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In this paper, a pseudo Bayesian argument due to Basu (1971) is employed
to construct an estimator for a class of parametric functions namely the
population counterpart of a one sample U-statistic of order 2. This estimator
is, then, shown to be admissible using a technique given by Meeden and Ghosh
(1983) . Some admissibility results given by Ghosh and Meeden (1983) and

.Mazloum (1988, 1990) are shown to be special cases of the admissibility

result obtained in this paper.

L, Introduction

In keeping the 'standard formulation of finite population
sampling problems, we suppose that a population consists of units labeled
1,2,...,N'and that attached to each unit i is the value of a single charac-

teristic Ys- The vector y = (yl’YZ""’yN) is the unknown state of nature

and is assumed to belong to O = RN, the Nth dimensional Euclidean space.

A subset s = {il,iz,...,in} of {1,2,..!/,N} is called a sample of size n.

A probability distribution, p, defined on the set S of~a11 possible samples
‘from this distribution is called a desigﬁ. Suppose that for estimating
some real valued function, say y(y), with squared error loss, one uses an
estimator, say e(s,y) [e(s,y) depends on y only through y(s) where

y(s) = (yil, yiz,...,yi )] along with a design p then (p,e) is a typical
n

decision strategy with risk function:

t(pyesy) = £ [els.y) - v(1)]% p(s) (1.1)
seS
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An estimator e is said to be admissible when using a design p if

there does not exist any other estimator e' such that

r(p,e';y) < r(p,e;y) for all ye®

with strict inequality for at least one y.

In this paper, we will concern ourselves with the case where the

function y(y) of interest is the population counterpart of a one sample

U-statistic of order 2, namely:

L
Uly) = 5 = &Qyg »yg ) (1.2)
(,) B8¢B 1 2
2
where £(.,.) is any symmetric function and B = {B|B = (81,82) is one of

N ~ . .
the (2) unordered subsets of 2 integers chosen without replacement from

the set (1,2,...,N)}. U(y) is a class of parametric functions of the
population whose sample counterpart, called "U-statistic'", is defined for

a given sample of size n > 2 as follows:

1
U(y(s)) = — L E(Yqa2 Ya2) (1.3)
() 82eB2 B1»"83

where B2 = {B?2|B? = (8%,8%) 1s one of the (;) unordered subsets ol 2 integers

chosen without replacement from the set (1,2,...,n)}.

In section 2, following a line of argument given by Basu (1971), an
estimator of U(y) is constructed. In section 3, this estimator is shown
to be admissible using the simple but powerful tools given by Meeden and
Chosh (1983) for proving admissibility of estimators in finite population
sampling problems. Finally, in section 4, we show that some of the admis-

sibility resalts piven by Ghosh and Meeden (1983) and Mazloum (1988 & 1990)

ate just ~pecial cases of the admissibility result obtained in this paper.
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2. The Proposed Estimator

Basu (1971) has presented an argument that led to an estimator for

the population total. We, now, follow his line of argument to construct

an estimator for U(y).

From (1.2), U(y) can be rewritten as:
1

U(y) =
(g) t

L E(y ,v ) (2.1)
0 BteBt Bt Bt:

MN8N

where Bt = {Bt|8t = (Bi . B;) is one of the (2)(2:2) unordered subsets

of 2 integers chosen without replacement from the set (1,2,...,N) where

t of them chosen from the set (il,iz,...,in) and (2-t) chosen from the

set (1,...,NM\(11,...,in)c}.

Suppose that before observing the sample, the statistician is willing

to make a prior guess for the value Y for each 1. 1If m, denotes his

prior guess for Yo then m = (ml,mz,...,mN) is the vector of his prior

guesses. After the sample s is observed, the ratios yi/mi, ies become

known. If these ratios are approximately equal, then the unobserved

ratios will probably take on similar values as well. This sugpgests that

for any i*¢s and j*¢s where i* # j*:

y. y.:
Pr(—li —— |s) = : for ies
. m,
1% 1
and
Y'* y: Y'* y:-
PG = ey T ml )
i M M
Vog Ys Yix Vi Yix Vi
= Pr(_.}— = —_|s)'Pr(.‘_“-J— = ;‘ll;—l_. = _nT:- " S)
Tix M 0 M M M
1 2 . . o e @
Doy if 1= j; 1,jes
N 1 . C e
(;)(;%T if i#3; 1,jes

Now, the proposed estimator U for U(y) could be obtained as follows:
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) B2ep? g2 g2 g! ep! gl B

= % [z E(y. ,y )+ L E{g(y Y l)ls)
2 1 "2 1 72

+ & Eley L,y )ls)] (2.2)
BoeB® B? Bg

Without loss of generality, assume that the first coordinate of £ in the

second term of (2.2) is the observed value. llence,

«

U =

1 1 1
—[ 2 _ &y ,y )+= I &y ,—m )
N 4 ’
() 826B2 g2 p2 M glepl  jes gl M gl
2 2 1 2
1 Yi
X {2 X E("— 0> _“mo)
n(n+1) g0eB® i€s i B1 g B>
yi y]-_! ]
+ I DX E(— m oy —— M 0)} (2.3)
ies i'=s my Bl Wy B2
i#i!

3. Admissibility of the Estimator 0

Before we present the main result of this section, we give the

following definition:
Definition

Let Al,...,AK be an ordered set of prior distributions that are
mutually singular (i.e. with mutually exclusive supports). The Bayes
class with respect to Al,..., AK say D(Al,...,xK) is defined inductively
as follows: for K =1, D(A!) is the collection of all Bayes rules with
respect to Al | for K > j D(Al,...,XK) is the set of all Bayes rules

within D(Xl,...,XK—l) with respect to AK. A decision rule in D(Al,...,xK)

. : : K
is called a stepwise Bayes rule with respect to (x‘,...,x ).



THE EGYPTIAN STATISTICAL JOURNAL
-147-

It has been demonstrated in Meeden and Ghosh (1981)[see also Brown

(1981) and lisuan (1979)] that a unique stepwise Bayes rule is admissible.

-~

We now use this idea to prove the following theorem:

Theorem

For estimating U(y) [given by (1.1)] wusing squared error loss, the

estimator U given by (2.3) is admissible under any design such that n > 2.

Proq£

We, now, follow a line of argument of Meeden and Ghosh (1983) to prove
the admissibility of the estimator U. The first step in this line of
argument is to observe that admissibility results for the parameter space
R follow as corollaries to admissibility results for the finite, so
called scale-load, parameter sets of Hartley and Rao (1968,1969). That
is, if Gyseeesd, where 1 < r < N, are distinct real numbers, then:

Yi

6(01,'-~,Gr) = (y:;r-= uj for some j = 1,...,r and for all i = 1,...,N}
i

is the appropriate parameter space for the scale-load situation.

Hence, to prove the theorem, it sufficies to take the paramcter

space to be a(al,...,ar) and show that, under any design with n > 2

~

and squared error loss, U is unique stepwise Bayes against some set

of mutually singular priors.

<

1
—_— -y,
m.

§ J

for some j = 1,...,r: for all i = 1,...,N and each °j appears at least

First, we need the following notations: let 0(01""’°r) = {y:

once for j = 1,...,r}.
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If ye S(al,...,ar) we say that y is of order r for al,...,ar.

Similarly, if y(s) is a sample point with r < n we say that y(s) is of
order r for a

EELE if each yi/mi equals one of the r values a , 0

1 10 0%,

and if for each value aj, there exists at least one i2 for which
= . \ ]
yiQ/mi£ = aj. If ch(al,...,ur), let wy(J) be the number oi (yi/mi) s
which are equal to aj. Note that for each j, wy(j) > 1 and I
j=1
If y(s) is a sample point of order r for Apseeera, let wy(j,s) be the

wy(J) = N,

number of observed (yi/mi)'s, ies which are equal to a.,. It is clear

r
that wy(j,s) > 1 and &

w (j,s) = n.
j=1 7

Recall that under squared error loss, the Bayes estimate of U(y) at
an observed sample y(s) against some prior is just the posterior mean,

i.e.,

1
E[U(y) |ly(s)] =—— [ £ &y ,y )
(g) B2¢p2 ef g2

+ T _ E{&(y Y, ) y(s))

glepl gl g
1 2
+ L E(Ely Ly )ly(s)}] (3. |
BOeBO B? Bg

We, now, exhibit a family of mutually singular prior distributions

against which U is unique stepwise Bayes.

. . 1 : S fo=
The first prior A assigns mass 1l/r to each point in the set U 0 (a,
= j=1 :
For any point in this set, say O(Gi), all the observed ratios in a data -

point s are aj. Hence, the Bayes estimate is:

1
E[U(y)]ly(s)] = —— [ L t(a.m ,a.m )+ L E(a.m ,a.m ) +
() B2ep2 ) B2 182 gle! J gl Jpl

L E(a.m ,a.m )]
8%B° 1 g% ) g

~

which 1is just U.
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Next, the prior 22 is defined on the set 5(01,02) as follows:

1w (1)-1 w (2)-1 Tlw (D]rlw ()]
2 (y) « s q7 (1-q) 7 dq = z Y

0 r[N]

The sample points that are consistent under A2 are those of order less

than or equal to 2. llowever, the sample points of order 1 have been

taken care of. Now, for a sample point y(s) of order 2 for a, and a

1 2’
the marginal probability is given by:
Flw (1,s)]r{w_(2,s)]
A2(y(s)) « —X 7
r(n]
For i* ¢ s and j* ¢ s with i* # i*, it is easy to show that
N w (j,s)
Pr(—— = a.|y(s)) = L —— (3.2)
m. j n
1
and
Yix *
i i
Pr(— =a., —— = aqa,. s
(mi* ; mj* fIY( ))
v (3,8) v (j,8) + 1] TR L
= n(n + 1) (3.3)
. .
v (380w (5',9) e
n(n + 1)
where j = 1,2 and j' = 1,2.
Hence, using (3.2) and (3.3) we pget:
2 wy(j,S)
BIE(y .y l)ly(S)] - I Ely Lam )= —
Bl 82 j=1 8l 82
y.
- % I &y , —m ) (3.4)

i€s B: i B;
Also,
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2 w_(j,s)[w_(j,s)+1]
D = L y
E[ECy oy JIy(®)] = = &am Lam )—frresd

- )
Bl 82 j=1 8, B,

\wy(j,s)wy(j',s)
n(n+l)

2
= —— [ I g(a.m ,a.m )Iw (j,s)
n(n+1) - jgo’ igol y "’
=1 B 7 &)

E(ujms?,uj,msg)wy(j.S)wy(j',s)]

1 Yi Yi
M [ T g(__ m ,—m )
n(n*l) * jes " ™ g0° W gg

y. Yil

+ I X “m ,—=—m )] (3.5)
ies i'es . M B° M+ g

Now, (3.1), (3.4) and (3.5) imply:

1
E[luily(s)] =— [ £ &y ,y )
N 2_n2 2’722
(2) B%eB Bl‘ Bz
1 Yi
+ = z z E(Y y ™ M )
N glepl jes B: m gl

o1 Yi Yi
 —— - it
n(n+l) 2 iis E(ml mB?’ a2’

which is just v.

Note that this will also be the case when defining any prior of
the type A2 on any set a(ui,uj), 1<i<j<r. Infact, it would
have been better if we defined A2 on the set {.2.) §(ai,uj) and the
proof would have been exactly the same as above.1 JHowever, to avoid the

complexity of notations, we defined A% just on a(ul,uz).
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Assume that )A? was defined on the set U a(ai,u.) and definc
)

_ {i<j)
the next prior A3 on the set U 5(u.,u.,ak) as follows:
(i<j<k} v
1 1 w (i)-1 w (j)-1 w (k)-1
AMy) = 51 qY g

) q (1-q,-q,) ¥ da, dq
0 o 1 2 1 72 1 2
r [Qz(x)lr (jy(J)]F[wy(k)]

r(N)

=

The data points that are consistent under this prior but not under any

and a, .

k

For any such point, the marginal probability is easily seen to be:

of the previous priors are those of order 3 for some a., a,

r[wy(l,S)]l‘[wy(J,S)lf‘[wy(k,S)]
I'(n)

A(y(s)) =

In this case, following the same steps as above, it is easy to show that

the Bayes estimate against A3 is just U.

Continuing in this way until all possible data points are covered,
~ .
we see that U is unique stepwise Bayes against that set of priors and

hence is admissible and the proof is complete.

4. §Bgcfé1 Cases

Case (1)

2
1f C(yi,yj) = !(yi = yj) then

1 N 712 (4.1)
U(y) = N1 .fl (yi -Y)
1'

where ? =

Z|—-
\1
<

iy and
i
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U= ———n | .y -y )
NN = DT g2.52 Tg2 g2
1
Y
+ % X L (y - ;i m )2 ]
Rlep! ies 8! i B8l
1 2
y. y-
+ “—-—————-(“1+ 1) ) o (2 ¢ (_';;1_._ m - -';'— m o)2
B%cB ies i 8% i 6,
y. Y:r
+ I L (Cm_-—— m y24)
ies i'es ™i B? i' Bg
ifi!

Adding and subtracting ;_(the sample mean) in each term, simple algebra

leads to:
- 1 -2 1 Yi -2
U=z I (y;=y)  +—= L I (—=m,~-Y)
N-1 ies . o i*¢s ies my 1%
) 1 Y5 - yi -
N(N - Dn(n + 1) i*ﬁs j*is . [2 iis (mi M, % Y)(mi My )
ikfyx
y - yi'
+ L (=m, ) m, - y)] (4.2)
ies i'es i
i#i!

Consequently, for estimating the population variance given by (4.1) using
squared error loss, the estimator ﬁ given by (4.2) is admissible under .

any design. This estimator was first constructed in Mazloum (1990).

Case (2) d

If all the mi's are equal then

a 1 1
U =—| T E(y L,y )+ — £ L E(y L,Yy:)
My p2en? g2 B2 "N glep! ies gl !
n 1 . 1
1
AP T L {2 £ E(y.,y:) + T LoOE(y .y )l (4.3)
aln + 1) ROeB° ies 1’71 jes i'es A

ifi'
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If, in addition, we assume that

E(yi-yi) =0 Vi (4.4)
then (4.4) becomes:
- 1 2(N-n)
Ue —[ I E(y _,y ) + I & E(y.,y.)
() 82es? 82 B2 " jes ies J 1
N-n j<i
2( 2 ) .
* m izs i'is E(yi’yi'”
i<i'
o) 2",
- ?ﬁ; 1+ ng-n) * D ] uty(s)) (4.5)
2

there U(y(s)) is the sample U-statistic given by (1.3).

lence, for estimating the population counterpart of a U-statistic of
'tder 2 using squared error loss, the estimator U given by (4.5) where
(¢y+) = O if the two coordinates are equal is admissible. This cstimator

s a special case of the admissible estimator of the population counter-

rart of a U-statistic of order K constructed in Mazloum (1988) under the

issumption that £(.,..., ) = 0 if two or more of its coordinates are

*qual.
ase (3)

2
If all the mi's are equal and E(yi,yj) = l(yi-yj) then

N
1 =.2
U(y) = =— I (y.-Y)
N-1 i=1 1
ard
U = (N+1) _3y2 (4.6)
U= "D ] ;)

ics
.Hence, for estimating the population variance, the estimator U piven by

(4.6) is admissible. This estimator was first constructed in Ghosh and

Heeden (1983).
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