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1- Introduction

This paper presents a fest stalistics for goodness of fit for the mullivariate lincar
regression models. This test statistics has an approximate central T distribution. In
section 2, the specification and cstimation of the model arc presented. Derivation of the
appropriate fest statistics and  its approximate distribution is given in sections 3 and 4,
respeclively.

2- The Multivariate lincar regression Model:
Specification and estimation

The mullivariate linear regression model is a direct extension of the linear
regression model to the case where the dependent variable is an mx1 random variable
y, . Thatis

[1] The statistical gencrating mechanism (GM) takes the form
y; =B A0, Le't -0
where yoimx ), B kam, %, ke and v comax
In direct analogy with the m=1 the multivariate linear regression model will be
derived  from  first principles based on the joint distribution the observable random

variables involved , D(Z, %) where 7. = (¥, %), (m+k)xl. Assuming that
7., is an [ID normally distributed vector , ie,

Y N(Zw Zn i
~N I forall L&'t 2-2)
Ky OJAZy Zn

We can proceed to define
[1] The systcmatic and non systematic component are:

h=ROY R =0 )= B, B=ER 5, (2-3)

and
Wy =Yy - BV R

n

%), ted -4

Morcover, by construction, w, and s, satisfy the following propertics :
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() Blu )= BLR(n X =%x)) =9, te?
(i) Bun Y- BLRCo o R, =X 0N
{Q (R
\) Lzs
@iy V7w = BIRC0 R =3 )N
SRV BRI w0

0 te T

5 ~veifixs

where Q= X - 2,25,

[2] The statistical paramelters of interest are &~ (3, Q)

131 A, is assumed to be weakly exogenous wilh respect to © .
{4] No a prior information on ® .

I5] Rank(X) =1k X - (X, ,%;,....%5 ) TIxk for T=k

(1I) Probability Model ';

v
D DY [K @) = LA RIS g cgrgen teT (25)
('Lfr) 72
that is
6] (i) Dy X, @) is normal ,
(i) Ty, | ™y = x Y= ©'% livcarin %, ,
(i) Cov((v, | R =%, )=Q homoskedastic ( ficc of K, ),
[7] @ s time invariant .

(1) Sampling model :

[8] N =(y¥y.¥2--»¥¢) is an  independent sample drawn  from
DY IR OY), =12, T.and T 2z m+k .

The statistical GM (2-1) for the sample period t = 1,2,..., T can be written as:

Y =XB U (2-6)
where
Yu  Yu o Yim An Ry R
. Y.-z\ Yy n " Yo ¥ By o Ry 2-7)
(Txen) : : : Tt : :
Ymn Ym0 VYim Y Rm R
and

K 5 . .
‘R' denotes the mk- dimensional space, and C™ denotes the space of all real
posilive definitc symmetric matrices of rank m .
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Py Pa - P Wy By o B,y
B /’-n ﬂ.z: o /’1..“ R “.).\ “.z: wen AN m (2-8)
(= I I (Tam) :
/}k\ /]\1 - ﬁkn\ Wy Wy oo W

It is clear that the system in (2-1) can be vicwed as the ( th row of (2-6).

It is usually in the measures of goodness ol fit to operate entirely in terms of

deviations from sample means. thus eliminating the constant terms . Henee et
\ A

N Y=l - EYY K TV R
(Txm) Vig oY ) TRLR- 1Y (g ¥ )
\ SRR YR 3 SR 29
U = (-0, W) 7T
W= Qe ety Y B

where “fk = (V)oY and X7 s the sub matrix of X resulting when we

delete the first column of the latter . The madel (2-6) may now be written as
e RTB oAy (2-10)
{‘tnn) TAE -1k -1 T
From assumplions [6] to {8] we can deduce |see, Muithead, 1982,p.432] that
likelihood function takes the fonm :
o
LABLQTINTY = [T XB00)
A2
and the log likelthood is

v T T L TS DN
Yog V= - ?-‘-—~\mg.'lzr——\og|Q - »!Zk\j\ SBTRYQT (Y B %)
2 2 13

ums\.-%\_'x’\og|g*|.nQ‘"‘\y( CXTBY YV - RTBT Yy @1y

using the difTerentiation rules
AogN oy AN ANDY

BRI , BUM ) v 2-
EIN INT N (2
we find
A VR
Gl LN L I R e (2-13)
IZAM)
e TN R
T 0T (- XTRT (- XTR Y = 0 @-14)
AQ

These two equalions lead to the following maximum likelihood estimators
(MLI's) :

B (RTRIYVRY (2-15)
o (2-16)
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where
VYR 2-17)
is the matrix of residuals in the entire system . For O o be positive definite we
need to assume  that T2 mik ( see Dykstra 1970 ) . Moreover, the MLE's 1
and O, siven by (2-15) and (2-16), are independently distributed B s
MNCR,Q RCXRY'Y and T () is Wishart distribution with T-k+1
degrees ol Ircedom and scale maltrix Q°, thatis W(Q", T-k+ 1) [sec Muirhead

L1982, pp 431},

3 - Testing Goodness of it for The Multivariate

iincar Regression Model

In the general lincar model @

N WA (3-1)
il we wish (o test the null hypothesis that the dependent variable y" docs not
depend on X -[xi_‘xlw..‘x;‘] (or. alternatively . that the fit docs not

improve by introducing them as explanatory variables), this can be catried out
as a test of the null hypothesis :

ASURYS AR (3-2)
But under this null hypothesis

1S AC TR W N S G O A N _
LR o T v Vyamx (3-3)
- R ) ATt N

'
A KA

where R =\~ E\m,-—\lm is the (amiliar cocllicient of determination , Zf" is the
ML (or OLS) estimaior , and A" is the residaal vector . Thus | a test of the
hvpothests in (3-2) can be based on  the central ¥ distribution, which is well
tabulated .

As in the case of /Af in the linear regression model, The MLE B (2-15)
preserves the original  orthogonality between the systematic and the non-

syslematic component . That is, for the estimated systematic and non-syslcmatic

components
oD oand U TN YT XTRT (3-4)
we have
NN SO (3-5)

2 This is corresponding o the multivariate lincar regression model (2-10) Therclore
y" (of dimension Tx1) and X" of dimension Tx(k-1)) in (3-1) arc in terms of deviations
trom the sample mean. ‘T'hal is. the constant term in (3-1) is climinated.
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and §' LY. This orthogonality can be used lo extend R and 1- R*,

respectively , (o

’

. (i\"is‘)(v“ ¥ )*

(mvjm)
-[¥ Y*~i,\',(\“}(‘{' ¥v)! (3-6)
W1 G- (is‘lis‘)(\{*'\(‘)'\ 3-7
(w-w) :

The matrix G varies between the identity malrix when U* = 0 and zero matrix
when y' =" . In order to reduce these matrices (G and 1) to scalars we can
use [sce: Hooper(1959), (1962)] the determinants

4, =G|
OIS WU BT R R

; ; (3-8)
TN IN" N
Qs - N IU_}}.! 3-9)
N
Now suppose that we wish 1o test the null hypothesis
W, 8 =0 (3-10)

strictly speaKing , this a hypothcesis on the goodness of fit of the multiveriate lincar
regression model .
In the next section swe shall prove that the statistic
\

A Y €
\7‘_. el = . w e (3-11)
v 4y ] g
where ¢, and ¢, are constant defined in (4-14) and (4-17) , is approximately
distributed as central ¥ distribution with <, and ¢, degrees of freedom .
‘Therefore, we may test the null hypothesis (3-10) - or the goodness of fil of the
multivariale lincar regression model - by the following procedure:
- (1) Select a level of significance o
(2) Determing the critical value ¥, by the condition
*
13 vc\ o x¥,\7a
where ¥, c.. has the central F distribution with ¢, and ¢, degrees of freedom
) -
X
5 )™ ¢, i 1 = .
(3) Compule T -—= and i{itis less than or equal  to Y7 aceept YV, in
d <y

(3-11), otherwise reject it.



THE EGYPT IAN STAT IST ICAL JOURNAL
-143-

4- The Approximate Distribution of the
Test Slalistic in (J-11)

Tn deriving the anpreximate distribution of the test statistic in (3-11) the
following two lemmas are required.
Lemma {(1): [Generalization of Cochiran's theorem |

Iei Vbe a Txm matrix such that it's i th row v, obeys ¥/ ~ MN(H, ¥
Suppose that we can write
NARNER AN

where the N* s are malrices with rank{ A ) =1, . Then a necessary and

sullictent condition that,

BT

VAN e

a o
sy bbr W

whete the S, 's are mutually independent, cach with MN((\ ), Z Y,

is that

\\
Z By =0
1=\

then

VAN Wy )

Moreover, i 1, g »

Proof’: sce Anderson [1958.p. 1651,
Lemma (2

the m x m matrix A is W(P.n) . where n - m is an integer , then |A]/ [P] has

the same distribution as

wm--\
2
ﬂ, An
10
where the ,1'?\_,\ fori=0,1,....m-1. denotc indcpendent chi-square random

variables.
Proofl . sce Muirhead |1982,pp. 100-101].

FFrom (3-8). (3-9), :mrl the test statistic in (3-11) we have

v)* \, - \{*\"’5*

dy

& s

, (4-1)
’U”{V

we now show that B X" X"0" is distributed independently of U 1" . But

notice that
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T =0 (1w o (4-2)
where W* is the symmetric idempotant matrix
, RS ‘
W= X'(X' X’) X (4-3)
Furthermore ,
U (V- ot = w(\“ %u")(\ N )(\ -l )\3
= U’(\ BN f_z')\s (4-4)
T
This is so because
N‘(la'): 9 (4-5)
T
Thus
» \
WU= U’(\ B\ %CC')\S + UNTU+ \S’(;Y'[Z’)\)
=UMLU+HUM, U4 UM, U (4-6)

Now it is apparent that M; , i=1,2,3 are symmelric ,mutually orthogonal,
idempotent  matrices  and  thus
m\k(M\)=g(\~N‘ —7\6([') =T-(k-1)-1=T-X
k(M , )= & M,y =k~
vank (M4 ) = x_:(%cr): 1

(a-1

But the T rows of U are mutually independent, identically distributed, cach
with MN(0,Q ) .Thus, by femma(1), we conclude that UM, U, i=1,2,3, are
mutually independently distributed. Moreover, if

Tk=m ,k-1 >m 4-8)
then the two matrices 3'M U and U'™M 2 \Yare distributed as W(Q,T-k) and

W(Q,k-1) respectively. On the other hand, it is immediately obvious that
UM U= (- W )er = (4-9)
’ &+ ’
UM,U= 0" W0 = (37 - 1) XX (B - w7) (4-10)
Hence from (3-8) and (3-9) we sec that, under the null hypothesis Y1, B" =0

i}‘ X* X‘{‘S‘

o,

= a-11
o™, Y| (4-11)

ﬁ'lﬂ
N |-

e is'l

and by lemma(1) and lemma(2) we have
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m-\ -
a ﬂlk-\-\
L S =
T (4-12)
- Hl’{-—k-'\
120

although the cxact distribution ot —X cannot be expressed in a convenient form

p

and be tabulated, we may approximatc? the m th root of the numerator
A

-\ ™
( n 7 s J , by a chi-square variable whose parameter would be chosen so
- 5

w A -
as to coincide with the first moment of [ il l%,\_\_;\) . Thus we have
=0

Bl

m--\
[ Hzi_\;\} - e (4-13)
1=0

wherc

gy =9 S8 (4-14)
T f(ﬁzz;-;\_)
1=Q 2
this constant is chosen so that
\
-y N\ me
.2 = 2
Oy =“-l(2’c\)= “'[ Hl"{w\—-\) = nv(lk % \)‘“
=0 =0
m-\© 1 * \(‘:_\14 \A._\
- nj T i R o
=R r[ E-.;}_:.E)’l .
2
= X-1-1 \
| 2 F( T t ‘—“)
=11 . (4-15)
=0 ] ( Mokt )
P

Similarly, we may approximate the m th root of the denominator in (4-12) by
\

m-\ o \_“: N
[ Trvxa ~ X, (4-16)
-0 ),

whete

4 For other approximation scc Hocl (1937).
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‘f:[\l(j;}-‘\ + L)
2 m

-0 A= —_— 2

=2 G @-17)
=)
=0 2

[\ .
Bul then it is apparent that the m th root of ;\l may be approximated, under
2

tie null hypothesis, by a central F distribution with ¢, and ¢, degrees of

freedom , for thc numerator and the denominator of the fraction are mutually

independent. Thus we can write , approximatcly,
b
b HET *-18)
A ) & v
and we may test W - or the goodness of fit of the multivariate regression

model - by the procedure presented at the end of the preceding section.
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