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ABSTRACT

we derive some results for obtaining recurrence relations between
moment generating functions of order statistics and recurrence relations

between moment generating functions of the sum of two order statisties.

There are some applications of these results to doubly truncated

distributions..
1. INTRODUCT 10N

khan et al (1983a,1963b,1987) obtaind general results for obtaining

recurrence relations for moments of order statistics from doubly truncated

continuous distribution and they found the single and product moments of

order statistics from doubly truncated Burr distributions.

Mohie El-Din et al (1991)obtained the single and product moments of

order statistics from doubly truncated parapolic and skewed distributions

we find some results for obtaining recurrence

+In  this paper,
, ‘tlations between single moment generating functions and between
l 9“‘"‘*1“9 functions of the sum of tvo order statistics from doubly

tt."“"C“vld continuous distributions. These results

moment

are applied to
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continuous distributions function (c.d.f.) F(x) with probability density
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function(p.d.f) f£(x). The p.d.f of :ﬂn{l < rsn)is

(1-1)
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The joint p.d.f of Xeoon and X :n is
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and
(t)= n! ® @ t(x +y)
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(F(y)-F(x)) (I-F(y)]" "£(x)f(y)dydx , o< x < y< o (1-6)
Truncating a p.d.f.f(x) from both sides at 91 and rl.lﬂnr- le Pl,u..
nev p.d.f fltl] is

£(x)
| flfl}' B B Q < x< P1 (1-7)
" where F(0,)=Q and F(P,)=P

2.RECURRENCE RELATIONS FOR SINGLE HONENT GENERATING
FUNRCTIONS OF ORDER STATISTICS

For doubly truncated continuous distribution ,(1-2) and (1-3) take

the form
P
k ! - -
“in * TFTITRF 0. L )T e o) T oax, 2y
1
n (t)= ! Pi
xr:.n : r-ll ner)l Il 4 [rlfnllr‘
9
n-r
(1 FI{:}} !ltujdx : QI.SuS P1 (2-2)
where fltxJ is given by (1-7) and rI{xJ is the :nrruponding'c.d.f.
An easy consequence of the definition is that
r =n N (t) - (r=r) B (L) (2-3)
rlx'r+1 'n *rin-1 r n
Theorem(2-1) For 2< r< n and for any continuous disribution
P
- -r+
OO0 (T e e 0017 gy 001" e (2-4)
r:n -1:n-1 d 3
Proof From (2-2), we have
n (t)-n )= (n-1)1 Pl tx r-2 n-r
- (L)=aro __—11- ki =
xr:n *r-1:n-1 e ) R Q < [FI(x“ [ Fl(“}] fi(x,
x [n F (x)-(r-1)] dx . (2-8)
nfr+1

Let  nh(x)= -[rltxn n -F, (%)]
then
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1*‘1 'ﬂlin)lr"tl-ritxilnqlnll{xj-(r-lilflm (2-6)

From(2-5) and (2-6) we have

P
He - () = () st o™ (X)) ax (2-7)
*rin lxr-l:n-l =19 %
Integration by parts yields
P P p
1 tx d . fatX 1 st ydx
Foy O = DO = (07 hoo) Jg, t 7g, ¢ hOX
P - -r+l1
-t .rQ: o 01 T R 001 e (2-8)

since h(x) vanishes at both ﬂll.l'ﬂ Pl.rinlll]r substituting from (2-8) in

(2-7),the required result is obtained.
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N (t)-M (tys T & [a'{_!‘: -n:::.n_lj, 25r % -1 (2-9)
"r:n Xr-1:n-1 k=1 k! ) ;
’ Proof By definition ,ve have
' @ .k @ k
t (k) E” (k)
(t)- N (t)=14+ L A ¢ LI a'™. 1]
nxr:n *r-1:n-1 h-l_n e k-l_ET pranre
@ ¥,
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k=1 k! r:n r-1:n-1

3 RECURRENCE RELATIONS BETWEEN THE NOMENT GENERATING FUNCTIONS
OF THE SUN OF TWO ORDER STATISTICS
For doubly truncated continuous distribution function,the product moments

of )&_ln:l x.nnd the moment generating functions of “r g:n Xy %y .y AFC

P, P ——

“E;ﬂ - r_n! R— 1,13 ~ [rlm}]r 1[?1(”_!,1(“)]: r-1
Q, X

[1-F, (N1, (0, (v) dy ax ; (3-1)

X, il
: 1 1 (t.x+t,y) g |
(¢, t,) = T—'_—})—!—(T-:n-'—(—?—)—r N e 1 i [F, (x)] A
llr:n'xl:n 1, 2 r s-r '(n-8)! 91 - 1
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(7, ()-8, 01 *7 118, (01", (£, () dyex

and ,when tlitz't,whln

(3-2)

®) T GFDTET f ! 1t 10017 0y (-, 0y T
r,l-

ll-li(ril £,00%, (v) dr a ,Q = XSy sP (3-3)

Theorem(3-1) For any continuous distribution function , the moment

generating function i, (t) satisfies,
r,s:n

P
(t)- (t) = SR P K& oL (X*Y) r-1
lur.l:n lﬂr'._l:n r=1)'(s-r- n-u-l Ql « [FI(K)] W

701 0r, (01", (ydyax, 1srsssnet. (3-4)

P, P
(t)-M, (t) A g i1 tixey) r-1
Illlr,l.r;lur‘,|-1 ep \FT s-r-1)T(n-s+ o, x e [FI(HJ]
" IFI(IJ-II(x}]'-r-ztl-rl{r}]"" {{n'l‘)rl(r]"(n'-l-lljl'ltxj-(.—r-l]} %
£,001, (y) dy dx (3-5)

Let - *
hOx,y)==F) (n)-F, 01* 7 1-F, () "2

then,
L) = (r, (nF, 0015 g, ()™

x {i:::n-nrlir1 (y)=(n-s+1 )rl (x)-(s-r-1) ME (%) . (3-6)
Nov from (3-5) and (3-6), wr =t

%) = - n! 1 tx r-1
l"r.i:: H“r .-P.:: zr-lrj T(s-r-1)1(n-s+1)7 -"Q (F, ()] £, (x)
o 1
x (.} ¥ 878y hex,y) dy ) ax (3-7)

integration by parts yields
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£ 1t 5oy nixy) dy = (o Bl .t -t S e hGuy) dY
X X
P s-r-1 n-5+1
sttt R -F 0] BRM] 4 (3-8)

X

since h(x,y) vanishes at both the limits y=x and Y =p‘.5uhst1tut1ng from

(3-8) in (3-7),we get the required result.

Proposition (3.2) For any continuous distribution function ,1= r<{s= n-1,

— e ———————————

the moment generating function H“ (t) satisfies

r,s:n
@ ,k o
t (k-z,2) (k-z,2) _
(t) - (t) = EET—E(J{ - } (3-7)
Hur.n:n H“r,=-1:n k=0 r,s:n r,s-1l:n
Proof The proof is clearly from the defination .
4 . APPLICATIONS

1- Doubly truncated exponential distribution

The p.d.f. of a doubly truncated exponential distribution is

-x / 8
£, (%)= . r Qe SX % B ,8 >0 (4-1)
g(P -Q)

where  1- P= exp(-P, /6 ) and 1-Q =exp(-Q, / € )

- 1-P 1-
Let  Py= —p—p— and Q= F:g— i AR Qs 1% (4-2)
From (4-1) ,vwe have
Pi 1-P

1-F_ (x) =5 ' £ = -
1 ) : 1(“] dx —r:a— + 8 flf?i) (4-3)

using (4-2) in (4-3) , we have
1-r1(x}- -li":z + 6 fl{x} (4-4)

Frist we obtain a recurrence relation for n.
r:n
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From theorea (2-1) ,using (4-4), we have
P
(t) - n (t) = 1 _ tx r-1 -
"r:n *r-1:n-1 Sl r—l) - ;1 ¢ [F ) [1-F, (x))""
x {-P2+ & fl(x)} dx (4-3)
"'(I!I 1)’ ot
2 [ (t) -n (t) 1+ =— ¢ -
q‘r :n-1 *r-1:n-2 - u*}:: o (4°8)
using (2-3) in (4-5),we have
et -(n-1)P r-1 .
[-== ] & = “To-t 2 [n (t)- — (t)- (t
*rin = JI':r:lzt--l o r:n- _-I' Ilx:r-:l :n=1 -
+ﬂx (t) .nv o6t ,
r-1:n-1
and recalling the definition of Qz in (4-2) ,ve have
et
(1= 5=) 8, (t)=-PH (t)+ Qn (t) , n dot (4-6)
" r n : xr:n-l Q’ r<1:n=1
Next ,we obtain a recurrence relation for lu (t) .
r.s:n
From (4-4), ve have
1 - rlfy) - - P2 + 6 fI{r),
and substituting with it in theoream (3- 1), wve get
-nP
t - t) = _'I_ ( (t)- (t) ]
ubr.i:: Hur.l—l n( ) ll“l".:lltilft-l Hﬁf:l'1=ﬂ'l
2 &t
n-s+l r.,s:n
thch,rilld:
"' (t) - Hy (t)
= t)- nd
i "+ A-sir ! nur s(ltl) I‘I:"rlr.:l--l:n( ‘ n-s+l mur.l :n-1 r,s-1: “'1
(4-7)

6t ¢ n-s+1 , 1s r=<s = n-l
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2_.Doubly truncated logistic distributiol
The p.d.f and c.d.f of a logistic distribution are

ARl # -m{Eim.ﬁ}na“d

f(x)= 2 ,—m (X ¢ @,
f?[l' .;-tx—u]j'ff_ ]z

F(x)=[1+ a-{rﬂ”ﬂ ]2 respectively -

.d.f.1s
Truncating f(x) at Qland PI(QI{ Pl) ,the new p

g (x-a)/ B
£(x) =

¢x&P (4-8)
xa)/ A 2’ % 1

A (P-Q) [1+ e

~(P,=)/B o4 1l _1a n'(Qiﬂ]/ﬁ

uharn—%--l-l 0

Let P, = -0 and Q, = =0 . (4“9}

From (4-8), we have

y P, J(x=a)/ R

- = i 3 pu—
1 !.1."‘:"':J Alp-Q) % €19 .-{':-n)f 5 ]:
;(P-e)/ B -l =(x-a)/ i -1

dx

[1+ ~
'——p—'a—'——. -0 (¢ ' &
; P _ 1 { [1* .-[qu:)f ﬁj
-2 =0 (1+ u-t )7 1:
1 o (X=a)/ 1

(4-10)

= P - 1 { + } Il
) P-Q (146" (X-@)/ r‘s“]= 1+ o (%-a)/ D 12
using (4-8) and (4-9) in (4-10), we have
1-F, (x)= P, - ﬁ-(“"'” A £,.(x) -Bf (x) . (4-11)

Frist ve obtain a recurrence relation for l!x (t) .
r:n
Using (4-11), theorem (2-1) yields
_ P
le (t) ux n-1 1

r:n r-l:n-ltt)= {r‘l I 25
Q

{ Pz'f? f-]_'(JI"EIMEI(:'r'-":'j"'r £ -ﬁfltx)}dx 2% r< n-1

o™ 18,0177 (1-F, (x))"
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i
= (4-12)

Now using (2-3) in (4-12) , we have

(n-l)P
(t)= (t) + - M (t) - (t) _ _n-r
&r:n er-l:ﬂ—l (n l") lxl"(n)]. lxr =1 "n-1 qu-lniti]
_ft -a /3 3t '
— 8 M (t+1 , ﬁ}- t
. *rin - :%ﬂwi '
which gives
1+ F=1H () =-Qn () +rm(t) - LE /Py (piy
*rin % “r-1:n-1 r:in=1 " “i,n L
lSr =< n-l (4-13)
Next, we obtain the recurrence relations for Hﬂ N
r,s:n
From (4-11), we have
=R =y =0 e Y /g gy - g p (4-14)

using (4-14),theorem (3-1) ylelds

PR ML RIETY
X

(t) - n !t
Hﬁnl:n uur,a-l:n (r=10T{s=r-1) (n= IJI

s-r-1

Q
'[Fl'(H)]r-l[Fl{rJ-Fl(xJ ] (1-F, (1™ ° [ P, -1 fl(r).(l"'“1 /B
TAE() ] £ (x) dy dx

which gives

nP, a /
e T Ty O % O ) T T
r,s:n ll.ur s-1:n nUr a:n-1 uUr s-1:n-1 - s-r- n-s+1)!
P, P )
8 IQi 5 1TV O oo™ oy ) )TN
n-s it
x [1-F ()] "£, 0f, (y) dx dy= =77 ﬂur :t:

then
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[1+ Bt ] (t) = (t) + 2 (n, (t) - H“ (L) i
n-s+1 unr,u:n n“r,u—l:n n-s+1 r,a:n-1 r,s-1:n-1
_ Bt -a /0 t ,t+ 1/ 73)
n-s¥l H“r:n'“u'::n /

3. Double truncated extreme-value diltrihutiun_

The p.d.f.and c.d.f. of an extreme value distribution are
f(x)=exp(-x - a-x ), S XS o
and F(x)=axp(-ﬂ-x ) respectively

Truncating £(x) at Q;.and P; (Q1{ Pl} the new p.d.f. is

where , P = exp(- ;Pl ) and Q = exp(-e

P _ 9
Let Pzﬂrﬁmd Qz -0
From (4-16),we have
P1

R
1"'F1{]{)"' FQ -.rx

using (4-18), ) in (4-19), we have

axp{-x—aﬂﬂ ) dx

X
1-F (x)= P~ e fltx)

using (4-20) in theorem (2-1) we obtain,

Ty -m ) - -tu ()
= H - - —

(n=r) Xein-1  “r-1:n-2 N X

H (t) - 1 (t)
xi:*:n xr-l:n-l

from (2-3) , (4-18) and (4-21) , we get
Ho(t) + E Mo (t)= -0, B (t) P, M (t), 1 <rsnl

xr:n r:n 2 “r—l:n—l 2 xr:n-l

Now we obtain a recurrence relation for Hu (t)
r,s:n

from (4-20) ,we have
1 Fi(rl P2 e fltr)

using (4-23) in theorem (3-1), we obtain

(4-15)

(4-16)

(4-17)

(4-18)

(4-19)

(4-20)

(4-21)

(4-22)

(4-23)
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nP
2
(t) -n, (t) 3 (t) - £y 1- n! t
%rrl -n r .-1:11 . T4 uur.rl:n""l HUrIHEIZn..l [r_ B=r- slN-8+
) IP1II’1 o LXHY(t41) r-1 Sep=l
0, [F, (x)] [F, (y)- F,(x)]

( 1——r1(r}]""f1{x}£1m¢m1r ,1< r< n-1

vwhich ylelds
an .
(£) =8y (L) ¢ == DM, (t) - (t) ) =t 'l
nul';l:n nul';l“‘lih ol "Ul"' L n-],nur,;-l:n_l n=s+l Hr .n’ :?nt"'l}t

4. nuublr truncated Hglhull distribuation

The p.d.f. and c.d.f. of a Weibull distribution are
£0)=(p / 6) X' exp(-xP/ ©), x>0, 650 and

F(x)= 1-exp(-x¥/ &) respectively

Truncating f(x) at Ql and P1 (Qltrlj.thu new p.d.f .‘.1{:-:) is

£,)= (p / 8(an) ) xP* exp(-xP/ ), 6 =2 (4-25)
p p
where 1- a= exp(-P; / 6 ) and 1-fi= exp(-Q, / )
1 o 1- 3 _
let  p,= 7 and Q) = ——, (4-26)
From (4-25), using (4-26 ), we have
‘ . - 1-p -27
1 !‘1(::) P, + (€ /p)x £, () (4-27)
using (4-27) in theorem (2-1) , we get
n T oy -m (e 148 N r mk-l
(t)-n () = H - —
!f-n ril ‘n-1 (n=r) Xrin-1 r-1:n-2 k-l )
P " b
s 1 x®P e o) neE, 001" TE odx
% 2< r<n (4-28)

Nov using (2-3) in (4-28),we have

(n-1)P, r-1 n-r ¢
Uy ()= ", (t)- n-r m, (U= g1 % ()= 7=1 & t )

r:n r-1:n-1 r:n-1 r:n-1 r-1:n-1
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vhich yields by using (4-26)
o , (k=-1)
. ) 6t ~ t (k-p) - -
"r:n( : . uxr-l:::i a n:"':r:l:nﬁw np i-lt "7 %ren S o

slnce £ gho a® 1) o n () . (4-29) yield
(k=1I)! "r:n x ’ Y | 2

k=1 r:n
et

(1-— )0 (t) =-P_NH_(t) +Q N (t) , et #n |,
> Hr:n 4 xr:n-l 4 xr—1:n-1

which is the recurrence relation for Hx (t) of exponential distribution
r:n

Next we obtain a recwrence relation for I!llII
r,s:n

From (4-27),we have
1-F, (y)= P, +(& / p)y' P £,(y) (4-30)

substituting from (4-30) in theorem (3-1), we get

ot !
. &t n! :
(t)=H; (t)= c—apy(H (t) - (t) )+ = — -
ll"'r,l:n Illl"r.l-l.:n" ’ l"r,,::nn-l nur,|-1:n-1 PLr s-r n-s+l1)!
Y E Kk P. P
x E -E-.-—t r (:) TR i e (F, 01" L

k=0 ' z=0 ?,
s-r-1 n-s
[F, (¥)-F, (x)] (1-F (N7 7 £,00f, (y) dy dx

-nP @ _k k
2 & -Z,2+1~-
t t (g}a(kzzlpj

=37, (t)- (t)]+,— £ s _
e uur.lln-lnur.s-l:n—l (n=3%1)p o kT o bty
which yields
ot @ t.k R (32 (k-z, z+1-p) -nP2
(t)= o Y el  (s)at" PJo (t) + x
uur:l:'n (n=s¥D)p |, kiz=g [+3°D ll“::-.:-:—-1:::. n=s+]
[ (t) - (t) 1, 1= r< S< n-1 (4-31)
- Kk K I!'.':'r.,dl:ﬂ—l uur,s-l:n-l
Since f-ntu_- £ @al* % Bay (1), and at P= 1 in (4-31), we obtain
! z=0 izt r,s:n
(et ity (=M, ) -2 (m ®) n &) )
h8 r.,s:n “r,s—l:n = r,s-1:n l:ll:lr,u-l:n--l '

6t # n-s+l, 1 S r¢{ s < n-1
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which is the recurrence relation for ll.u (t) of exponential distribution,.
r,s:n
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