SOME RESTRICTED ESTIMATION AND TESTING

HYPOTHESES PROBLEM WITH SINGULARITY ASSUMPTION
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ABSTRACT

The limiting distribution of the likelihood ratio
statistic (LR) under a class of local alternatives as
developed earlier by Davidson and Lever, is extended to the

case of singular information matrices.
1. INTRODUCTION

One of the important problems in statistical inference
is that of deciding, on the basis of n independent
abservations x,, x,,.., X, on a p-dimensional random
variable X, whether or not a finite dimensional parameter
8 = (8, 8,,....,6,), involved in the distribution function
F(., 8) of the random variable X, belongs to a proper
subset w of the set Q@ of all possible parameters.

In general, the procedure is to apply a certain test
criterion, to decide with a certain degree of confidence

whether to accept or reject a terminal hypothesis
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concerning the problem. This problem has recived

considerable attention in the literature.
In this paper the criterion of the likelihood ratio
test will be considered. We will generalize the results of

Davidson and Lever (1970) on the limiting distribution of

the likelihood ratio statistic (LR) under a class of local
alternatives to the case when the information matrix, B(8)
is singular.

The typical problem to be considered is that we have

a p-dimensional random variable X whose distribution

function depends on k parameters 8,, 6,, 8, which are

not mathematically independent but satisfy g functional

relationships,

h,(8) = 0 , i=1, 2, ..., g, g< k, (1.1)
where;

6 = (8,, 8,, ... , B (1.2)

We assume that the possible values of X lies in a subset R
of the p-dimensional space. The k x k information matrix

B(8) defined by B(8) = (By (8)), i,j =1, 2, ...., k,

B,; (B) = j”aln 515, 51 dln f(t'6)61FTt,9) is of rank k-q and

) ' 8,

hence is singular. The null hypothesis is that the true
unknown parameter point 8, belongs to a subset w of Q such
that the elements of w satisfy the additional r-q

constraints, q < I;

hj (e) = O: i=q+l: ceey I (1-3)
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The limiting central chi-square distribution of LR for

testing H, in (1.3) when B(®) is singular had been developed

by EL-HELBAWY ang soliman (1983),Th& recent paper i€ concerned with
with tﬁe limiting distribution of LR under the following

sequence of local alternatives:

{6¥} a sequence of true values of 8 such that, each ©
satisfies the following conditions;

(a) h, (8% = 0, i=1,2, ... ,49, (1.4)

these are the identifiability conditions for the k

parameters.
(b} h, (8" = & /N, i=q+1, .., 1, (1.5)
with;
lh_il_r-nﬁﬁ'=6i, i=q+1, . T {1.6)
Note that
1~£r_n h (8% = h(8) =0 i =1, 2, ..... 3 (1.7)

2. TRANSFORMATION TECHNIQUE AND ASSUMPTIONS

We consider the following transformation on the parameter

space,
h=h (8) = (b, (8), h, (8)) (2.1)
such that; i
h, (8) = (h,(8), h,(8), ... , h, (8)). (2.2)

» This transformation is required to satisfy the following
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properties (c.f. 2Bradley and Gart, 15962, p. 209);
(a) There exists a vector;

h, (8) = (h,.. (€), .... , h (8)) (2.3)
such that the inverse relationships

8(h) = (8,(h), 8,(h), ... , B, (h)), (2.4)
exists, where h is defined by (2.1).

(b) The first, second and third-order partial derivatives

of 6,(h), i = 1,..., k, with repect to h exist, and are
bounded.
(c) The greatest lower bound, with respect to 8 € Q of the
] . . 3(h,, B
absolute value of the jacobian l =] is
HOyr = 5 w0
positive.
Under the transformation given by (2.1), the
hypothesis H, in (1.3) can be expressed as;
H,: h=h"= (h* h,), h* = [hy: h, (8) =0, i =1, .. , 1]
and h, is unspecified. (2.5

Attention is restricted to the following sequence of local

alternatives:

hN = <th' hze) ,

where;
N 5TV & . T bl .
h = h (8) - N with lim &3y = 63, i=g+1,. . . I,
VN N
and whereas,
h®=h; (8) =0, i =1, ..., q, (2.6)

which are the identifiability conditions of the original

parameters 6,, .. , 6,, where we assumed that B(8) is of
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rank k-q, and bh,° is the vector of true values of h,.

Setting,
r° = (h,%, h°), (2:3)
then
lim A% = h°. (2.8)
New

Let £7 (X,h) be the transformed density function of X where
h € ©F, the image of @ under the above transformation. We
introduce the following %.ssumptions, which are analogous to
that given by Davidson and Lever (1970) ;

Al. For almost all X ¢R and for all h € 97,
T T T
dlnf T(X, h) , *1nf T(X, h) and FPlnfT(X,h)

oh; ohoh; ah,.ahjah,
exists for i, j, £ = g+1, q+2, .. , k,
where the first q parameters, h,, h,, ..., hy equals zeors.

A2. For almost all X €R and for every h e @7,

£ T(X, h) 1 FET(X, h)
o B ol -1 0] [ & —_— 5
| oh, | <M; (X) and | 3F,0h, | < M (X)

where M; (X) ana M;, (X) are integrable over R, i,j=qg+i,..,k.
These Assumptions permit certain interchanges of

order of differentiation and integration.

A3. For everyhe @7, the (k-gq) x (k-g) martix B(h) =
[Biy(h), i, j = g + 1,.., k] with,

[ dnfrT(X, h) ' dlnfT(X,h) l ]
oh; > ah; b

is positive definite with finite determinant. Where we have

By (h) = E, (2.9)

the first g paramters h;, .., hy equals zeros, and since the

original parameters 6,, 6., .., 6, are identifiable by

+ introducing ¢ constraints on it, and since the new
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parameters h,, .., h, are functions in 8 this implies that

h,, .., h, are identifiable but g of them equals zeros, -

gence the information matrix B(h) issa function only in the

remaning k-g varameters and has rank k-g, that is

nonsingular.

A4. For almost all X € R and for all heQT,

FInr (X, h)
oini (A LRy o opyo
| =snan,ah, | ¢ Huet®

where E, (Hy, (X)) <Q < o, Q is positive real number, for

all h ¢Q" and i, j, t =g + 1, .., k.
A5. There exists positive real numbers, T,f such that
whenever
Kk
[h” - h'] = Z [hi - nll<t, B! ,n" e QT;
g s3=1
821nf7(X,h) 2 ] s o
E”/[Tia.fv_:”wlh"] < F<ceofori, 5 =g+1, ..., k.

A6. There exists positive real numbers n and U such that,

AlnrT(X,h) j2+ 4 -
— 55— " <U<

E, (|
for all he Qand 1 = g + 1, ...., k.
This Assumption will be used to prove that;

1 <& dlnfT (X, h)

\/Ea-l ah.l
have a limitng multivariate normal distribution.

i=qg+1, ..., k.

’

A7. There exists positive real numbers N and L such that;
E, [|H, (X) - B, {Hy (X} <L < o,
for all h ¢ Q" and i,j,t = g+1,...,k where Hy, (x) is

defined by A4.
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3. THE ASYMPTOTIC PROPERTIES OF NULL AND

NON-NULL MAXIMUM LIKELIHOOD ESTIMATORS

The following two lemmas are restatementsof lemmas 1
and 2 of Davidson and lever (1970)
LEMMA1: Under Assumptions Al - A5, there exists a positive
real number S such that;

T
E,,z[(in—n%—h(x—'fﬂ!h”)zl < 5§ ¢ = , =g+l ,..... k,

2
whenever [h"” -h'] ¢ t.

EMMA 2: Under Assumptions Al - A5, and for i,j =g + 1,

L

o Kj
(i) ¢, (h, k") and G; (h, h") are continuous at h" = b’ for

h, h’ and h" ¢ O where |bh - h']] s % 7

(ii) B (h) = - G,; (h, h) is continuous in h, where,
T
c; (mh) = E, [M).lh] , i=g+1.,....,k (3.1)
‘ o,
6. (b - 5, (SDETOX) g )
i3 ( ) = By ( aTijah, ] o i,d=qg+1, ...,k (3.2)

Now, the 1likelihood equations under H, in (2.5) and

under the alternatives in (2.6) are respectively;

3ln 1(X,h*)
an,

and,

dln LiX, h)
ah,

The asymptotic properties of the maximum 1{kelihood

=0, i=1r+1,..., k (3.3)
=0 ,i=qg+1, ...., k (3.4)

estimates which arise as solution to (3.3) and (3.4) will

+ be developed by Theorm 1. We introduce the following
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notations for use in subsequent discussions;

n . 10lnL(x,h) _ 1 s~ Olnf7(X, A) ie el «
Dl (h) s u}:l . , g+1, ..,
‘ (3.5)
» . 1 &InL(X, h) —
Di5 (h) = 3h.0h, 1,7 =g+l ,.....  k (3.6)

D;}:(h)=i§ﬂ_(X'—mi/jlt=q+l/___,,k (3'7)

n  dh.ch,0h,
LEMMA 3: For the sequence (h"} of local alternatives, and
under Assumptions A 1 - A5, the following hold for all h

and such that |[h - Rh° I s % 7:

(1) P M pr m) R = ¢ (B, B, i=q+ 1, ..., k
(i1) p MM pr . (n)|nM =6, (B, B°), i,j=q+1,..., k.

n—e

This lemma is a restatement of lemma 3 of davidson and
Lever (1970) and hence we gave it without proof. The
following result is a restatement of lemma 2 of Aitchison
and Silvey (1958, P-819) and will be usad in the proof of
the consistency of the maximum likelihood estimates which
arise as solution of (3.3) and (3.4).

LEMMA 4: If J is a continuous function mapping R¥ into

itself with property that, for every h such that

P
Il - v = 6,6 > o0, E: J;(h) (h; - hS) <0, , then there

A i(q‘l 1/\
exists a point h such that ”h - h°|| < & for which J(k) = 0.
Theorem 1: Under Assumptions Al - A5 and the sequence {h"} -

of lopal alternatives;

~
(i) There  exists a sequence {h,} of solutions to the
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likelihood equations (3.4) which converge in probability to
h°.

A 2
(ii) There exists a sequence {h, = h,} of solutions to the
likelihood equations (3.3) which converge in probability to
h°.
Proof: Follows the technique of proof of Davidson and Lever
(1970) :
(i) Consider the likelihood equations D" (h) = 0, i = g+l1,
...,k as defined under the alternatives sequence {h"} by
(3.4). Given v, €; an arbitrary positive constants, it
follows from lemma 3, that there exists a positive integer
N (r, €) such that, for all h with |h - b°fl = % 7,
P [ID," (h)-C; (h, b°)|<v, for all i = g+1,...,k[B"] > 1-¢,

for n > N (v, €). Thus, for n > N(v, €) we have,

x
P LY (Df (h)~C; (h;h®)) (h; - h)< v [h-h°|h"] > 1 - €.
2age1
(3.8)
so that, for each h such that |h - b°f = 6 = ¥ 7;

k k
PLY DF (M (hBA) <Y C;(h,h°) (h=hP)+v 5|h*] > 1-e.

St iv gel

(3.9)

i £T .
By expanding ﬂn‘—ah(—x'—hl in a Taylor series about h = h°
i

in the expression for C; (h , h°), multiplying by (h; - h;°)
and summing over i, and noting that C; (h°, h°) = 0, we

have;
L = ko k
E C.(h,h°) (hy-hi) < E E (hy=hy) (h;-hy) Gt 5%) ey
iega inge1 jega1 2
13.10)
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using Asumption %4 provided [[h - b°| = 6.
By Assumption A3, the matrix [G,, (b°, h®)] = [-Bj; (h%)]
is negative definite, so that there exists a y > 0, the

smallest characteristic root of the matrix [B,y (h%)], such
that;

¥ X
Y Y. (h.-h{) (h; - hY) G;;(h° h°) < -yb? (3.11)

PR
Thus, for arbitrazy v s % 6° M, and |h-b?| = &6 <min (y/M, %7)

we get;

k
Pl }: Df(h) (h;-h{) <-y82+8°M<0|h™) >1-€, for n>N (v,€)(3.12)
2=3-1

Now, applying Lemma 4 to conclude that for each n> N (v,¢€),
there exists an g; (., Q%) such that ”ﬁn (., ) -1 < &
for which,
P [D", (f:,,) -0 forall i =qg+1,..., klp*] > 1-¢.
Thus there exists a seguence of roots {55 (., Q1) } to the
likelihood equations (3.4) in the region ”;5 (., o9 - n°f
< 6 with probability greater than 1-¢. Since 6 and € are
arbitrary and may be taken small, then the sequence
{ﬁn (.,Q%)} convergss in probability to h°.
(ii) A parallel argument suffices to show that there exists
a sequsance of roots {gn (., w) to the likelihood equations.
D, (h*) = 0, i=1r+l, ..., k
which converges in probability to h°, where,
f:,n (., w) =h“=h°=0 (3.13)

by definition.
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Now, by using a Theorem of Cramér Wold (cf. Cramér,

1962, P. 105-6), and the result of lemma 2, namely,

ln%.'.“ B'(h"-) - B and using a parallel argument of the proof
of lemma 5 of Davidson and Lever (1970) to demonstrate that
Assumptions Al - A 6 suffice for the Levy-Feller Theorem

(cf. Loeve, 1963, P. 295), the following Lemma can be

stated as a restatement of lemma 5 of Davidson and Lever

(1970) .
LEMMA 5: Under Assumptions Al - A 6 and the sequence {n"}
of local alternatiwves, the sequence of vectors,

D (a™ = {(fmpf M, i=g+1,..., Kl.

converges in distribution to the multivariate normal

distibution,
N (0, B, (h°)) with mean vector O and variance matrix
B(h®) = [By; (b?), L, =g+ 1, ..., k] .

Lemmas 6 and 7 below, is a restatment of lammas 6 and
7 of Davidson and Lever (1970).
LEMMA 6: Under Assumptions Al - A4 and A7, D% (h) as
defined by (3.7) has a limiting bound in probability namely
for any € > O,
P [0, )] > mBY <€ 43,8 =g+ 1,.... K for n
sufficiently large, where M is the positive constant
introduced in Assumption A4.
LEMMA _7: Let (;1 (., 99} be a sequence of parameter
estimates in €° which converge in probability to h® under

the parametric sequence ({h"}. Then under the parametric
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sequence {h"},
P 1in(Df(h,(., D7) |h™ ]
n—-

it

-B;,; (h°), i, =qg*i,..., k.

in the following Theorem 2, we shall state the

\ P

limiting normality of h, (., Q7) and h, (., @) the maximum

likelihood estimazes under the alternatives and the null

hypotheses respeczively.
Theorem 2: Let h, (., Q") and h, (., w) be the two sets of

estimators of Thesrem 1. Let the matrices B = B (h°) and

L = BY, and let 6 = (05, 645, .., 6., 0, ..., 0). Then

under Assumptions A1-A7 and for the sequence {h"} of local

alternatives;

~

(i) {n (b, ( Q") - h°) has a limiting multivariate normal

-

distriburtion with mean vector &6 and variance covariance
matrix L.

(ii) {n (ﬂm (., w) - h,°) has a limiting multivariate normal
distribution with mean vector O, and variance convariance
matrix Eu where 0. is null vector of k-r components and
L. = (B, (h°)]7%.

Proof: Follows the technique of Davidson and Lever (1870);
expanding Jn D, (h°) about h = h¥ by Taylor’'s series

expansion we get.

r
VADP(h°) =/AD{ (AN ~vE Y (h2-hMyp2 (), i=g+1,....k.

seg+l
(3.14)

where

1Y = h,°, i=r+1, ..., k,

1

and for some h' such that Im* - no| < Jne - n¥.
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lim 3" - n°, so that, it

Now, 1"}1“ " = b® implies that, 2]

follows from lemma 7 and slutsky’s Theorem that for i= g+1,

sk

I I
Plin VA Y. (kS - h[) D (AMA" = Y 8,B,,(h°). (3.15)
N

£=g+1 s=g*1
From lemma 5, D° (h¥) converges in distibution to the

multivariate normal distribution (MVN), (0, B (h°)), it
follows that, [{m D" (b°, i =g+ 2, ..., k]l has as its
limiting MVN (& B b°), B (h°)).

(i) Expanding D;° (b°) about b = h, (., @), so that,

k
Df (h°) ==Y (A -h]) DYy (A), i=qg+1,... .k (3.16)
J=q-l
for some h, such zxat R, - °} < [, (., @) - n°f.

Now by Theorem 1,

plim {A,(.,Q7)|n¥) = he. {3.17)
-
so that,
Pl;i._r_n (A, |kY) = h° (3.18)
Then using lemma 7 we get;
x
VaD[ (h°) = E \/ﬁ(f_.-n—h,-") [By;(h°) +0,(1)], i=g+1,.....K.

J=g*1
. (3.19)
where o, (1) denota2s a quantity which converges to cero in
probability under {b"}. The matrix [By (h%) + o, (1), i,J =
g+1,..K) approachss B(h®) in probability for large n and

thus may be invertad to give the matrix fo; (h%) + 0, (1),

i,§ = g+1,..,k] where,
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£ = [0, (b)), i,j=q+1, ...., kl. Thus it follows that,
¥
Vi (B, - h$) =i Y, Df (holo;;(h°) + o (1)), i=g+1, ... k.
# Jj=g-1
(3.20)
Then from lemma 1 of chiang (1956, p. 338) it follows that,
n (;3“ (., Q) - b°) has a limiting multivariate normal
distribution with mean vector & B B™ = & and variance
covariance matrix, B* B B = B? =L
(ii) Expanding D," (h°) about h = hn (., w), 1 =1x+1,.., k
to obtain, since 'ﬁm =h;® , im g+ Lpuswee, L
k o~ ,.'
Df (h°) =-Y (A, -8 Dy (h) . i=r+1,....k

J=rel

where ﬂﬁn - h°} < fﬁn(.,m) - h°}.

By Theorem 1; P lp}_{“ [i:.n (., @) |b"] = b° and as in part (i)

one can obtain from lemma?7,

~ k
Va(A;,-hf) = Y vapf (ho) {0, (h°) +o, (1)), i=r+1,....k. (.20)

Jer+1
vhere L,, = [6y (B, i,j = r + 1,., k].
Now .D" (h°) = [{nD,> (h°), i = + 1, ..., k] has a limiting

normal distribution N (,0, B., (h°)) as it is the marginal
distribution of the last k-r components of D" (h°).

Again, using lemma 1 of chiang (1956, p 338) we see

that, (n (h,, (., @) - k%) has a limiting multivariate

normal distribution with mean vector .0 and variance-

covariance matrix L., B,, L, = L., = [B,, (h%)]°1.
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The Asymptotic Digtribution of LR:

" Now, in a way similar to that given by Davidson and
Lever (1970) we shall drive the Asymptotic distribution of
the likelihood ratio statistic (LR) under the sequence {h"}
of local alternatives, when the information matrix B {8) is
singular, but under the transformation h = h (8) we
introduced a new parameters (h,, h,,.., hJ) where h, = h, =

.... =hy =0, the necessary conditions for identifiability

of the original parameters 8,,...,8,, and in this case the
information matrix of the new parameters Ahq.,, sssm Ned
B(h) is non-singular.
" 2
Expanding 1z L (X,b°) about h, (.,07) and h, (.,0)

respectively, we have,
k k
1nL(X, h®) =lnL(X,E:)+—; Y. Y n(f,-h?) (By,-hf) DI(A),

iegel jegel

k k A A -~
InL(x,h?) =lnL(X.E)+2 3 Y n(hy,mhd) (A=) DAy,
Jersl jarsl
for some h, such that ||h, - b°|<]h,-b°] and some h,= (k] i,n),
such that llﬁh-h“ﬂ<l.£,‘ - b°]l. Since by Theorem 1,
Plim [A,|hN = P lim (A |h" = he,
n-e e

lim (R In® i = o
then, P 1IN hb7 = P UM (w07 - w

Thus using lemma 7, we have;

LR =2 [InL (X h) - In L (X, b)].

n(h,-b°) B(b%) \h,-h%)" - n(h,-h°) B, (b°) (h,-h,°) " + 0,(1)

(3.22)
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where, R,, = (o s Beane o000 ),
dlnf 7(X, h) olnf T(X, h) oL )
B,,(h°) = (B, = L), 1,7 =zr+1,...,k;
2 . dh; h oh,

Consider the second term of the right-handside of LR in

(3.22), it follows from (3.21) that,

n(?}\iz,—h;"‘)BQ.‘.(h“) (gz,-rg’) '=[,D"(h°)I,,+0,(1)] B,, (h°) LD"(h")fn*op(l)J'
= ,D" (h°)E,,{.D"(h*)} +0, (1) (3.23).

where ,D" (h°) [{n D" (h°), i=1r+1, ..., k].

Now By Theorem 2, (n (% - h°) has a limiting distribution

and by (3.19) we have,

D" (k°) = {n (i\:,, - b°) B(h®) + o, (1)
Then,

A

D" (1°) E,, [.D°(8°) 1" = n(b,-b°) A(h-h°) '+o,(1),  (3.24)

where,
{Bu (R?) A
A = [Bzz (b-o)]-l [le (ho) ] B:z (ho)]
L B, (h°)
(Blz(ho)[Bzz (h°) 17t B, (B°) B,, (bk°)
B, (B°) B., (h°)

Therefore, the second term of the right-hand side of

LR,

PaS
X A A

n(h,, - b%)B,, (h°) (hy, - 1%)" = n(h, - B%) A(h - B°) + o. (1).

P
Then;

LR = n(l‘-lln’hol) [Bn (h®) - B12 (h°) [B:-_» (ho)}-l B21 (h%) 1.

(hy, - hol)‘ + Op(l)

>

A ~

= n(h, - b°) By, (b)) (h, k%) + o, (1) (

oy
o
[S)]

where B“ (ho) = 2-1111
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by = (BgniBpsns -...hp),
o lnfT(X,h°) |, dAnfT(X, h°) [ Gegel. ... 1
B,; (k°) = [E,l ah, 1 ah, Wl 2. F=g+1,..,1],
By, (B°)= ~
AnfT(X,h°) | AnfT(X,h°)  y ;... " .
(E,( 3, I oh, |)) . i=g*1, .., ;3 w1 d

Now, since {n (i;,,, -h,°) has a limiting normal distribution
with mean vector &, = 6.,, 6., ..., 6, and variance-
convariance matrix E,, then by Theorem 2, it follows that,
g, = 1 (g,,, -h,°) 5,,(h°) (i\xm - h,°)" has a limiting non
central chi-square distribution with non-centrality

paramster.
I r = — .
a=lin E E n(hy,-hy) (h;,-h{)B;;(h°)=8,B,, (h°) 3, (3.26)
7% 1age1 j=gn

Since g, and LR have the same limiting distribution in
that they differ only by a guantity which converges to zero
in probability, we can establish the following Theorem;
Theorem 3:

Under the sequence [h")] of local alternatives and
Assumptions Al - A7, the likelihood ratio statistic LR for
testing the hypothesis H, = h = h*, where h* =(h,“, h.) €Q,
the image of Q under the transformation h = h (6) where &
is a k-dimensional parameter € Q; has a limiting non-
central chi-square distribution with r- q degrees of

freedom and non-centrality parameter a =6, 1-5“ (n®) 6‘
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