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This paper derives five measures of location of an inversz Rayleizh
distribution which depend on an urknown paramter 9. The parameter § is estimated
by the method of maximum likelihood, and the method of moments. Some other
estimators are also obtaired. Same  applications of the inverse Ragleigh
distribution in Reliability studies are indicated. The results of a simulation studg
are presented for the comparison of biases and mean =guare errors of wvarious

estimators of 5.

. INTRODUCTION

One of the main features of a distributicn ig its measure of location. For
a aiven distribution there are several measures of location. In this psper the m=in
inter‘g_st is estimating the location measures of an inverse Rayleigh distribution

vihich is usually used in reliability studies.

A random variable X has a gamma distribution if its probability density

function (p.d.f) is of the f‘or‘m

@ #0 = (@)t exp (-M/B), @8 > Ox > D

This distribution is of tupe Il in Pearseon's sustem. It deznends on three paramslers
2,8 and 7. The standared form of the gamma distribulion is obtained by putting 8=1

and ¥=0, giving

@ e = (et L ex x > O
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For a = 1, it is an exponential distribution. If @ is a positive integer, it is an

Erlangian distribution {11 .

Suppocse that X has the standard gamma distribution arnd we define a random
varizblz Z by the transformation 0Z-7/81° = X (With c© 3 O), then ths pdf. of
Z is '

@ = o@1C L (@t exp {-t(z-'n/m C} , e M

This p.d.f was defined by Stacy [2] for 7 = 0 as the family of gereralized gamms
distributions. It includes Weibull distribution (7=1), half-normal distribution (cc:i;,

c=2, 7=0), and ordinary gamma distribution (c=1).

fAcssuming 7 = 0, Stacy and Mihran [3], extended the definitiorn of generalized
gamma distribution te include neazative (non-zero) value of ¢, by replacing the
multiplier ¢ in {3) by Icl . Then the pd.f. of Z is

@ £ = 1ol =% p%Cred expte@®m®, @ 2 0; @ 8 >0, ce R,

In particular, if o = {4, BG =06,and c = -2, then

IS\

2
S f=) = exp {-1/6z"), (= >0, &> 0.

63

]

which is the inverse Rauleigh p.d.f. with parameter 9. lie denote it by X:ARE).

Gereralized gamma distribution were discussed as early as 1925 [1] bu

Amoros who fitted such a distribution to an observed distributicn of incomes rates.
The pd.f. (3) can also be obtained in the followirng manner:
Let ¥ be a random variable with p.d.f.

i

®) flu) = 677 exp (-u/e) , ux>00>0

|
It is the p.d.f of an exponential random variable with parame'ter & and it is dencoled '
by Y: Exp(@) .
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A
Making the transformation X = Y 2, the the pd.f. of X is

M fw=—2— e -1/6x2), (x>0, 8 > O)
9x’

which is the p.d.f of the inverse Rauliegh distributicn

According to Johnson [1) Voda IS} quoted Treyer [41 as having 's‘!.ated that
the distribution of lifetimes of several tupes of experimental units can be

approximated by the inverse Rayleigh distribution

Now, If T is a random variable, then some of its measures of location are
() the mean of T, 8 = E(T),
tii) the harmonic mean of T, 9, = (E(T'i)]'i,
{iii) the geometric mean of T, 93 = exp(Eln ™,
(iv) the mode of T, the point 6, at which the pd.f. of T has a lecal maximum , and

(v) the median of T, the point 85 at which
PT £ 65 =P(T 265 =03

In the next secticln, these measures of location are derived for the inverse
Rayleigh distribution. In section ili the maximum likelihood estimator (MLE) of @ is
obtained. An estimator is obtained bw the method of moments in section IV. Some
adhoc estimators of 6 are obtained in section V. Some applications of IR(0) are
precented in section V1. A simulation study is carried out to compare various
estimators of 8, their biases and mean sguare errors for some selected values of

8. The results are presented in tables I and II .

I. MEASURES OF LOCATION OF THE INVERSE
RAYLEIGH DISTRBUTION

If X:IR6), then for any real namber r < 2, it is easy to get
L
Ex = efru -5

In particular, if r = -2, then
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EXS =EWNM =06,

where Y:Exp(®. Hence, we can say that © is

the mean of X°°. Moreover, if r = -4,
then

eody = A e x,
Herice, the harmonic mean of X is

o = eechrt = 2

[

The mean of X is

6, = EX = /6

but the variance of X does not exist .

Note that
- A
Edn X) = I Zlnxe X7 gy
e x
A X
I S
lebt x =6 “u”
Therefore,

&= 1
E(n X = I e 1ne 2 y Sdy
0

oo
where 7 = - J‘ e"t:J 1n y dy is the Euler constant which is approximately equal Lo
0
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0.57722. Hence, the geometric mean of X is

X
93:&2/5

This result is needed to evaluate the Shannon en!ri_:bg: of X, HIX), where

o0

HOO = - j fix) In F(x) dx
0
=+ +d-ne-inz
=HV + 2 (T -1In® -1n2
where H(Y) is the Shannon entropy of ¥ : Expld).

This remark implies thai the uncertainty in X is smallar than that of Y if 0 is

4
areater than e7/ #° tie. if 6 > 1.122)

The distribution function of X is
PIX <% = Flx = expl-1/6x2).
Put Fix,0) = % to get the median

95=1/491n2

Finally to find the mode, note that

INf)=1n2-1n8-31nx - 1/6x°
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af(") = -3/x + 2/6x:3 i
ox
2
gt o 3/52 - 6/0x"
ox
put ‘g—é{;ﬂq =0 toget xs= {2730
2
and & g(*’ ¢ D for x = 2736
ax
So, the mode 64 = q2/30

It is interesting to note that the distribution of inverse Rauleigh is ckewed

to the right since

94 { 65( 91
Moreover, since Var(X) does not exist, one may use quzrtile coeficient of

skewness
73 = (Qq ZQZ + Qi)/(QS Qi)

where Q =1/ !6 1nd is the jth gquartiler of X (=1,2,3) or the 10-90 peroentile

'—ll-!=

coefficient of skewness

where P is the jth percentile of X (j=4,..,.99). However, since 7 g and 74 are free
of 9, both ')’3 and T4 are not reasonable measur‘e: of skewness. Alternatively, it is

poscible to use the guartile deviation,

Qg -8y 4 2
St (1/ 1n§-1/«l 1n4]

whioh is approximataly aqual to 1/2'«'_5

The mean deviation about the mean, as a measure of disper=zion, is given by
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o0
5 = EX-{7m/01 = I 1x-{ 776} FCO dx
0

x/0 oo
= Wn/6 - x) £ dx + J. & ~ 4.1(/9) £(x) dx
) =79
/8 o
= %76 Fefn/e ; 0 - _[ x fix)dx + J. x fix) dx
n/e
- 776 (-F{x/6:0M

24776 (V™ - 0.42494)

= 1/4087

The integrals in the above expression have been computed by using CASIO

FX-850p calculator library.

I. THE MAXMM LKELHOOD ESTMMATOR

Let Xy....Xn be a random sample from 1R(6), then the likeliheood function is

n

n .

Lo = /0" expl- 35 x¢72 /6 / 55
= i=1

n : 2
- o expt- 35 xj% /0. 2"/ 'ﬂ' )= et hiw,
=1 =1

D, -2z
where t = 32 x3°,
=1
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which shows that t is a sufficient statistic for 6. Therefore, the search for the
minimum variance unbiased estimator of & can be confined to functions of t, since

_»
E(X—z) = EY) = &y, % T xj" is the minimum variance unbiased estimator of 6.

To obtain the maximum likelihcood estimator, ‘we find

%72 /0

o = lnLag@=c-nlne->
=1 ¥
where ¢ is free of 6. Note that
3 L) n 2,2
BL® . o > /6

39 £

and

2,k 5 n - _
FLO -2 > X8

39 =1 :
obtained by solving E’—(‘ﬁ@ =0, is

So, the maximum likelihood estimator (MLE) of €,

~
-z

n
> %
n=1

D>
1]
T~

z % A
Notethata——a'—ez—‘@ (0 at 6=28

Since X:IR® and Y= X2 Exp(@) , then u= 2u/@ :xfﬁ) znd  hence

Thus for anu real numbar r

W=z 3  x32/0=2n /02
=z . ka' b = N O/ 2 N2n)
J=1
EdD = " By = Dloind - om
Zn n ra

[x0]

So, [-:(6) = @ and Var‘(@) = eﬁ , ie. the MLE of © ié an unbiased and consistent

ectimator of 9.
cing the stirling's formula, it can be shown that

I'in+r) o
n" T'(n)
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Now, since each 95, j = 1,234 and S takes the form

95 = Cj/ @ for some constents Cj' then
R
Gj = Cj [ 2

=
E@y = ¢y E@ )

=C

rn-d -4 i
2 2
5 ——— %)

-+ Cj 9-§=05asr\—oeo
n-El'(n)

and
1
~ 2 ATS,
Var-(ej) = Cj Var® )

=cf {E(é") -((6'%))2}

- rn-3)
=c2 ¢l [Iin-D) _{ z }2 .
s niriy ‘%
n“rn

5 = §,..0 35 is asumptotically unbiased and consistent for eJ- .

N ESTMATION OF o BY THE METHOD OF MOMENTS

The method of mome:_\ts consists of equating a suitable number of sample
moments to their population counterparts.

In order to estimate 6, replace E(X) by % to get

Hence
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\ SOME ADHOC ESTMATORS OF o

Next, we can obtain some other reasonable E&Limaotrs of © in the followina

manner:-

Equating the sample harmonic mean to its population conterpart 9.2 ohtained

in section I, we have

5;_:”/2 Xi-i = 2/ ’)TeH

and hence the estimator of @ through the harmonic mean is

n
9H=4( EX

i=t

ok 2
i Vron©

Similarly, equating the sample geometric mean to the population geometric mean, we
have

L

1
63 = (xl,xZ,..an)n = (eG E-’T) 2

and hence the estimator of @ through the geometric mean is

T x:2 /n

9G=e j

n
=

1
The sample mode is
» 54 = mode {Xy,Xz2)....Xn}
Equating it to the population mode, we obtain
82

2
Stp = 5

Finally, let
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€5 = median (XyXa...%n)
On equating it to the population median, we have

Oe = @ 1n 27
The properties of the estimators 6,856, and @y, are not easy to derive
analyticaly, so a simulation study is carried out to compare their biases and mean

square errors along with those of 6, the maximum likelihood estimator of 6 (which

is also the minimum variance unbiased estimator of 6).

VI SOME APPLICATIONS

1. Consider a system of n cfnmponents plased in parallel. Assume the life time
of each component X is IR()., Then the life time of the sustem is

Xy = T?fgn Xi. It can be shawn that
Xy is IR{%). Therefore the expected life time of the system is E(X ) = ,i %
2. If wewish to have a similar new system with m components, ne can obtain a

. predietion interval for the future life time of the new system in the following
manner:

Note that the maximum life time for the new system Y, is also lR(g). and
therefore ’

-2 s 9. -2 .
Xy is Exp(3 and % Xy is x(zn)

- . " Y,
Also 20 v2 s X, . Since X, and Y, are independl, then n;"g has
m

()

an Fp oy-distribution, and 100(«-1)% prediction interval for Yimy 9iven X is
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!

52,20 }

m m
{x(n) n F(g_‘;z,z) v Xy aln F(

IR

If we have a system of n comporents

of the sustem is X4y = in)in{ X ;. The expected life time of such a
< idn
system is

i

E(x) = '::Z; -1 <J.:1) E(x1X is IR‘J%’)

_ ”ii oyl ¢ B g J‘K (i+1)
=0 j+e 9

in series, then the life time
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TABLE (1)

STATISTICAL JOURNAL

Sample  Estimator 6=c 6 =10
Siz2
n EStimate Biase MSE EStimate miasa MSE
20 e 4.5173 0.1827 1.1250 10.4228 -0.4222 £.43565
e 5.8876 -0 .8874 5.9402 1316745 -3.5715  40.4333
4 {
€ 4.8967 0.1033 1.3417 10.6818 082144 6.3577
8¢ £.0528 -0.0528 2.0588 11.1914 ~1.19i4  10.0208
S0 3.1043 1.8987 €.5678 7.3638 2.6302  19.1507
Ore 45159 0.0841 2.4134 11.0880 -1.0850  i2.5501
20 @ 4.3975 0.0025 0.8424 9.9575 ©.0425 3.0534
. £.8497 -0 .2497 5.0214 11,1794 -1.1791  1e.048%
e, 5.0724 -0..0724 0.9403 10.0274 -0.0274 2.2035
O £.1796 -0.1736 1.4164 10.1462 ~0.1469 4.5243
QMG &.22869 17751 5.9794 6.6438 3.8562 28.2235
e 5.2244 -0.2244 1.5428 10.2708 -0.2703 €.9268
Me
40 6 4.9483 0.0517 0.6505 10.0449 0.0113 3.0208
& 5.7240 -0.7240 4.0933 11.0500 1.9509 21.6953
£
eH 4.9910 0..0090 D.E896 10.4407 -0.1407 Z.z2e4as
e 5.08385 -0.0885 10351 10.402% -0.4029 5.0557
G
- 3.5228 1.4772 §.4243 7.4502 2.5093 24.7954
5] 5.1294 -0.4254 1.0583 10.1788 -0.1768 5.1304
Me
Table (1) sumarizes the results of a simulation study for 100 =ample of

sizes 20,30 and 40 from IR{®), & = 5, and 10. The estimators IE\),OE, eH'eG‘eHo"@He are
computed alongwith the biases in these estimators as well as their mean sqguare

errars.

It is clear that the maximum likelihcod estimator performs relatively better

than some of the other estimators.
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TABLE (2)
sampie 0=s " =10
iz Heisure
n exict  E£stimate Biase MSE  exdct Estimate Eidse  MSE
20 mean 07927 07633 00287 00868 O0.5605 0.5808 -0.0198 0.0502
M.mean  0.5046 0.5103 -0.0056 0.0043 0.2567 0.3681 -0.0143 0.0022
G.m2in 05958 0.5956 00012 0.007L 04220 04371 -0.0150 0.0049
moda 03651 05172 -0.521 26756 02582 03364 -0.1273 0.1053
median  0.5372 0.5550 -0.0188 S 0.0005 0.373¢ 03916 -0.0118 0.0044
20  mean 07927 07922  0.0005- 0.0336 0.5605 0.5414  0.0131 0.0145
‘H.m@an 0.5046 0.5080 -0.0034- 0.0024 0.8568 03535 -0.002¢ 0.0012
G.m@an  0.5958 0.6030 -0.0051 0.0043 0.4220 0.4224 -0.0003 0.0022
mode  0.3651 0.5297 -0.1646 0.1185 0.2632 03546 -0.0964 0.0427
median  0.5372 0.5470 -0.0101 0.0043 0.4798  0.3347  -0.0043 0.0024
40 mean 07927 07921  0.0406 00189 0.6505 0.5782 -0.0L77 0.0338
H.Me3n - 0.£046 0.5053 -0.0012 0.0015 0.3562 03626 -0.0057 0.0012
G.mean 0.5353 0.5371 -0.0002 0.0029 0.4220 0.4300 -0.0980 0.0920
mode  0.3651 0.5347 -0.1536 0.0961 0.2582 0.4101 -D.1513 0.2015
m@dian  0.5072 0.5380 -0.0009. 0.0002 0.3798 03853 -0.0051 0.0022

Table (2) extends the results of the simulation study .




