constant  such that 

 
Based on condition  and (2.4), we deduce that 

     

            

Then, we obtain 

 
with 

 
The derivative of the functional  in (2.5) along the trajectories of the system (2.1) is 

given by 

 

       

 

 

From (2.2) and (2.3), then we can re-write it as the following 
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where 

 

 

 
We have two cases: 

Case I: If , then  can be written as 

 

 
From  and , we observe that 

 

  thus from  

 

                                         
Case II: If , and from , it follows that 

 
Hence, on combining (2.8) and (2.9), we have 

 
From (2.3), we can re-write  as 

 

                  

               

From  and applying the estimate , we obtain 
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Also, from the conditions  and applying the inequality , we have 

 

           

               

                
where 

 

 

Using , we observe that  can be replaced by 

 

where 

 
such that 

 
Let 
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Now, in view of estimates of  and  in Theorem 2.1, the inequality  becomes 

 

          
       

Then, from (2.6), we obtain 

 

 

We take  and from (2.4), we get 

 

 If 

 
Then 

 

Therefore, all the conditions of Theorem 2.1, are satisfied. 

Thus, the zero solution of system (2.1) is asymptotically stable. 

Boundedness 

To prove the boundedness of solutions of (1.2), we need to write (2.1) as the following 

form 
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For the next theorem, we impose the following conditions: 

 
and 

 

For the case  , our second main result of our 

paper is the following theorem. 

Theorem 3.1. If the conditions of Theorem (2.1) and (3.2) – (3.3) hold, then there exists 

a positive constant  such that any solution of (3.1) satisfies 

 
Proof. Along any solution  of (3.1), we have 

 
From (2.10), we obtain 

 
where 

 
From the relations  and , we get 

 
From the inequality (2.7), it follows that 

 

where 

 
Integrating the above estimate from  to , , we can obtain 

 
Thus, from (3.3) 

 
Using Gronwell-inequality, it follows that 

 
where 

 
This result implies that there exists a constant  such that 

 
This completes the proof of Theorem 3.1. 
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Square integrability 

Our next result concerns the square integrability of solutions for equation (1.2). 

Theorem 4.1. In addition to the assumptions of Theorem 3.1, if we assume that 

 

 
Then all solution of (3.1) are elements in . 

Proof.  Define  as 

 
where  is a positive constant to be determined later. 

By differentiating  along the solution of system (3.1) and using the inequalities 

(2.10) and (3.5), we obtain 

 

 

 

If we choose , then 

 
From (3.6), it follows that 

 
where  . 

Integrating (4.2) from  to  and using the condition (3.3), we obtain 

 
Using equality , we get 

 
We can conclude by (4.1) that 

 
which imply the existence of positive constants  and  such that 
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Given the data above, we obtain 

 
and 

 

To prove that . We multiply (1.2) by , we obtain 

 

                  

          

(4.3) 

Integrating (4.3) from  to , we have 

 
where 

 

 

 
Then, we have from  and (3.4) 

 

            

             
 

(4.5) 

From (2.3), it follows that 

 

           
By integrating the above equality by parts to get 



 

77 Qualitative results of third order NDDEs 

 

                    

           

                     
Next from the condition  and by use of inequality , we obtain 

 

                   
where 

 
We remark by the inequalities (3.4) that 

 
and 

    

                                 
thus 

 

                

(4.6) 

Similarly, we have 

 

               

                    

                    
where 

 
Then, we obtain by using the inequality  
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It follows that 

 

                  

(4.7) 

On applying conditions  and , we conclude that 

 
Substituting estimates (4.5)  (4.8) and condition  in equation (4.4), we obtain 

 
where 

 
Therefore 

 
Then from condition , we observe that 

 
hence 

 
This fact completes the proof of Theorem 4.1. 

Example 

      We consider the following non-autonomous third-order NDDE 

 
 

           

     
 

(5.1) 
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The above equation is equivalent to a system of the first-order differential equations as 

the following 

 

 

           

 

Comparing the two systems (3.1) and (5.2), we find the following functions 

 The function 

 
it follows that 

 
Figure (1) shows the path of  on the interval  . 

 
Fig. (2):  The path of the function . 

 The function 

 
fulfills  and 

 
The derivative of  is defined as 
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The path of the functions  and  appear in Fig. (3)  through the interval . 

 

Fig. (4): The behavior of the functions  and  for  . 

 The function 

 
           we note that 

 

 
The shape and path of  is shown in Fig. (5). 

 
Fig. (6): The path of the function  for . 

 The functions 

 
since , for all , then it follows that 
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The coinciding paths of  and  on the interval  are presented in Fig. (4). 

 
 

Fig. (7): The behaviors of the functions  and  for . 

Moreover, the derivatives of the functions  and  with respect to the 

independent variable  

 
Noting that 

 

 
Thus, the inequality 

 
We can see that Fig. (8), illustrate the behaviour of  and , through the interval 

. 

 

Fig. (9): Paths of  and   for  . 

 The function 

 
Therefore, we conclude 
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It is straightforward to verify that for all , that 

 
If we let  , then we have the following estimates 

            

            

                      

             

                     

             

 
The behaviour of the solutions of (5.1) is depicted in Fig. (10).  

Fig. (11): The solution's behaviour for (5.1). 

Then all the assumptions of Theorem 4.1 

are satisfied, we can conclude that every 

solution of (5.1) are bounded and 

elements in . 

Conclusion 

In this paper, the Lyapunov functional 

approach is applied to investigate a 

third-order non-autonomous neutral 

delay differential equation. To ensure the 

stability, bounderness, and square 

integrability of solutions, the standard 

Lyapunov functional is designed to 

fulfill the necessary requirements. Our 

findings add to the body of excellent 

existing research in the literature and 

make several new discoveries. To 

exemplify the efficacy of the achieved 

results, an example was suggested that 

performed the supplied results in all 

functions. 
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 نتائج كيفيت جديدة لنوع من المعادلاث التفاضليت التأخيريت المحايدة غير الذاتيت من الرتبت الثالثت

 أيمن محمد محمود

 جايعت انىادي انجذيذ –كهيت انعهىو  –قسى انشياضياث وانحاسب الآني 
  

ت انًحايذة غيش انزاتيت ين يناقش انبحث انحاني انخىاص انكيفيت نحهىل نىع ين انًعادلاث انتفاضهيت انتأخيشي    

انشتبت انثانثت. وقذ تى انتىصم إني نتائج جذيذة عن الإستقشاس وانًحذوديت وقابهيت انتكايم انتشبيعيت نهحهىل ويشتقاتها 

راث وتىسع نطاق انعذيذ ين اننتائج انًىجىدة في انًقالاث انعهًيت تعًى نتائجنا باستخذاو طشيقت دانيت نيابىنىف. 

انصهت بانًعادلاث انتفاضهيت انًحايذة ين انشتبت انثانثت راث انتأخيش أو بذونه.  أكثش ين رنك، نقذو يثال لإثباث صحت 

 .اننتائج انشئيسيت وإيكانيت تطبيقيها
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