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This paper presents Bayes estimators of the scale parameter of
complete even power exponential distribution under a variety of loss
functions and using both the natural conjugate prior and the Jeffreys

invariant prior.

1. Introduction

Let X be distributed according to the complete even power
exponential distribution, {i.e.,

1, x-y, 2m
o

£ (x) = - e -
b,m,u,0 obt/ (22 13/ (2m))

where =» < x < ® —o < y<®o, ¢ >0, mis a positive integer, b > O

and m and b are chosen arbitrarily.

The class of densities (tb (.):b > 0 and m is a positive

,m,u,0
integer) given by (1-1) represents families of distributions depending
upon the values of m and b chosen. For example, m =1 and b = 2 yield
the normal distribution. Also, m = 2 and b = 1 give the special form
of the 4th power exponential distribution termed complete 4th power

exponential distribution.
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Geometric and analytical characteristics of this class of densities
have been presented by Mostafa and Mazloum (1995). Estimators of yu
and 0 (02) using both methods of moments and maximum likelihood have

been cbtained by Mazloum (1996).

In this paper, Bayesian point and interval estimators of ot
(r is any positive integer) when the location parameter y is known
are derived under both the natural conjugate prior and the Jeffreys
invariant prior. Different loss functions are considered namely:
squared error loss, scale invariant loss, absolute error loss and

zero-one loss.

2. Bayesian Point and Interval Estimation of or:

Let X = (xl, Xor ooy xn) be a random sample from the ptobnﬁility
density function (pdf) fb (.) defined in (1-1) with p kncwn, say
ym,n,0 X
¥ =u,. So, the joint density of the X's is given by:

1 g (xi B uo 2m

- = )
b = o
£(x|o) = ( 1,(2')" )" 1=
ob™ “™ T(1/(2m))
Letting
1,1 2m

T =g (2-1)

then the joint density f(x|o) can be rewritten as:

= .
2m

-tz (xi -u)

fix|1) = tn/(zm) e =1 ° (2-2)

whe:e « denntes proportionality.

As 1 natural conjugate prior (NCP) for v, we take the gamma

density with jarameters a and B, f.e.:
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La__ a-1 =Bt
g(t) = I(a) T e T >0, a >0, 8 >0 (2-3)

We may write this briefly as t ~ I'(a,B8).

Hence, the posterior density of r given the x's is:

gltx) « Ol BT
n (2-4)
where a' = a + (n/(2m)) and B' = B + [ (xi -y )2m' i.e.,
: i=1 °

tfx » r',B").

In the presence of vague prior information about t (or o), we
adopt the (improper) Jeffreys invariant prior (JIP) distribution,
i.e.:

gl(t) « 1/t ' (2-5)

This distribution can be obtained from (2-3) by letting a + O and

B + O. The resulting posterior distribution is given by (2-4) with

a=f8 =0,

The following results give Bayesian point and interval estimators
of 6°. 1In particular, result (1) gives a (l-y) 100Os Bayesian interval
for o" while result (2) presents Bayesian point estimators of o~
under both the squared error loss and a scale invariant loss. Bayes
estimators of o° under the absolute error loss and the zero-one loss

are given by results (3) and (4) respectively. Some special cases of

those results are also given.

Result (1)

A (1-y) 1008 Bayes interval for oF using the NCP is given by:
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(] ]
( 28 )r/2m < of < 28 :r/Zn

” (2-6)
2
be(!',l‘ % szc.' g'

where a' and B' are defined in (2-4) and xga, p is the pth quantile
’

of the Chi square distribution with 2a' degrees of freedom.
Proof

Since Tfx v I'(a',B') then 28't|x ~ X%2a Hence a (1-y) 1l00%

v)'

Bayes interval for t is given by:

2 2
x2a',% X2a',l-%
287 T € 287
Substituting for t from (2-1), a (l-y) 100% Bayes interval for 02m
would be:
2m
28" & o] < 28"
by?2 bx?2
Xzalll__;_ Xzal'%

from which the interval given by (2-6) is easily obtained.

Result (2)

For estimating oF using the natural conjugate prior given by

(2-3) and under the squared error loss and the scale invariant loss

function given by:

r 2
L(o,d) = d-0)" (2-7)
o2r

~

- ; r
‘he Bayes estimator o is given by:

.y ge  ¥/2m  T(a'+ (tr/2m))

0o e [—] x (2-8)
b Fa® +EJ—)
m
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vhere (-1,0) if the loss is squared error
(t,3) = { (2-9)
(1,2r) if the loss is (2-7)

and o' and 8' are as defined by (2-4).
Proof

In general,

E[o* |x]

[ (br) %/ (20 | 4

b-k/(Zm) E[,r-IS/(Zm) |x]

- pX/(2m 7 -k/(2m)

g(t|x)ar
(o)
= wk/(2m) @n® d'-k/(2m)-1 -B't
b NCEE I ¢ e dt
Letting u = 8't, we get:

(1) When the loss function is squared error, the Bayes estimator of

or would be:

0" = E[o" |x]

Setting k = r in (2-10), we get the Bayes estimator ot given by

(2-8) with (t,j) = ("190).

(11) When the loss function is the scale irwariant loss given by (2-7),

the Bayes estimator of ¢° would be:

r 1
r Efo 5 |«

- . x -r
o = 0. - _3.[9___|£]. (2-11)

nl;-;; |x) B(o~2% |x]
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Letting k = -r and -2r respectively in (2-10) to evaluate the numerator
and the denominator of (2-11), we get the estimator o~ given by (2-8)

with (t,3) = (1,2r).
Result (3)

The Bayes estimator of o with respect to the natural conjugate

prior and using the absolute error loss is given by:

r=(

Q»

28" )r/2m (2-12)

2
b x2a',‘:
Proof

The Bayes estimator T of t with respect to the absolute loss

L(t,d) = Id-rl is such that p(t < ?Ix) =k,

Using the fact that 28't|x ~ X%u" we get:

- 2
28 XZQ,H
Now, oF = (bt)~ i1s a strictly monotone function of T.

Hence, the absolute error loss Bayes estimator of o is:

ér - (bi)-r/2m - 28 ;r/2n

b X3qr

Result (4)

The Bayes estimator of o° with respect to the natural conjugate

prior and usinjy the zero-one loss function is given by:

or 2m8 ' r/2m
o = 5w ! (2=13)

Proof

Fut the zero-one loss function namely:
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r ~ r
r ~ o) 00 - € < o¥ o + € €E >0
L(c",0") = { )
1 otherwise

and under the limiting case € + O, the Bayes estimator ot of g™
is a mode of the posterior distribution g(or}x) which can easily

be shown to have the form.(2-13).

In the case of vague prior information, i.e. when 1 (or o )
has the Jeffreys invariant prior given by (2-5), corresponding
Bayes results could be easily obtained by simply setting a = 8 = 0

in (2‘6), (2"8)( (2"12) and (2‘13).

Some Special Cases

Case (1)

For m =1 and b = 2, i.e., for N(uo,oz), the previous results
give the following well known [1] Bayes answers for or}when using

the natural conjugate prior:
(1)  A(1-y) 100% Bayes interval for o® is:

n n

B + I (xi- H )2 B+ I (x.-qu )2
i=1 °© r/2 r i=1 o xr/2
_( " ) < o < ( " ) (2-14)
x E - l ’ X E. .Y_. .
2(a+ 2),l > 2(a+ 2), 5

(ii) The Bayes estimator of o with respect to the squared error loss

and the scale invariant loss given by (2-7), is given by:

n .
2 n + tr

o B + iil (xi-uo) /2 (o + "‘T— )

o =] s —] . (2-15)

I'(a+ E_%;i_)

where .(t,j) is as defined in (2-9).

(iii) The absolute error loss Bayes estimator of oF is:
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" 2
B + L (xl - uo)
éx s | i=]1 ]r/Z (2-16)
2
X2(a+ %), N

(iv) The Bayes estimator of o under the zero-one loss function is

given by:

(2-17)

Corresponding Bayes results for the case of vague prior informa-

tion could be obtained by setting ¢ = 8 = O in (2-14) through (2-17).

Case (2)

For the complete fourth power exponential distribdtion, correspondf

ing Bayes results for o° could be obtained by setting m = 2andb = 1.

3. Conclusion

The complete even power exponential distribution can be considered
an extension of the normal distribution. 1In fact, it represents a class
of distributions that includes as members: the normal distribution, the

4th power exponential distribution, the 6th power exponential distribution,

. etc.

Bayesian points and interval estimators of the scale parameter (more
jenerally of of; r is any positive integer) of this class of densities
have heen ch*ajined using different loss functions and under the natural

Tentaite prior and the Jeffreys invariant prior.
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Some special cases of these results haQe been given. In particular,
special case (1) has been given to show, explicitly, that the results
obtained for this more general class of densities reduce to the
corresponding results, known in the literature, about the normal

distribution.
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