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Abstract

The moments of order statistics from a right truncated log-logistic distri-
bution are given based on hypergeometeric function. Some new recurrence
relations between the moments of X,., are obtained.
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1 Introduction

Masoom and Khan (1987) obtained recurrence relations for negative
and fractional moments of single order statistics and product and quotient
moments of two order statistics drawn from log-logistic distribution

Balakrishnan et al (1987) have established several recurrence relations
for both single and product moments of order statistics from right truncated

log—logistic?”distribution. They have generalized these results to the doubly
truncated log-logistic distribution.



ISSR, Cairo Univ., Vol. (42), No.2, 1998, PP.234-243
-235-

Khurana and Jha (1991) have derived moments of order statistics from
a doubly truncated Pareto distribution in terms of hypergeometric function
and, they have obtined fifteen recurrence relations between the moments of
X,.n. Mohie El-Din et al (1995) have obtained moment generating function
of order statistics from a doubly truncated exponential distribution in terms °
of hypergeometric function. They have derived some recurrence relations
between these moment generating functions. Mohie El-Din et al (1996)
have obtained moments of order statistics from a doubly truncated power
function distribution base in hypergeometric function. They have used
the properties of hypergeometric function and its contignuous functions to
obtain fifteen recurrence relations between the moments of X,.,.

In this paper we derive the moments of order statistics from a right trun-
cated log-logistic distribution in terms of hypergeometric function. Also,
we obtain some new recurrence relations between moments of order statis-
tics for a right truncated log-logistic distribution by using the properties of
hypergeometric function, and its contignuous functions.

If X1, X3,...,Xn a random sample of size n drown from a right trun-
cated log-logistic distribution. Then the p.d.f of right truncated log-logistic
distribution is given by

f(z)———ﬁﬁ—_l—, 0<z< P,B>0. (‘1-1)
P(1 + z#)?
where ' B
PP = —=. - (1.2)
The commulative distribution function ( c.d.f) is
zP
F(x):m,ﬂ>o (1.3)

The hypergeometric function defined as follows :

(o0} m

Fabcz Z

m=0 C)m m' .

(1.4)
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where

(a)m = a(a+ 1)(a + 2)....... (a+m—1) , m>1,a#0.

Note that the hypergeometric function (1.4) is known to be convergent for
|2] < 1 so long as ¢ > 0 [ Rainville (1960) ].

2 Moments of order statistics

Let Xi.n < Xo:n € Xs.p < ... € X, be order statistics from a random
sample of size n with p.d.f f(z) and c.d.f F(z) . The p.d.f of X,., and rth
moment p{¥) are

n!

I(zen) = T ,)!IF(x)l'"‘ll — F(z)]"™" f (=) 1<r<n
(2.1)
and 5,
u) = B(xt) = [ f(arm)da. (22)
From (1.3), we have
z* = P§[F(z)]5[1 — F(z)]"%. (2.3)

From (2.1), (2.2) and (2.3), we have

8= = ;‘)'f(): — U F@IFL - PR@)HL - F(2)]" dF (s).
- (24)
Putting v = F(z) in (2.4), we have
w_ P (r+E -1 & (B)n(r+ F)m 2 (25)

Hrn = (r—1) (n+ %)' "go (n+ % + 1) m!
From (1.4) and (2.5), we get

k k
¢ 1) K k k
(k).__"‘!P’ (r+5 F(—,r+—-,n+-=+1, P),|P|< 1. 2.6
SRRy TR A A A %9
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Putting P = 1 in (2.6), the moments of order statistics for untruncated
log-logistic distribution is given by

-V k kK
F(ﬂ,r+ﬂ,n+ﬁ+1, 1), (2.7)

! _ n! -
e (r- 1)! (n + 79')'

For r = 1, n = 1 and using the property that [Rainville 1960]

I'(c)T(c —a—b)
L(c—a)T(c—0b)

F(a, b, ¢, 1) =

The equation (2.7) becomes
k k
uﬁ’f}:r(u-ﬂ—)r(l—ﬁ), k < B. (2.8)
[See Khan, A. H. and Masoom, ALI, M. (1987) theorem (2-2) p.105].

3 Recurrence relations

In this section we obtain fifteen recurrence relations between moments
of order statistics for a right truncated log-logistic distribution by using fif-

teen recurrence relation between F(a, b, ¢, z) and its contignuous functions
[Rainville (1960)].

It is well known that only five of these fifteen relation are independent

and the other relations can be deduced from them. This reflected in our
new results.

Our new recurrence relations are represented as follow

Relation 1

(k) PP Br+k—PF

. <n. .
(r—-l)P p’r—-l.n,1<r._n (31)
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Proof:
Let
k
a = -
B
k
b = r+-— 3.2
; (3.2
c = n+£+1
B
andz = P.

Substituting from (3.2) in the relation

(¢ —a)z

(1 - 2)F(a,b,c,2) = F(a,b—1,¢,2) - F(a,b,c+1,2)

]

we get
k
(k) 1-P m_THtetl
u’r:n+l + P By (r . I)P Be_1:n-

Using (1.2) in a bove, we obtain the relation 1. Note that, from (3.1), it is
clear that

- 1 k
us:-)l:n+l + P pll'y-cl-)l:n = —ﬁ(l + 5)”9‘2 (3‘3)
[See Balakrishnan et al (1987) relation (2-2) p. 253].

Relation 2 (B) nB+ kB
B _ (0 _ nptieth (s
Il’r+l:n ”’r:n rﬂP Tﬂ+k p’r:n .

-(3.4)
Proof:

Using a,b, ¢ and z as above in relation
(a - b)F(a,b,¢c,z) = aF(a+1,b,¢c,2) — bF(a,b+ 1,¢,2)

we obtain "
® _ k n+ §+ 1

“Hypp = (+6) .

rBP r+% Hrin

The relation (3.4) is proved.
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Relation 3

(k) w _ (k) nB+k+ ﬂu(kw).

— ; 3.5
”r:n-—l u’r:n nﬂP T,B + k rn ( )

Proof:
We use the same steps in the a bove in the contignuous function relation
(a —c+1)F(a,b,c,2) = aF(a+1,b,¢,2) — (¢ — 1)F(a,b,c —1,2)

we obtain N
k n+ ] +1

k
pP r+g

k+8 (k)

(k) = “r:n - nll'r:n-—l

—Nl,., =

The relation (3.5) is proved.

Relation 4

k knB+k+p8
(n+1—r)Puffi’.+1+[(n+1-r)P~Elu$f‘l = (’g(ﬂﬂr n k)ﬂpx Pultt®). (3.6)

Proof:

In the contignuous function

la+(b—c)z]F(a,b,c,2) = a(1—z)F(a+1,b,¢,2)— (e = a)ic — b)zF(a, b,c+1,2).

Use the same steps in relation 1, we obtian

S HE+B g (¥

k k
[B == (n —r+ 1)P]N£k,)1 = =P Ky (n +1- T)P#':'H’I

Y

The relation 4 is obtained.
Relation 5

Py _Bt1=r gkt Br—f g

* ® _ 3.7
: n+ 1 H n+1 k +nﬂ I“r.n ( )



THE EGYPTIAN STATISTICAL JOURNAL
-240-

Proof:

In the contignuous functions

—b)z
c
we use the same steps as above to obtain (3.7).

(1 —2)F(a,b,c,z) = F(a—1,b,¢,2) — (e

F(a,b,c+1,2)

Using the remaining contignuous functions relations of F(a,b,c, 2)
[ Rainville (1960) | to obtain the following recurrence relations between
moments of order statistics from a right truncated log-logistic distribution.

k
[n+ 5 (2n —r+ DPu® + (n+1 - )l =n(1 - P)ul)_,. (38)

nB+k ﬁ ﬂ +k °T"
(n +1—--—— TP) ul® (3.9)
(t1l=r) o o BrB" (__j_l)ﬁ (k=)

(r _ l)P Br_1:n ﬂ + k — ﬂ Krn = ﬂ = k : . (310)

k nB+k+p
[E —(n+1=r)Plu® + (n+ 1=r) Pult),, = pr ﬂT‘_'—_—k‘“ﬂsk), (3.11)

k n+1)P(fr+ k — _

T IUNCED
(n = ) + ), = nplf) (3.13)

k
[r + i (n+ 1)P)p!®) + (n+1 - r)Pu£ ,),H =r(l- P)ﬂgjr)l ;e (3.14)

(n+1-r)(Br+k—PB) «

k
—r(l——P)p.g_:_)l m = (n +1—rP —2r - —(—)) ul®),

(7‘ _ l)ﬂ He_1:n ﬂ
(3.15)

; k P(Br + k —

ntior- G- Py, = BERTEE =R e,

(3.16)

— _@ (k) pnB+k+p (k+8) _ (n+1——r)(ﬂr+k—ﬁ) (%)

[n+1 ' B ]“rn'l"ﬂpl Br + k “’r: ﬂ(r—-—l) 7 el
‘ (3.17)
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4 Recurrence relations for untruncated case

Recurrence relations between moments of order statistics for untruncated
log-logistic distribution are directly obtained from (3.1), (3.4), (3.5), ...and
(3.17) by putting P = 1. The results in this case are

w) _Pr+k-—PB

Hrng1 = (r _ l)ﬂ Kr_1:n- (41)

Note that, equation (4.1) leads to the following
k k
ll'£+)1:n+l = (1 + P )

and

k
(k) — .o
Hy.n (1 + (T _ I)P) Kr_1:n-1

[See Khan, A. H. and Masoom ALI, M. (1987), theorem (2-1) p. 104 |

(k) w _ (K)nB+k+p (k+8)

Hriin = Hpp = B rB+k Frm (4.2)

) (43)

W= (=g - 1) (44

: Zfrr-;;—ﬂuﬁf‘.f”’ T :_: “u,, =0, (4.5)

o+ lzl(gﬁ,ck By - (n +1- g - r) s (4.6)
?{E—ruf'i)lm = (—:ﬁl’?ﬂi‘;" - (4.7)

R L bl LET N

(n—r)u® 4+ rg® = np® (4.9)
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k = k —
k (n+1)(Br+k-PB) (-
A B () (k-8)
(n +1-r ﬂ) P = nf Tk Py (4.11)

Note that, the relations (4.1), (4.2), (4.3), (4.4) and (4.5) are independent
and the remaining are deduciable from them.

Remarks:

(1) Recurrence relations (3.6), (3.8), (3.11) and (3.14) in the truncated
case lead to the recurrece relation (4.4) in the untruncated case.

(2) The recurrence relations (3.12) and (3.16) in the truncated case lead
to the reurrence relation (4.10) in the untruncated case.

(3) Recurrence relation (3.13) in the truncated case and recurrence rela-
tion (4.9) are identitical, also it is valid for any aribitrary continuous
distribution. ‘
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