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Abstract:

This paper concentrales on studying the quadratic forms in normal variates
which appear when testing linear statistical hypothesis under ridge regression with
positive non-stochastic biascd factors k,, k,, ..., kp . Except for the correction
factor n‘ﬁz, it is shown that all other quadratic forms are not independent and do
.not follow central or non-central x? distributions. llence the classical F statistics
are irrelevant under ridge. The results of lloerl and Kennard (1990) are obtained
as spccial cases when the biased factors are all positive and equal. Moreover, the
classical ordinary least squares resulls are also obtained as special cases when all

the biased faclors are sel Lo zero.
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1. Intrpduction:

In the classical linear regression model
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y =Xf +¢c, cov(y)=2? I, (1.1)
let y be an (n x 1) vector of observations on the dépendent
vaviable, X = [ J,, : X, ] be a known (n x p+1) full column
ravk matvix with J,, as an (n x1) column vector of 1’s and
X, as an (n x p) matrix of slandardized observations on p
regressors such that X,’ X, is in correlation form, # = [B,,
BisBy. e sBp) "=18,: 8] be a ( p+lx1) vector of unknown
parameters containing the intercept B, , and ¢ be an (n x 1)
random crror vector having a multivariate normal
distribution with zero mean vector and covariance matrix
021" .

Let G be a (p+1 x p+l) orthogonal matrix containing the
normalized eigenvectors of X' X, and A be the (p+l x p+l)
diagonal matrix containing the corresponding eigenvalues of
X' X. llence X' X, G and A have the following form :

n'o..o0 _n_:-q_ e O
’ —ol- —I— - °|
0| R

vhere G, is the (p x p) orthogonal matrix of the normalized
eigenvectors of X' X, and A; = diag { A\, Ay , . Ap} is the
matrix of the corresponding eigenvalues of X’ X, with A > ),
2 .2 A, > 0. llence, X'X = GAG, (X'X)' =G A'¢,
GG = G'G=1I,, and X'\ X; = GA G, , (X' X! = GA' G,
vith G, G" = GG =1, . Now, let Z,'= X, Gy and _ﬁ:[.ln:
Zy] = XG . llence, X' J, = 2J, =0 . The canonicals
parametrization of model (1.1) is ‘

v = Za +e, cov (y) = o’l, (13)

wherca=G'f= [y, oy ... , ap ) = [ ag: oy ] with ay= A,
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wd ay= G, B, . The OLS cstimator @ of a is given by

ﬂ" y-

a = = = A-l 2y (1.4)
@, AV 7y

vhich is unbiased with covariance matrix and mean square

aror
cov (&) = oA "
MSE(&) = (o2/n) + a’_gl,\;' (1.5)
= o2 tr(A) -

f the p rcgressors arc highly correlated, some of the
sigenvalues A; will be close to zero and hence a; and its
‘1SE(&;) will be inflated. As a remedy, the ridge regression

.;eclmique may be used to yield the ridge estimator

[, - ]
;= - (1.6)
Oy AZy

vhere A,! = diag { 1/ (\+ k), ..., 1/ (Ap+ kp)) is a (p x p)
positive definite matrix with positive biased factors k&, ..,

k

p* It is also easy to see that

. ayr o)
o (1.7)

Gy F, a,
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vhere Fy = diag { 6§, ..., 6,,) is a (p x p) positive definite
matrix witlh 6'- = '\i/('\i+ "i)' It is clear that &, = Gop = F
while G .. = 6'- a; ,i=1,2,..,p.

In ridge regression literature, two different types of
questions arc considerecd. --'l'lle first one addresses the
problem of choosing “appropriate” values of the biasg "‘J
factors kl,kr.",kp such that the resulting MSE is minimized.
whito The second one addresses the inference problem about
the parameter vector a . Ubenchain (1977), Hoerl and Kennerd
(1990) and Azzam (1996) began tackling the inference problem
assuming that the biased factors are non-stochastic.
Ubenchain (1977) claimed that the F and t statistics are
identical under both ULS and ridge. Azzam (199G6) showed tnat
this statement is only true when using the unbiased (LS
estimator s? of ¢ in the denominator of both F and t stat-
istics. loerl and Kennard (1990) partitioned th total sum of
squares and its degrees of freedom under OR regression.

In this paper, the results of lloerl and Kennard (1990)
are generalized to thc case of GR regression. Moreover, it
is shown that the resulting quadratic forms, except nj?, are
not indcpendent and do not follow central or non-central x?
distributions and hence the classical F statistics are
irrelevant underlr;d;;. ;‘g

Section 2 is devoted to Lhe partitioning of the total
sum of squares and its degrees of freedom under GR
regression. The question of independence of the resulting
quadratic forms and whether Ul.sir distributions are central
or non-central x? or not is addressed in Section 3. Section
4 introduces the "ANUOVA - Like” table under GR regression
together with the classical "ANOVA” tablc under OLS which
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shows that both tables are identical when the biased factors
ky= k,= “'=kl’: 0.
2. Partitioning the Total Sum of Squarcs and its Degrees of
Frcedom under GR Regression:
In the classical OLS method, the total sum of squares

y'y is partitioncd as follows:

Ay = ny® + SSR . + SSE
=y Ay + y' I’Zly +y (I, - P,y (2.1)
with
I, = Al + le+ (In - Pz) (2.2)

where A, = J, (3, J) ' 1) P, = z2,(2/ z,)"'z/ , and
P,= A, + l’zl are (n x n) symmetric and idempotent matrices.
Note that A, , P7'1 and (I, - P, ) are the OPO on R(J,), the
regression space [R(Z,), and the crror spacc N( 7Z')
1'9spectively. Since A, I’zl is the zero matrix, then P, l’zl
= I’zl and hence

r, - r,) lez 0 (2.3)
So, the error and the regression spaces are orthogonal and
hence the sum of squares due to their interaction (SSI ;)
is zero under ULS. Also, from (2.2) the degrees of freedom
are decomposed as follows:

n = tr(ly,) = 1 +p + (n~-p-=-1)
=tr( A)) + Ir( le) + tr(l, - Py) (2.4)

Note that any of the componcnts in the R.U.S. of (2.1),(2.2)
and (2.4) may bLe obtained Ly subtraction. Notc also that
each of the total sum of squares and its degrees of freedom
may Be partitioned to four components one of them, SSIols
and its degrces of freedom, is zero under (LS. Following the

same line of thinking and using the fact that the error and
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regression spaces arc not orthugonal under ridge, it is casy
to see that
Yy = nj® + SSR, + SSE. + SSl,
=yAy + VAo y+ YAy + YAy (2.5)
such that
I, = Ay + Ay + A3 + A, (2.6)
and hence the degrees of freedom may be decomposed as:

n = tr(l,) = tr(Ay) + tr(Ay) + tr(A3) + tr(A)) (2.7)
Recall that A, = J, (J,' J,)' J,' . The matrices A; and A,
*will be obtained via SSR. and SSE,. respectively, wvhile A,
will be obtained using (2.0).

To determine A, , the symmetric matrix associated with
the regression sum of squares under ridge, rccall that

SSR

ols ™May be expressed as:

SSR,,, = &' z!' 2, a =y Pz. y (2.8)
Using (2.8) with &, instead of &, together with equation
(1.6), it mr that

SSk, = &,/ %,/ 2, &, = ¥ Ay vy (2.9)
where

A, = Z, B, Z) (2.10)
with B, = diag ( \/(M+ k), ooy Ap/ (Apt kp)? )} as a (p x p)
positive definite matrix. Note that if the biased factors
ky=ky=..=kp=0 , then By = (32 %)™, Ay = P, , the
0r0 on R(Z,), and hence cquation (2.9) reduces to equation
(2.8). Note also that A, may be expressed in terms of the
design matrix Z as follows: '

Ay =Z[diag{0,A /(A+k))?, ..oy Ap/ Opt k) 12" (2.11)

Now,let §. = Z & and é. =y — j, be the predicted and
error vectors under ridge respectively. Using (1.6), then
ir= (Up-2Z2A4A1'2)y (2.12)
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with A~ = diag { 1/n, 1/(N\r k) H/(Apt k) ) asoa
(p+l x p+l) positive definite matrix. Hence . using (2.12) we
have

SSk,. =y Ay y (2.13)
vhere Ay = (1, - Z A™Y 722 With little algebra, it can
be shown that.

Ay = (1, - 7Z By, Z') (2.11)
with By = diag {U/n,(A+2k)/\ + k2 . ..., Apt 2k ) /(A &y, )2)
as a (p+l x p+l) positive definite matrix. If the biased
factors arc set Lo zevo, then B,=( 7' 7 )". Ay= 1,- P, ,
the OPO on N(Z'), and lhence SSE,. in (2.13) reduces to

SSb 14 = v (I1,- P,) y (2.15)
Finally, the symmetric matrix Ay associated with SSI1. is
obtained via (2.6), i.c.,

Ay = Iy =(A) + Ay 4 Ay )

= 22728 7 (2.106)

with By = diag {0, k;/(M\ + kp? , ..., kp/(Ap+ kyy )P} as a (prd
x p+l) positive definite matrix. Therelore,

SSI,, =y Ay vy (2.17)
[T the Liascd factors are sct Lo zero y then Ay is the (n «x
n) zcro matrix, and (2.16) reduces to (2.3) leading to the
orthogonality of the rvegression and  error spaces as it
should be under OLS. In this case, the decomposition of the
totul sum of squares in (2.5) under GR coincides with the
corresponding decomposition in (2.1) under OLS. Now, let us
use (2.7) together with (2.10), (2.14), (2.16) and the fact
thnL'A| is Lthe 0PU on R(J,) to deccompose the degrees of

frcedom as follows:
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h'(Al) = 1
p
r(Ay) = LA+ k2
1=1
4
tr(A;) = (n=1) — XN (N +2 k)7 0+ kp?, (2.18)
t=1

tr(A,) = 2 i)f:n A kp 12+ kP

Note that the decomposition in (2.18) adds to n = tr(I,).
Also, if the biased factors are set to zero, then the
decomposition of the degrces of freedom in (2.18) under GR
coincides with the corresponding decomposition in (2.4)
under OLS. Finally, the results of lloerl and Kennerd (1990)
are obtained as special cases of the rcsults of this section
wvhen all the biased factors arc set equal to a positive
constant k. As a final remark, the quadratic forms SSR., SSE,
and SSI,. depend on the choice of the biased factors k,, ky ,

, kp
may lead to different values of each of these quadratic

and hence different choices of these biased factors
forms.

3.Statistical I'roperties:

In this section,Theorems (3.1) and (3.3),PP.123-124,
in [3] will be used together with the assumption of the
normality of the random vector y to show that the quadratic
forms SSR., SSE, and SSI,. are not independent and do not
follow any of the x? distributions. Also, it is sho;n that o
and €. are jointly normal and statistically dependent. !
Lemma(3.1):

The quadratic forms SSR,., SSE, and SSI,. do not follow
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wy of the x? distributions.
'roof:

Using Theorem (3.1) in [3], it suffices to show that
the symmetric matrices A, , A; and A, are not idempotent.
Jsing (2.10), we find that

Ay? = Z [ diag { A3/ (N + k)P, ..., At Opt k)t )] 7y
llence, A; = /122 il and only if Aig = (’\i+ ki)z, i.c., if and
only if k; = 0 for all i, which is impossible under ridge.
Also, using (2.14) we have

A:,’ =1, — Z [ diag { ag , a;, ..., ap }] 7'
vith ey = 1/n, a;= (A 2 k[ (M+ K%+ k2] / (A+ k)Y,

is 1, 25 casy po llence A; is idempotant if and only if

by = ky = ... = k’, = 0 which is impossible under ridge.
Finally, ‘using (2.16), it is clear that A, = Ay? if and
only if k= k= ... = k,,: 0 which is also impossible under
ridge. O

Note that if the biased factors are sct to zero, then
the symmetric matrices Ay and A; arc idempotent and the
. corresponding quadratic forms follow x? distributions, as it
should be under 0LS.

Lemma(3.2):

The quadratic forms SSR,., SSE, and SSI,. are not
independent.
Proof:

Using Theorem (3.2) in [3], together with the fact
that cov (y) = o? I,, it suffices to show that the matrices
Ay Ay ,A; Ay and Ay A, do not equal the (n x n) zero matrix.
Using equation (2.11) and (2.14), we find that

Ay Ay = Z, 1, Z) (3.1)
vith My = diag { Ak 2/ (M\+ k', oo, Mgkt / (Mgt E)Y) as a
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(p x p) positive definite matrix. Also, using (2.11) and
(2.16), we have
Ay Ay =2 27,11, Z (3.2)
with M, = diag (A2 by 70+ k)t ooy A2 kp/ (Apt kp)' )} as a
(p xp) positive definite matrix. Finally, using (2.14) and
(2.16), we find that
Ay Ay =2 7l 2, ' (3.3)
with My = diag { k3 [ A+ k), ..., kpa / (/\p-{- k,,)'l } as a
(p »p) positive definite matrix. Since cach of (3.1) - (3.3)
represents a group ol positive definite quadratic forms,
then each of them equals the (n x n) zero matrix if and only
if Z, is the zero matrix, which is impossible. O
Note that if the biascd Tactors are set to zero , then
Il equals the (p x p) zero matrix and the corresponding
quadratic forms are independent, which is the case under
0LS.
Theorem (3.1):
The F statistic is irrelevant under ridge.
Proofl:
Use lemma (3.1) or lemma (3.2).0
Lemma(3.3):
The quadratic form ny? is independent of each of the
quadratic forms SSR,., SSE, and SS;Ir .
Proof:
It suffices to show that the matrices A; A, , A, A; and
Ay Ay are cqual to the (n x n) zero matrix. Using the fact
that Ay J,, = J,, . A Z, = Oand A Z =[Jp: 0], it is
casy to show that A} Ay = A} Ay = Ay A, =0 . D
Note that the quadratic form nj® has a non-central x?

distribution with one degree of freedom and a non-centrality
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paramcter n o i

Lemmn(3.4):

(8]

a. and @ arc jointly normal and statistically

dependent.

I'rovofl:
Using lemma (1.6) and (2.12) we fine that o and -

arc linear combinations of the random vector y of the form
a. = Ay , &b = (I1,-DB)y

vith A = A" Z, B= ZA"' 2 and

A™! = diag { 1/n , L/ k) oeey 1/(,\p+ kp)}. lence

[6r @) =Wy ~ Nyypiy (W Za,o® WW) with

A
W = « o o . as an (n+p+1 x n) matrix and
I1,- B
A A A(l,- DB
ww =
(I,— B A (1,,- B)?

" as an (n+p+1 x n+p+1) matrix . Note that
- PUR R | 2
cov (ap. , &) = 0 A(l,- B = ¢ | .......

-with N = diag { k; /(N + k)2, ..., kp / (Ap+ l‘:,,)2 } as a

(p x p) positive definite matrix. llence cov (o , &) = 0 if
and only if M Z,' = 0. Since Il is a positive definite
matrix, then cov (o, , &€.) = O if and only if Z, is the zero

matrix which is impossible , and the result holds. O
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Note that o, and @, arc marginally normal and that the

(LS results concerning independence holds if ky= .. =E',= 0.

4. 'The "ANOVA-Like” Table:

In this scction, the cxpected values of the quadratic
forms SSR,., SSE, and SSl,. are obtained and the "ANOVA-
Like” table is counstructed assuming that the biased factors
arc positive and diffcrent. These cxpected values are
obtained using the well known result

E(YAy) = Ap+tr (1 A) (4.1)
with p = E(y) and Y = cov (y). Applying (4.1)I to the
canonical  parametrization (1.3) and using equations
(2.10),(2.14) and (2.16) , it is casy to show that

'E(SSR,.) = {: 2?2 (,\,-a;-’ +0¥) [ M+ k) (4.2)
i=1
E(SSE,) = (n—-1) o® +
.ﬁ A' [kizﬂiz - ﬂz(A'- + 2 k.-)] / (Aii' k.-)’ (4-3)
t=1
3 11
E(SSlp) = 2 3 XNk (Mol +0%) [ ( A+ k)2 (4.4)
t=1
Recalling that
E(ng®) =n a,? + o? (4.5)
and adding (4.2)-(4.5), ve have
E(Yy)= d 2Za +n o . (4.6)

as it should be. Also, if the biased factors are set to
zero, then (4.2) and (4.3) coincide with the well known OLS
results [sce Table (4.2)] while (4.4) reduces to zero.

In Tables (4.1) and (4.2), the "ANOVA-Like” table under



ISSR, CAIRO UNIV., VOL., 41, No. 2, 1997 PP, 95-109
-107-

ridge and  the "ANOVA"™  table under OLS respectively, two
different  null  hypotheses are  considered.  These  null

hypotheses are Il : oy, = 0 and N : o= ... = o, = 0 . The

)
sums of squares in Table (4.1) are obtained n;ing (2.9),
(2.13) and (2.17) while the degrees of freedom are obtained
using (2.18).

Examining the "ANOVA-Like” table under ridge and the
"ANUVA"  table under OLS , the [folloving rvemarks can be
drawn:

[. Both tables coincide when ky = k,:.".=lﬁ,: 0.

2. The quadratic [orms SSR,., SSF, and SSI,. aund their
degrees of [recdom depend on the choice of the non-
stochastic biased factors.

3. The expected value of SSE. depends on the null
hypothesis Il ,: a;= .... = ap = 0, while the expected value

of SSE

olsg 18 o (n-p-1) whether N, is Lruc or not.
Finally, vemarks 2 and 3 togcther with the results of
Section 3 asmure that the published I'-tables are irrclevant

for inference under ridge regression.
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The "ANDVA-Like” Table Usdor Ridge

—Table ﬁ‘nﬂv

Tnn. sS w MSS E(SS) &, E(SS) Under B, ~ F—Like Statist
F YAy = 5 tridy) = 1 ny / triAy) net+ e — o =0 e’ (Y4, 3/tr(A)] ] [y'4Ay y/tr(Ay)]
Regression YA ys= &' 2, 2, 8y tr(A;) I-m—y-.u / .v-.-.vrmu- YAy y/tr(Ay) -M—ymu (¢ Dmu+ o Y+ rﬁu o= D..nl Iﬂ‘lo ol -M—»—.u\:-..v k-.yu [ ¥4, —_y, Io'dy s (A)]
Interaction| ¥4,y EPVINM—»}:»..}% YA 3/tr(A,) u..%_‘.{.. (Ao +2 )/ (0 +kp? 25 W Ak, /(3 4k . .
t=]
Error YAy y ‘| tr(4g) = (n -1) - YAy 3/tr(4y) | (n-1)e? +..wﬂn.».. [ k2a}? - eYm-1)-
m%_.——ny-\fnv..:.y.. i e Bl By ..%_»..c.....u».. WA +kp? )
Total vy tr (Ig) =n d2Z2a +n 2 a o2
Table (4.2)
The "ANOVA” Table Under OLS
Source sS DF MSS E(SS) Hy E(SS) Under I, F ~ Statistic
Vean YAy = 0 triAy) = 1 ng? / tr(4,) nag’ + o a =0 s (¥4, 9/tr(A)] [ [6'(1n-Pa)w/tr((In-T2)]
Regression VPzy = &'2/2 4, .q:..lav =p n.‘-— v/tr(Pz) a,’ N.—. Z,a,+p o = ay=... =ap=0 p o { \1-_ y/tr Pzl / W' (In-P=)w/tr{(In-Pz)])
Error Y(n-Pz)y tr(Iy-Pg) = (n=p-1) | ¥'(In=Pz W/tr(In-P;) (n=p=-1)e (n=p=1)c*
S T
Total vy tr (Iy) = n o ZZa+nd no?
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