THE EGYPTIAN STATISTICAL JOURNAL
- ISSR, CAIRO UNIV., VOL. 4, NO 2, 19%¢

ESTIMATION OF THE PARAMETERS AND RELIABILITY PUNCTIOK OF
A GENERALIIED LIFE TESTING MODEL

M.A.T.EL-SHAHAT

Department Of Btatistics,University Of Zagaxig,Sagazig,Bgypt.

SBUMMARY

This paper obtains a new estimates of the parameters of
the generalized life testing model by using maximum likelihood,
Bayesian and Lindley Bayes approximation procedures. The risks of
"these estimates were compared to the risks of moment estimates
(BEL-8hahat and 8halaby(1995)) and structural estimates (Hoq et al
(1974)) based on a Monte Carlo simulation study . A class of
quasi-prior distribution was used in the comparison for both
Bayes procedures.The Bayes estimate of the reliability function
of the generaliszed 1ife model is also obtained by using the Bayes
approximation form due to Lindley (1980) . The estimated risks
‘of the approximate Bayes estimates of reliability function are
compared with the corresponding estimated risks of the maximum
likelihood estimates(MLE's)

. 1.INTRODUCTION.

The exponential , Weibull ,gamma and truncated normal
distribuotions are widely used in reliability and life testing
problems . The following pdf of the generalized life testing
model can be specialized to the above distributions:

f(x;a,7,8,0) =

a-1
B(x-v) [!-ﬂ
exp| - p

8
——-] X 2717 2 0,a,8,0 >0 (1)
a
® r(a/8)

where;7 is the location parameter which is recgonized as the

guarantee time or the minimum life of a product in reliability
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studies.6 is the scale parameter and « and 8 are the shape
parameters.This model includes the exponential(a=g=1),Weibull
(a=8), gamma(8=1) and truncated normal(a=1,8=2) distributions

The generalized life model distribution has been
studied by Hoq et al(1974),Hoq(1983),8halaby(1993),E1-8hahat and
Shalaby (1995) and El-Shahat (1995). ~

In this paper we assume that a and 8 are known
constants (a=ao ,8=80) and we obtain the exact and approximate
Bayes estimates of the parameters (7,0)of the generalized life
testing model(1l)using a Bayesian approach and the Bayes
approximation procedure due to Lindley (1980).Also, we obtain th
estimate of its reliability function ,R(t),using approximate
Bayes and maximum likelihood procedures

This paper will be organized as follows :

Section 2 describes the generalized life testing model together
with the procedures for obtaining ML and Bayes estimates (under
a squared-error loss function )of the unknown parameters ~vand o.
Section 3 gives estimates of the unknown parameters 7 and 6 and
the reliability (survivor)function using Lindley's Bayes'approxi-
mation procedure,LBA.Section 4 describes estimates of the
unknown parameters 7 and 6 obtained by using a method of
structural inference theory given in Hoq at al(1974)and the
moment procedure obtained by El-S8hahat and Shalaby(1995).The
results and comparison between these estimates using Monte Carlo
simulation study are presented in Section 5.

2 .BAYES AND MAXIMUM LIKBLIHOOD ESTIMATIONS.

2.1 Maximum Likelihood Estimation (MLR).
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Given a random ordered sample x-(x(l),....,x( Jof size n
n

from the model(1),the likelihood and log likelihood functions of
the sample are:

ae -1 n X(i)-‘I Be
1xla, ,80,7,0)m= [Bo/r(ao/ao)]n““TT [ (1)-7] oxp -2: > ] (2)
=]

i=1
a-1 -v
where F(a)w;v e dv ,a >0 ,is the complete gamma function ,
0
Bo
n n x(i)-v
L=C-nao 10g0 +(ao -1)12109(:((1)-1) -izz : , (3)

vhere C is a constant that does not depend on the unknown

parameters 7 and 6 ,C=nlog(Bo/I'(ao/Be)).

Equating the partial derivatives of L with respect to 6 and 7 to

zero,the following equations are obtained:

oo + }: (x =0 . (4)
0 i=}l
) o Bo -1
(-] o~
-(ae -1)2 (x -1 o — > (x“)-v) =0 (5)
i=31 8 i=1

Squations(3)&(4)can be reduced to(6)in terms of 7 (the MLE of 7)

only :



n -
-(aeo "1)2 [X(i)-‘I]
i=1
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2: (x -v
i=1 0 (6)
n
“ Be
> A
i=1

~

Bquation(6)can be solved iteratively for 7,using the Newton-

-~

Raphson procedure.Then 6 (the MLE of 6 )can be calculated

from equation(4).

-~ ~ -~

The observed Fisher information matrix at (v,0), I

The reliability

"~ .

2 2 2
d L/oe . 2 L/ 9607 .
6=6 ,7=9 6=06 ,7=7
b » 1.
2
9 L/262d9 . o L/o7 . -
- 60=06 ,7=v 0=0 ,y=v _J
I . .=
(6,7)
N n \ 2 n
Bo (Bo+1) 2: (x “)Bo nao Bo 2: ( )3071
_— -7 - -7
Bo+2 € (i) ~2 “Bo +1 (1)
0 i=1 6 i=1
- B -1 D 80-1 ‘ -2
R - T
°
] i=1 ° i=1
- * Be-1
o =
+lae 1)) (x ™"
- i=1

_

function of the generalized life testing
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‘model is:
b a0 t-7 Bo
R(t)= r 2

LE) TF'(xo/Bo) [a. ( ]

t-7 Bo
=1 - 7[a0/Bo,( = ) J/T(ae/Bo) ,t>¥>0 , (8)

: ‘ I a-1 -v
where P(a,b):j v e dv ,a>0 , (9)
- b
and
7(a,b)=r(a)-r(a,b) S (10)

are the incomplete gamma functions .
The MLE of the reliability function ,R(t),is obtained by
’éubstitu;ingd(o,v),f:om (4)and (6) into (8)

.2.2'Bayes Estimates(BE's) |

Jefferys(1961)suggested a class of quasi-prior distributi-
on,g(é,7),for choosing prior distributions when one has little
information relative to the likelihood function.?or the general-
ized life testing modél we assume that a quasi-joint prior

distribution of:(6,7) is :

-d
9(6,7) a 6 ,.10¢7¢<=> ,0>0,d%0 (11)

Combining the prior distribution,g(6,7),with the likelihood

“function 1l(x|ae ,B0 ,7,0)using Bayes theorem ,the joint posterior

dishrihution_o!\(o,v) is :



THE EGYPTIAN STATISTICAL JOURNAL

-15%-
Bo
n x(i)-1 n ae -1
K
Q(nlxlao tBQ )8—_—' exXp| - Z [ ] . n [X -7] ’
6 i
endo+d i=1 {a1 (1)

,06 >0, 0 ¢v7 ¢ e (12)
where n=(6,7)and K =normalizing constant to make Q(n|xX,8e ,2¢) a

proper pdf.,i.e.,

X (®e
i 3 n-1 (1) (1-m)/B80 n
= = T -1)/Be ; -
K " ((m )/ ) I [B(X ‘7)] n x(i) -’]
(Fr(ao /Bo )) 0 iml o
(13)
n Bo
h ,7)= - d m=noo +d .
where s8(x,7) %;l[x(i) 7] and m=noo +

The squared-error loss function Bayes estimator of a givea
function is the posterior mean of that function.Thus,the squared-

error loss function Bayes estimator of an arbitrary function

u(n)is:
x
~ o (1)
u (n)tg[u(n)lx]szj I u(n)Q(nIx,a0 ,B80 )dvde. (14)
0 0
“n
If u(n)=v,then the Bayes estimate 7 is given as follows :
X .
- (1) ((1-m)/B80o ) n (ce -1)
LI
7 =——T((m-1)/80 ) I v|8(x,7) x -7 &,
: N T

“n
If u(n)=6,then the Bayes estimate ¢ is given as follows
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X
. (1) ((2-m)/8o ) n (a0 -1)
K
o =—r((m-2)/80) | [s(x,‘v)] 1 l[x(i)-v] ay.(16)

The integrals in(15)and(16) can not be obtainable in a
closed form and a numerical integration computer routine is requ-
it ~ %
ired for computing 7 and 6 .Also,if u(n)=R(t),the Bayes estimate

R(t)Q(ﬂlx,ao,Bo) dvdé ,is of a more complicated

) O“——ﬁ »

®
R(t) I
0
form and requires numerical integration computer routines for
computation which might not converge for the given data.In the
following section,the LBA procedure,which obviates the need to

fvaluate integrals,is used to obtain the Bayes estimates of 7,6

and R(t).

3.The BAYES APPROXIMATION FORM OF LINDLEY (LBA).
Lindley(1980)showed that the posterior S-expectation
(the squared error loss function Bayes estimator)of an arbitrary

function u(n),B{u(n)|x),can be asymptotically approximated by:

J.1 1
ﬁ[u(n)lx]~[ufi-§:§:[uij +2uipj] ij p 2:2:2:2: 13k iJ o h] +0 ;;]

(17)

or smaller

l'j.k'h'1,2,---,Htﬂ'("l,ﬂz,----,WH):U=U(W):L=L(ﬂ)=loq likelihood;

2 3
= ; d U/em an ; =) L/ 3n an ;pmp(n)=l n)):o =3p/2
Pi OU/Oﬂi uij.- / 0 Lijk """ »=p (n)=log(g(n)) oj /oM

.
’
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-1
o is the (1,j)th element of the matrix I j(n) .Expression(17)
ij

~

is to be evaluated at the MLE's (n).

For the 2-parameter case ,n=(6,7);(17) reduces to :

2
2U4— L B +L C +L C +L B +2(p A +p A

stutnjixi=Oe [ 22 “i9715  30m12 121 %12 12521 F0a 21 2 1 M2 gy

i (18)

Where B, =(u o +ueo_ )o _,i=j , (19)

ij idi j ij ii
2
= o o +u (o0 o + 20 ) ,i#j , (20)

C 3u u
ij i ii i3 3 ii 33 ij

and A =uo¢c +uoc , i=j .
ij 1 i1 J 31

Now ,to apply Lindley's form(18),we first obtain fho:oij

~

elements of the inverse of the matrix I ~ * , i,j=1,2,which can

ij(e,7)
be shown to be
Bo (Bo-1)cn % T < 17 y
STy ) [x(i)"] Hoe -1 2:[3(1)"] /P )
) i=1 i=1
8 2 n . Bo -1
(-]
T T LN P (22
2] i=1
Bo (Bo#l) Do
“22" [ “80+2 22[ (1)-1] ) :3_ / . (zé)'
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P 2 2 n _ Bo n _ Bo -2
__:;;::;[(Bo -1) zj[x(i)—v] .Ej[x(i)-v]
e i=i i=]
n. - Bo -1 2 8 n - Bo
[ Ez[x(i)-7] ]+———:;::E[(Qo -1)(Bo +1).z;[x(i)—1]
i=1 6 i=1
2 - Bo -2 Noo (0(0-1) ° - =4
(Bo —1)‘§:[x(i)-1] } - - - .Ej[x(i)—v] ’ (24)
1=1 6 i=1
hermore:
log g(o,')')/aez-—-2 , p =3log g(6,7)/37=0 ,
6 2
n
2nco Bo(Bo+1l)(Bo+2) “qBo
I:: ' t Bo+3 Z[x(i)_ﬂ'] ' bl
] | 6 i=1
2 n n
Bo "aB80-1 Bo (Bo-1) "aBo-2
*eo+2,Z[x(1)— d © T et .Z[x(i)—"] v 126)
6 i=1 6 1=1
( 1)(3’ 2) « 5 Bl : -3
»(Beo - - o~
- 2 ﬁig[x(i)-v] - 2(ao-1)izzl[x(i)-v] ) (27)

itution of the above values in(18)yields the Bayes estimate

Lindley'method,denoted by U of a function U=U(6,v).All.

-
N g B

-2

-~

[*557)
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functions of equation(18)are to be evaluated at the MLER's(0,7) .

If in (18) U(6,7)=6,then

24¢
o 1 L 3L +L T+ (2L o +L ¢ ) g
= = + o o { ] — e
o=0+ —[o 30 11" 21°12" 21°22° 721 %"12° 21 %03’ 22 o I’
(28)
evaluated at (6,7)
If in (18) U(6,7)=7 , then
- 1 2 2
1=7+-[L 0o o0 +L (o0 o 420 J+3L o0 ¢ +L o ], (29)
2 30 12 11 21 11 22 12 12 22 21 03 22
evaluated at (0,v)
If in (18) U(6,7) = R(t) , then
8
R(t)=R(t)+— u ¢ +L B +L C +L C +L B
2-23 Ez ij ij 3012 21 12 12 21 03 21
i=1 j=1
=~ )] (30F
- — uo
2] 111 2 21
evaluated at (6,7),
2 R ao -1 R
h Bo [t ‘7] Bo [[t-‘l Bo o & [ [t-"]‘o]
where u =u = ...
12 21 -2 ~ =
0 INae/Be) ] e

i} Bo [t 1]B°[Bo[ Bo_ . -l]oxp[ [t-1]B.]

o l‘(a./B.) 6
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2 A o -2

o T 51 (™ Sl 5

~ ~

“i‘. Bo [t-v]a oxp[ [ t-v Bo] ' and

~ ~

6'(aeo/Bo) 6 6

n oo -1

u2= Bo [t-7] Bo exp[ [t Rt Bo]

~

6 r(ao/Bo) 6

4 .MOMENT AND STRUCTURAL ESTIMATORS OF 6 AND 7 .

.1 Moment Estimators (ME's)

El-Shahat and Shalaby(1995)obtained the ME's 6 and 7

irom computing the following equations:

2+-1/2
= 8r [r 1 -r °] ; (31)
ot 02 1
baz-orr
=X -6rr 4 (32)
10
|
n
hhere ,1=0,1,2 ,x be the sample mean Z x i)/n and
° i=1
n
- 2
h be the sample variance z:(x )-x) /n .
i=1

,2 8Structural ﬁctinatorl (STE's).
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By the use of a method of structural inference theory,th
marginal pdf's of 6 and 7 have been obtained by Hoq et 11(1974),:

they are given as :

X
(1) n

LA = n::+1 J‘ .”[x(i)-‘,]ao-l.xp

2] 0 i=1

x -1
(1)

]dﬁ,O)O(!S’

(nao /80 )

q2(7)= -i r(nao/Bo)TT [ (1) ao—l [ 2:[ (i)_,] ]

0<7¢< , (34
‘vx(”( )

where
X n
Ki= J i [x(i)-v]“-l/[ Z["(““’]Bo] ar (38)’
i

Applying the previous results,the structural estimates

; and : can be obtained as follows :

§=16qxd9

0

X

. (1) n o1 n x(i)- Bo

1 -~

=—-;r((nao-2)/8o) I TT [x(i)-vl oxp[-;E;[ . ] ]dv,(36)

Bo 0 i=1 =
and
& B (1) n . n Bfo Do /Be
= 1 Qo -
=1 (120 /8o ) i le[xm-q] /[gl[xm-v] ] 47(37)
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Ihe solution of (36)and(37)requires numerical integration .
5.NUMBRICAL RESULTS AND COMPARISONS.

In order to compare the different estimators of the
parameters and reliability function of the generalized life
esting model(l)obtained in the above sections,a large simulation
ﬁudy was performed. 2000 random samples of sizes n=15,30,50,70,

bo,1so are generated as follows:

h) Using «=3.99,8=3.52,v=6.12 and 6=6.412 (the mle's of «,8,n

Pd 6 applied to an example of El-Shahat and Shalaby(1995))as

*ﬂ true values .We generated random samples of different sizes
&om a generalized life model(1l) by observing that if Z is

hiform(o,l) then X which is obtained by solving the equation,
a X-7 B ) .
Fv(;;(—;—) )/T(a/B) follows a generalized life model(1l).The NAG

PRKSTATION'LIBRARY(1986)is used in the generation of the uniform
%riaties and solving the above equation.
i) The maximum likelihood,Bayes,approximate Bayes,moment and

tructural estimates of 6 and 7 can be computed from the solution

{(4)and(6)and by using(15),(16),(28),(29),(31),(32),(36)and(37).

.ii) The ML and LBA estimates of R(to) are computed at some

1lues of tp(chdsen to be 7, 11,13,15.5)by replacing 7 and 6 by 7

-~

M 6 in (8) and (30),respectively.
The well known shape and prior parameters used throughout

le computations are chosen to be; 20=3.99,80=3.52 and d=2.3 .

i 2 2
%) The squared deviations (EST(7)-7) ,(EST(6)-6) and

ilt(n(te))-n(to))zaro computed, for different sample sizes n,
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where each of EST(7)and EST(6) stands for an estimate (ML,Bayes,
Bayes apprc~:mation of Lindley,moment,structural) and lsr(l(to))
stands for (M! ,LBA).
(v) The above steps are repeated 2000 times and the estimated
risks computed by averaging the square deviations over the 2000
repetitions . The computational results are displayed in Tables
(1),(11)

The simulations were performed on an IBM compatible
computer with NAG FORTARAN WORKSTATION LIBRARY(1986).Double
precision accuracy was used for all computatioam.

Based on samples of sizes n=15,30,50,70,100,150,the

~

estimated reliabilities R(to):(7=6.9658,6.2347,6.0710,6.2031,

~

6.1584,6.2326,0-6.1241,6.5686,6.6867,6.6263,6.6781,6.5604) and

R(to):7=5.5892,5.6413,5.7083,5.9463,5.9783,6.1146,0=7. 2655,
7.1841,7.0638,6.8933,6.8657,6.6834) together with the true
reliability R(to):(7=6.12,0=6.412) are drawn in Figures (1)-(6)

CONCLUDING REMARKS

1- In this article,Lindley's form is based on the expansion
about the MLE's .

2- Tierney and Kadane(1986) have pointed out that Lindley's

approximation form might not work very well for small samples .

-2
Indeed,Lindley's form is an approximation of o(n ).It is,
therefore,for small n(n<30) .The Bayes estimates obtained by
Lindley's approximation form had larger estimated risks,but it -

decreases with increasing sample size(see Tables I,II).



IS8R, CAIRO UNIV.,, VOL. 40, NO2, 1996 PP.151-171
-165-

3- Table(I)shows that the MLE's have the smallest estimated
risks as compared with Bayes,Bayes approximation due to Lindley,
moment and structural estimates.

‘wﬁ4- Both Bayes and Bayes approximatipn of Lindley estimators of
7 and.o have smaller risks than the moment estimates. Also,the
Bayes estimators perform better than the structural estimates.The

Bayes estimates perform better than approximate Bayes estimate.

- 5-Table(II) gives the estimated risks of R(t) and R?t),we draw
fho following conclusions from the results .

* The Lindley's approximate Bayes estimator of R(t) have smaller
risk than the ML estimator at t=13 and are very inclose to each
other at larger t values,especially at larger sample sizes .

* For the smaller t values considered,MLE performp much better

R Y

than Lindley's approximate Bayes estimators,especially at

smaller values of sample sizes .

* the performance of each estimator depends on the value of t .
Bayes estimator had smaller estimated risks for t values far from
7.,and ML procedures had smaller estimated risks at t values near

7,for all n considered .

~

In all cases the estimated reliabilities curves of R(t)
are closer to the true reliability curve of R(t),especially at

smaller values of both sample size n(n<30) and t values than the
estimated curves of R(t)

The ostiﬁatod reliability curves of E(t) get closer to
both the true reliability curve of R(t) and estimated reliability

-~

curves of R{t) as either t value or sanpio size n incroasos'L
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TARLE (1) :Rstimated Risks Of The Rstimates Of yAmd0
For Different Sample 8ises n.

n para e

Y 0.5319
1%

e 0.6069

Y 0.4038
30

0 0.4227

Y 0.2947
50

e 0.2938

Y 0.2517
70

o 0.2302

Y 0.1742
100

o 0.161%

Y 0.1224
150

o 0.1117
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TABLE (II) :Estimated Risks Of The Estimates Of R(t) for
Selected Values Of ¢t and n.

MLE LBAE MLE LBAER

.7T606E-6 .9256B-2 . .2527E-7 .3S68E-4
.7303EK-3 .5413E-2 ; .S435E-3 .S5549E-3
.2821EK-3 .6390E-3 : .0523E-3 .8418E-3

.4992K- .6640E-3 ; .7438E-4 .5170E-4

.4466E- .1024E-3 q .1377E-7 .5828E-4
.1236E- .9791E-2 ; .1460E-3 .0409E-3
.7304E- .6847E-3 . .3939E-3 .2975E-3

.9100RE- .5824E-4 .1765E-4 .5357E-4

.3617R-6 .8187E-3 .9101E-7 .0646E-4

.0128E-3 .5173E-3 . 7.8607E-4 +1763E-3

.8096E-3 .4107E-3 ' 9.2374E-4 .7979E-4

.3838E-4 .9103B-4 7 .8694E-5 .4%72E-5
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