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ABSTRACT

This study presents a mathematical model for the heat transfer
behavior of Sutterby nanofluid on the surface of an unexpanded
horizontal cylinder exposed to an external heat source and a
magnetic field. A nonlinear differential system was formulated and
solved numerically using MATLAB’s bvp4c solver. The model
investigates the effects of Brownian motion, thermophoresis,
interstitial fluid velocity, and tissue thermal absorption on
nanoparticle (NPs) distribution and fluid temperature.

The most important result of this study is that increasing cylinder
curvature (K) enhances NPs accumulation and raises interstitial
fluid temperature, improving the potential for thermal therapy.
However, higher radiation parameter R_d reduces NPs
concentration, which could negatively affect treatment efficacy.
These results emphasize the importance of optimizing physical
parameters—such as curvature, radiation, and fluid velocity—in
enhancing the effectiveness of nanofluid-based thermal therapy. The
study provides valuable insights for clinical applications,
highlighting the need to balance these factors to maximize treatment
outcomes.



210 R.S. Kamel et al

1. INTRODUCTION

Nanofluid is a mixture of solid metal particles dispersed in base fluids. Common
base fluids include water, ethylene glycol and oil are usually used to prepare nanofluids.
Nanoparticles (NPs) can exist in various forms, including metals, nitrides, carbon
nanotubes, and metallic oxides, each possess unique properties and applications.
Nanofluids show better thermal conductivity than standard base fluids, which has
generated substantial interest from researchers and scientists in the last decade. Their
distinctive characteristics enable a wide range of applications in areas such as energy,
healthcare, and electronics, and ongoing research continues to broaden their potential
across diverse industries. The concept of nanofluids was initially introduced by Choi [1],
while Buongiorno [2] conducted a thorough examination of convective heat transport in
these fluids.

In recent years, non-Newtonian fluids have gained growing interest because of their
extensive applications in industry and engineering. These fluids find applications in
several processes, including the production of plastic films, the annealing and thinning of
wires, and the condensation of liquid films. However, the equations of Navier-Stokes do
not fully account for all characteristics of non-Newtonian fluids, prompting the
development of various fluid models. One example is the Sutterby Fluid Model
introduced by Sutterby et al. [3]. Guha et al. [4] investigated the convective flow of
Sutterby fluids over a horizontal thermally stable plate, whereas Bijjan et al. [5] focused
on the thermal transport properties in power law fluid flow involving a stretched cylinder.
Meanwhile, Abdelsalam et al. [6] analysed the dynamics of non-Newtonian Sutterby
nanofluid flow produced by stretched cylinders with suspended microorganisms. Rahman
et al. [7] investigated the irreversibility of Sutterby nanofluid flow using a stretched
cylinder. The effects of important factors on velocity, entropy, temperature, Bejan
number, and concentration were investigated. The findings revealed that the velocity field
diminishes with an increase in porosity and Forchheimer factors. Moreover, the graphs
for velocity and temperature revealed an inverse relationship with the magnetic
parameters. The higher Schmidt number led to a decline in the concentration distribution,
while the entropy generation amplified by the magnetic parameter and Brinkman number.
Aldabesh et al. [8] studied the thermal characteristics of Sutterby nanofluids, taking into
account microorganisms affected by the stretched cylinder. Their analysis included
nonlinear thermal radiation, Darcy resistance, and activation energy to evaluate thermal
potential. Results were presented for both the stretched cylinder and stationary plate. The
findings revealed that the Darcy resistance parameter significantly increased velocity for
stretched cylinders, while the Sutterby fluid parameter and buoyancy ratio parameter
contributed to a decrease in velocity. Moreover, a higher sponginess parameter enhanced
the temperature profile, making it more effective for extending the cylinder. Meanwhile,
Fazal et al. [9] focused on mixed convection magnetohydrodynamic flow of Casson
nanomaterials through a stretchy cylinder, calculating and examining critical engineering
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quantities such as surface drag force, heat transfer rate, density number, and Sherwood
number. The results show that fluid velocity decreases in the case of increasing curvature,
Casson fluid substance, Hartmann number, and permeability parameter. Zakir et al. [10]
presented a comparative analysis of the convective movement of Williamson liquid over
cylinders and sheets. They simulated heat transfer within both geometries, considering
factors such as convection, viscous dissipation, Joule heating, and heat sources. The
findings revealed that liquid flow and concentration were more significant in cylinders
than in sheets. Additionally, it was observed that the Prandtl, Biot, and curvature
variables increased the heat transfer rate, whereas the Eckert and heat source variables
had the opposite effect. Bilal et al. [11] investigated the heat and mass transfer properties
of Sutterby fluid affected by a magnetic field. They formulated the flow field equations in
cylindrical coordinates using Darcy's resistance law. Their study incorporates graphical
representations that highlight the effects of various physical parameters on the profiles of
velocity, temperature, and concentration. Hayat et al. [12] investigated the influence of
compliant walls on the peristaltic flow of Sutterby nanofluid in a vertical channel,
incorporating a uniform magnetic field applied transversely. They also examined heat
transfer effects under convective boundary conditions. Their findings indicated that the
velocity and temperature distributions in Sutterby fluid exceeded those in viscous fluids,
and that the radiation parameter contributed to a decrease in fluid temperature within the
channel. Ehsan et al. [13] carried out analytical simulations of thermos-migration flow of
nanofluid, focusing on the effects of thermal radiation and porous media. They found that
the moving wedge significantly altered the flow pattern, with a notable decrease in
velocity linked to a larger change in the magnetic constant. Ismaeel et al. [14] established
a mathematical model to illustrate the microscale transport of heat and NPs in tissue
adjacent to a vertical vessel. Their results indicated that the vessel pore size significantly
impacts the tissue ability to transport heat. They identified that the heat flux at the outer
boundary of the tissue and the fluid extravasation velocity are critical factors affecting the
vessel heat dissipation. In a follow-up study, Ismaeel et al. [15] introduced a theoretical
model to analyze NP movement and heat transfer in the tumor interstitium surrounding an
inclined cylindrical blood vessel exposed to the magnetic field. They took into account
the non-Newtonian properties of interstitial nanofluid in tumors to capture the nonlinear
behavior of the fluid flow accurately. Their findings suggested that optimizing the
delivery of NPs and managing tumor temperature could enhance tumor ablation through
hyperthermia. Additionally, Kamel et al. [16] developed a theoretical model to
investigate heat and mass transport in biological tissues subjected to a magnetic field,
simulating thermal therapy for cancer treatment. Their predictions indicated that
enhanced heat absorption by NPs raises tumor temperature, thereby improving treatment
efficacy while reducing particle concentration. Ismaeel et al. [17] examined the use of a
Newtonian nanofluid with suspended NPs to enhance heat and mass transfer in biological
tissues under a magnetic field. The results indicate that increasing the heat source
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parameter significantly raises the interstitial temperature within tumors. This temperature
increase, along with improved accumulation of NPs in the tumor, is essential for effective
hyperthermia treatment. The findings provide important insights into optimizing thermal
therapy for cancer treatment using nanofluids, potentially leading to better therapeutic
outcomes.

In this manuscript, we explore the dynamics of Sutterby nanofluid flow around a
horizontal cylinder in the presence of a magnetic field, focusing on how NPs migrate
from nearby blood vessels to tissue exposed to elevated temperatures. We develop an
innovative modelling approach for two-dimensional Sutterby fluid flow using boundary
layer approximation. This allows for the transformation of complex partial differential
equations (PDEs) into ordinary differential equations (ODEs), which solved numerically
using MATLAB bvp4c solver, adhering to the necessary boundary conditions.

The manuscript is organized as follows: Section 1 (Introduction) provides an overview of
magnetohydrodynamic nanofluids, their intrinsic thermal properties, and their
applications in biomedicine. Section 2 details the physical model and its corresponding
mathematical formulation. Section 3 outlines the approach used for the numerical
solution. In Section 4, the results of the mathematical model are presented, along with a
discussion of the findings. Finally, Section 5 concludes the paper.

2. MATERIALS AND METHODS

2.1 Mathematical Model

We analyse the two-dimensional Sutterby nanofluids flow via cylinder. The flow happens
within an unstretched cylinder with radius R. Fig. 1 shows the physical configuration of
the flow phenomena. The nanofluid transports past an unstretched and stationary
cylinder. It is assumed that both the blood temperature (T,)and NPs concentration
(Cy,) within the blood vessel remain constant. Furthermore, we demonstrate the migration
of NPs from a nearby blood vessel to tissue subjected to high levels of heat. In this
model, the extrinsic heat source, such as the magnetic field, is the main source of heat,
transferring energy to the tissue surrounding the cylinder.
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Figure 1: The physical domain.

The following partial differential equations (PDEs) represent flow, heat and mass transfer
based on theorized assumptions [18].
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In this context, (u,w) signify the components of fluid velocity in the radial and axial
directions, respectively, and C denotes the concentration of NPs. In addition, v represents
Kinematics viscosity, Dy represents Brownian motion, D; represents thermophoresis
coefficient, m is the power law index, B is the characteristic Time, p represents fluid
density, SAR reflects the rate at which biological tissue absorbs energy, and t represents
the ratio of the heat capacity between the NPs and the base fluid, which defined as
_ oy
(Pcp)f.

The following are the boundary conditions governing the model:
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where R is the cylinder's radius.

We use the following analogous transformations [18] to convert the system of PDEs (1-6)

into a system of ordinary differential equations (ODES):
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Moreover, the following definitions apply to dimensionless temperature and NP
concentration:
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By applying the transformations (7-9) to the system of equations (Egs. 1-6) we obtain:
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motion parameter, N, =% is the thermophoresis parameter and finally,
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mass transfer, U, is the radial Velocity at the Boundary, W, is the velocity in the axial
direction.

is the specific heat parameter, K is the certain constant related to

By applying the dimensionless transformations (7-9), the boundary conditions (Egs. (5 &
6)) can be expressed as follows:

Atn=0: fO)=-y, f'mM=0 6m=1 o =1, (13)
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We may estimate the dimensionless heat flow via the blood vessel walls using equation
(14)
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Where Kj; =

The physical quantities, including the skin friction coefficient C; and the local Nusselt

number N,,, are defined in their dimensionless form as follows:

_(Tw)rzR N = Z Qw (17)
prWig Yok (T, — Ty

Cf:

where
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q,, represents the surface heat flux of the unstretched cylinder, while 7, indicates the
shear stress. When Eq. (18) is substituted into Eq. (17), the local Nusselt number and skin
friction are expressed as follows:

C Re1/2 = —f"(0), N Re_l/z = — (1 +fR )9’(0)
f z 4 u z 3 d :

(19)

2.2 Method of solution

We employed the built-in MATLAB function bvp4c, which is specifically designed to
solve boundary value problems, to tackle the system of nonlinear and coupled ODEs
(10-12) subject to the boundary conditions (13-15).

For this purpose, we introduced the following new variables:

si=f,52=f,s3=f",54=0,55=0",5¢ = ¢,5;, = ¢’ (20)

Thus, the equations (10-12) and (13-15) can be expressed as follows:
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The boundary conditions (13-15) can be expressed as follows:
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The initial values of the model variables are as follows:

S1 =S, =83 =8, =55 =55=5,=0.

We use the built-in MATLAB function bvp4c to solve the system of first-order ODEs
[19]. Table 1 lists the parameter values that were selected for this investigation. In the
following section, we will examine the results of the mathematical model.

Table 1: The basic Parameters Values

Parameter value
B, 0.5
Y 0.1
Q; 0. 03
K 0.03
E. 0.2
A 0.05
N 0.1

Parameter Value  Parameter value
N¢ 0.1 ¢ 0.01
Ny, 0.1 A 0.1
P, 1.5 5
R, 0.01 M 0.3
S, 1.5
£ 0.01
Ry 0
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Table 2: Comparative evaluation of values with the extant literature of 6" (0), under
conditions f =E. =04, R4 =N, =N, =M =02, N=05and *"=M =y =Qj =
Ky = 0, at varying values of P,.

P, Rhmanetal. [18] Abbas et al. [20] Qasim et al. [21]  Present study

0.07 0.87029 0.8701854 0.87018 0.870291
1.00 0.74417 0.7440651 0.74406 0.744173
6.70 0.29662 0.2966143 0.29661 0.296623
10.0 0.24216 0.2421726 0.24217 0.242161

3. RESULTS AND DISCUSSION

The study provides valuable insights into the role of nanofluids in cancer treatment,
particularly in the context of thermal therapy. The discussion touches on several key
parameters influencing the temperature distribution and nanoparticle (NP) concentration
within the tumor, such as cylinder curvature (K), radiation parameters (R;),
thermophoresis, Brownian motion, and the use of magnetic fields. Figures 2, 3, and 4 are
used to visually depict these effects, providing essential data on how these factors interact
to influence therapeutic outcomes. Below is a detailed critical assessment of the
discussion, focusing on the model assumptions, the clinical relevance of the findings, and
their limitations.

One of the key assumptions in this study is the use of a steady-state model to analyze the
governing equations. This approach is illustrated in the results presented in Figure 2,
where the effects of parameters like cylinder curvature (K), radiation (R,;)), and constant
velocity (y) are explored under the assumption of steady-state conditions. Tumors are
dynamic, and factors such as blood flow, tissue perfusion, and the diffusion of
nanoparticles fluctuate over time, especially under the influence of therapeutic
interventions like thermal therapy.

In Figure 2, the influence of cylinder curvature (K)on both the interstitial fluid
temperature (8) and NP concentration (¢) is highlighted. The results show that as K
increases, both temperature and NP concentration rise, suggesting an enhancement in the
delivery of NPs to the tumor. Another key limitation in the model is the assumption of



Numerical Study of Sutterby Nanofluid Flow Over Unstretched Horizontal 219

uniform NP distribution within the tumor. Figure 2(B) shows that as cylinder curvature
(K) increases, the NP concentration within the tumor rises. However, in reality, NP
distribution within tumors is often highly heterogeneous, with some regions having poor
vascularization that hinders NP uptake, while others may have regions of dense
capillaries that allow better penetration. This variation in vascular permeability and the
tortuosity of the tumor vasculature could significantly impact NP distribution.

A Kkey observation in the study is that increasing the radiation parameter (R,;) leads to an
increase in the temperature of the nanofluid but a decrease in NP concentration within the
tumor (Figure 2). This result aligns with the theoretical expectation that thermal radiation
increases heat in the tumor, potentially improving the therapeutic effect. Also the
increasing in radiation parameter leads to a thicker thermal boundary layer, which could
reduce the diffusion of nanoparticles into the tumor.

In Figure 2(C) and 2(D), the effect of (R;) on temperature and NP concentration is
visually represented, showing a significant increase in temperature but a reduction in NP
concentration. Further exploration into the specific mechanisms causing this reduction
would help to develop more effective strategies to optimize both heating and NP delivery.
Moreover, the radiation parameters might vary depending on the tumor’s location, depth,
and optical properties, which should be considered for more accurate and personalized
treatment models.

Figures 3(A) and 3(B) illustrate the contrasting effects of thermophoresis (N;) and
Brownian motion (N,) on NP delivery. Thermophoresis enhances NP accumulation in
the tumor by driving particles against the temperature gradient, while Brownian motion
introduces random particle movement, reducing NP accumulation. This theoretical
opposition is clearly depicted in Figure 3, where an increase in the thermophoresis
parameter (N,) results in a higher NP concentration in the tumor (Figure 3(A)), (Figure
3(B) whereas an increase in the Brownian motion parameter (N,) reduces the NP
concentration.

The effect of magnetic fields (M) on NP behavior is explored in Figures 3(C) and 3(D),
which show that increasing the magnetic field parameter results in higher NP
concentration and temperature within the tumor, improving treatment efficiency.
Magnetic nanoparticles (MNPs) have been widely studied for their potential to be
directed to specific tumor locations under the influence of an external magnetic field, and
these results align with the theoretical benefits of magnetic targeting.

However, the clinical feasibility of using magnetic fields to manipulate NP delivery
remains a significant challenge. Magnetic fields lose strength with distance, which limits
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their ability to precisely target deep tumors. Additionally, the heterogeneous nature of the
body, including surrounding tissues and organs, may interfere with magnetic field
distribution

In Figure 3(E) and 3(F), the study discusses the effects of the particular absorption rate
coefficient (1*) on both nanofluid temperature and NP concentration. The findings
suggest that increasing (A*) results in higher temperatures, which is beneficial for
thermal therapy but reduces NP concentration, potentially limiting drug delivery. This
creates a trade-off between effective thermal treatment and efficient drug delivery, which
is a key concern in Nanomedicines. The absorption rate coefficient could vary depending
on the tumor's size, location, and stage, and future studies should explore how to adjust
(A*) for personalized treatment protocols. By carefully managing the absorption rate, it
might be possible to enhance both thermal therapy and NP delivery in a way that
maximizes treatment efficacy while minimizing side effects.

Finally, the study’s discussion on mixed convection (1) and its effect on temperature and
NP concentration (Figure 4) suggests that increasing (A1) decreases both the nanofluid
temperature and NP concentration in the tumor. Tumors with different levels of
vascularization and blood flow will respond differently to changes in convection, and this
variability should be accounted for in treatment planning.

Furthermore, Figure 4(C) discusses the influence of radiation on the Nusselt number N,
across the vessel wall. As R, increases, the Nusselt number decreases, indicating reduced
heat transfer through the vessel wall. This finding suggests that convection might play a
critical role in optimizing heat delivery to the tumor.

The study’s findings provide several key insights that could be directly applied to the
clinical optimization of cancer treatment using nanofluids in thermal therapy. From
adjusting nanoparticle properties, tuning radiation levels, optimizing infusion velocities,
and harnessing external magnetic fields, these strategies can be implemented to enhance
drug delivery, tumor targeting, and treatment efficiency. By integrating these results into
personalized treatment plans, clinicians can maximize the effectiveness of nanofluid-
based thermal therapies in targeting tumors, improving patient outcomes while
minimizing side effects.
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Figure 1: Nanofluid temperature and NP concentration. (A) The nanofluid temperature at
different curvature values of K, (B) Concentration of NPs for various curvature values of K, (C)
The nanofluid temperature for various values of Rq4, (D) Concentration of NPs for various values

R4. (E) The nanofluid temperature for various values of y. (F) Nanofluid concentration for

various values of y.
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Figure 2: Nanofluid temperature and NP concentration. (A) Concentration of NPs for
various values of Ny, (B) Concentration of NPs for various values of Ny, (C) The
nanofluid temperature for various values of M, (D) Concentration of NPs for various
values of M, (E) The nanofluid temperature for various values of A*. (F) Concentration of
NPs for various values of A*.
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Figure 3: Nanofluid temperature, NP concentration and Nusselt number. (A) The
nanofluid temperature for various values of 4, (B) Concentration of NPs for various
values of A, (C) The Nusselt number plotted against R;.

4. CONCLUSION

The study explores how various physical parameters affect nanofluid behavior in tumor
tissues, impacting the effectiveness of thermal therapy for cancer treatment. Key findings
include the role of cylinder curvature, radiation, magnetic fields, fluid velocity, and
thermophoresis in enhancing nanoparticle (NP) delivery and improving temperature
profiles within tumors. These factors can boost treatment efficiency, while Brownian
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motion and mixed convection may hinder NP accumulation and heat retention, reducing
therapy effectiveness.

The governing equations were solved numerically, allowing for detailed exploration of
how factors such as cylinder curvature (K), radiation parameter R;, dimensionless
constant velocity (y), thermophoresis parameter (N;), Brownian motion parameter (Ny),
magnetic field parameter (M), specific absorption rate coefficient A1*, and mixed
convection parameter (1) influence interstitial fluid temperature and NP concentration.

Key findings indicate that:

e Increasing the curvature of the cylinder enhances NP accumulation within the
tumor, and increase interstitial fluid temperature. Conversely, higher radiation
parameters can lead to decreased NP concentration, which may reduce treatment
efficacy.

e The influence of thermophoresis and Brownian motion further underscores the
importance  of understanding particle  behavior within the tumor
microenvironment. The results demonstrate that higher thermophoresis
parameters can increase NP concentration, while increased Brownian motion
leads to a reduction in NP concentration. The magnetic field parameter was found
to enhance both temperature and NP concentration, improving treatment
efficiency.

Overall, this study emphasizes the critical role of fluid dynamics and thermal properties
in optimizing thermal therapy for cancer. The insights gained from this analysis can help
in future research and clinical applications, guiding the development of more effective
treatment strategies that leverage the unique properties of nanofluids. Future work should
focus on further refining these models and exploring additional factors that may influence
treatment efficacy.
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NOMENCLATURE

T, Ambient Fluid Temperature (K)
Dy Brownian Motion Coefficient (m?/s)
N, Brownian Motion Parameter

K;; Coefficient of the Mean Absorption (m™)
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C., Concentration in Ambient Flow

K Curvature of Cylinder

U, w Dimensionless Velocity Components
SAR External Specific Heat Resource

Q  Heat Generation/Absorption Parameter
M Magnetic Field Parameter

B, Magnetic Field Strength (kg - s™2-A™)
C Nanoparticle Concentration

C, Nanoparticle Concentration in Blood
N, Nusselt Number

P. Prandtl Number

m  Power law index

Re, Reynolds Number (Local)

S. Schmidt Number

Cy Skin Friction Coefficient

C, Specific Heat at Constant Pressure (Cp)
q,, Surface Heat Flux

T Temperature (K)

D; Thermophoresis Coefficient (m?/s)

N; Thermophoresis Parameter

u, w Velocity Components in r, z Directions
Greek symbols

K Certain constant related to mass transfer
B Characteristic Time (s)

p Density (kg/m?)
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y Dimensionless Constant Velocity

¢ Dimensionless Nanoparticle Concentration
6 Dimensionless Temperature

u Dynamic Viscosity

E. Eckert Number

o Electric Conductivity (kg™ -m™3 - s% - 4%)
Qj; Heat Flux

v Kinematic Viscosity (m?/s)

A Mixed Convection Variable

R Radius of Cylinder

T Ratio of the Heat Capacities of the Nanoparticles and the Base Fluid
A* Specific Heat Parameter

B Sutterby Fluid Parameter

N Thermal Buoyancy Ratio Variable

k Thermal Conductivity (W -m™ - K1)

Gy, Thermal Grashof Number

R, Thermal Radiation Parameter

U, Radial Velocity at the Boundary

Subscripts
0 Reference
f Pure fluid

w Wall



