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FRACTIONAL NEUTRAL INTEGRO-DIFFERENTIAL
DYNAMICAL SYSTEMS WITH PERIODIC BVPS

V. EMIMAL NAVAJOTHI, S.SELVI

ABSTRACT. The primary objective of this study is to comprehensively investigate
the outcomes concerning the existence and Ulam stability of a fractional dynamic
system, specifically one involving a neutral partial integro-differential equation with
periodic boundary conditions on time scales, using the Caputo fractional nabla
derivative. The study applies standard fixed point methods to derive its results, with
a focus on controllability and Ulam stability. Additionally, the practical relevance of
the theoretical findings is showcased through an illustrative example, which includes
a graphical representation.

1. INTRODUCTION

In recent years, there has been a surge of interest in fractional differential equations
and their diverse applications. This heightened attention can be attributed to the rapid
advancements in the theory of fractional calculus, which finds widespread utility across
various academic domains, including mathematics, physics, chemistry, biology, medicine,
mechanics, control theory, signal and image processing, environmental science, finance, and
other interdisciplinary field[1, 2] B 4] [6l [7]. Fractional order differential equations, charac-
terized by fractional orders, offer a generalized framework incorporating power-law memory
kernels in both time and spatial domains, capturing nonlocal relationships. These equations
serve as a robust tool for elucidating the memory characteristics of diverse substances and
the inherent nature of inheritance phenomena. The underlying physical motivations behind
these studies have paved the way for a burgeoning field of scientific research, encompass-
ing novel theoretical analysis and numerical methodologies for fractional order dynamical
systems|8, [9].
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In the realm of practical applications, certain scenarios may manifest wherein a complete
representation cannot be achieved through either wholly continuous or wholly discrete phe-
nomena. In such instances, the necessity arises for a shared domain that can concurrently
accommodate both conditions. Addressing this need, Stefan Hilger introduced a unifying
domain denoted as the time scale (T), serving to reconcile the demands of both continu-
ous and discrete calculus. Formulation in dynamic equations over time scale emerged as a
strategic solution for modeling systems that exhibit a synthesis of differential and difference
equations. Extensive scholarly efforts have been devoted to the exploration of dynamic equa-
tions, encompassing both linear and nonlinear formulations, incorporating considerations
of local initial and boundary conditions. Many researchers have extensively investigated
dynamic equations using fractional calculus because of its accuracy and significant benefits
in providing physical insights[10, 11 12} 13} 52, [4§].

A neutral difference equation (NDE) is characterized by the inclusion of the higher-
order difference of an unknown sequence in the equation, featuring both delayed and un-
delayed (advanced) terms. It is essential to acknowledge that the theoretical framework
surrounding neutral difference equations introduces complexities, and conclusions estab-
lished for non-neutral difference equations may not necessarily apply to neutral equations
[14] 15 [16], 241 49, [5]. Beyond mere mathematical curiosity, the exploration of these equa-
tions is propelled by their practical applications[17]. Neutral difference equations are highly
significant across numerous applied mathematics fields, including circuit theory, bifurcation
analysis, population dynamics, the dynamic behavior of delayed network systems, signal
processing, and more. Additionally, these equations manifest in the examination of vibrat-
ing masses connected to elastic bars, where, for instance, the Euler equation is extensively
utilized in various variational problems and plays a crucial role in the theory of automatic
control [I8] [19] 20].

Integer neutral integro-differential systems use integer derivatives and fixed delays to
model processes with localized memory, suitable for simpler dynamics. In contrast, frac-
tional systems utilize non-integer derivatives, offering continuous memory and greater flex-
ibility, allowing them to model complex systems with long-term dependencies more accu-
rately. Fractional systems also provide improved robustness and stability, making them
better suited for real-world applications with extended memory and non-local behaviors,
where integer systems are less effective[ll 2, 3], 4} [ [7, [§].

One of the essential qualitative aspects to contemplate among various solution charac-
teristics is the stability of the solutions[28]. The latest research data’s thoroughly covers
an extensive array of stability theories applicable for differential and difference equations.
Nevertheless, in various mathematical analysis fields, Ulam stability has crucial and far-
reaching applications, as it adeptly addresses the existence of solutions in close proximity
to each approximation. It becomes advantageous, especially in situations where acquiring
the exact solution poses challenges. Hyers [29] and Ulam [30] commenced an in-depth ex-
amination of stability type of functional equations during 1940 and 1941. In recent times,
numerous scholars have extensively examined Ulam stability for differential, difference, and
integral equations, employing a variety of approaches. For reader’s convenience, refer to
[31] 32, B3] and the cited works therein.

In recent years, substantial research has been conducted on fractional dynamic systems,
addressing various aspects such as controllability, stability, and boundary value problems.
For instance, [34] rigorously investigated the controllability of fractional neutral differential
systems with non-instantaneous impulses, providing a foundational understanding of this
complex area. Similarly, V. Kumar and M. Malik in [35] examined the existence, stability,
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and controllability of fractional dynamic systems over time scales, emphasizing their sig-
nificance in population dynamics. Furthermore, [36] explored controllability in fractional
integro-differential equations, integrating delayed impulses across different time scales.

Picard’s operator and dynamic inequalities were utilized by Bohner and Tikare in [37] to
obtain Ulam stability results for first-order nonlinear dynamic equations over time scales.
The enhanced approach to fractional integrals and Nabla derivatives proposed in [38] has
significantly advanced our understanding of these concepts within time scales. Additionally,
[40] provided a thorough analysis of boundary value problems with periodic conditions in
the context of fractional dynamic equations.

Building on these motivational studies, this paper aims to address a critical gap by ex-
ploring the periodic boundary value problem of dynamical systems involving partial neutral
integro-differential equations across time scales.

“DV[A(t) — g(e, )] = L(1, A1), N (A(¢)), “DVA(1)), €T a1
A(0) = A(T) =0, T € R. '

Here,

N (1)) = /O Cule, 5, (1) Vs

where ¢+ € T,T > 0 and An ld-continuous function are £ : T x & x & — R. For 0 <
v < 1, “D7 is the Caputo fractional derivative and [0,T] € T. Also g(¢, £) and £(c, k)
are continuous in £ and i respectively. ¢ € T, here T are time scale interval such that
teT:0<<T, TeR.

The motivation for this research arises from the need to further investigate and refine the
theoretical frameworks established in these prior works, ultimately contributing to a deeper
understanding of the dynamics involved. This research bridges this gap by incorporating
the neutral term into the analysis and utilizing fixed-point methods to assess controllability
and Ulam stability. By contrasting our findings with existing literature, we highlight the
innovative approach of integrating the neutral aspect with these complex features, thereby
providing valuable new theoretical insights and practical advancements in the field.

2. PRELIMINARIES

This section provides the fundamental definitions and concepts needed for the analysis
of fractional dynamic systems. These foundational elements, including fractional calculus
and related theorems, will support the methods and results presented later in the study.
Assume a time scale T containing a subset i.e., closed, nonempty in a real number system
R. Inv € T, p(¢t) = sup{e € T : € < ¢} is defined for backward jump operator. We
define p(¢) = ¢ when T has a minimum element ¢, so, we obtain inf T = sup ¢. Using p, we
categorize ¢ € T to be left-scattered if p(¢) < ¢ and to be left-dense(ld) if p(:) = ¢. Also,
backward graininess function v : T — [0,00) can be determined as v(:) = ¢ — p(¢). We
obtain a set T} as follows:

Let Ty, = T {m}, when T contains right-scattered minimum m, Else, Ty = T. Here T} is
important in defining V- derivative.

Definition 2.1. [41] (V-derivative). Assume h: T — R is a function and v € Ty. At this
Juncture ¢, let’s explicitly define h’s V-derivative as a number. hy (1) is characterized by the
feature that for all € > 0 there exists neighborhood U of v such that

[A(p(1)) = A(s) = by ()[p(t) =<l < elp(e) =< forall <€ .
Here v € Ty, k is termed V-differentiable.
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Theorem 2.1. [42] Let : T — R is a function and v € Ty. Hence:

(i) At the point ¢, assuming ¢ is a left-scattered point, the function k exhibits continuity
and V-differentiability alongside

) — Alpl1)
t—p(t)
(ii) Let v denote ld, such that h be V-differentiable in ¢ iff
lim 0 = AS).

St L—gG

ﬁv(L) =

there exists a finite number

() = lim 2 = #6)

St S

Definition 2.2. [42] A function g : % — R_is ld-continuous if it is continuous at each ld
point in & and there exists r.h.s limit for all rd point in &.

At this juncture, L(.Z,R) denotes set of all ld-continuous functions mapping from & to R.
I = L(I,R) is defined as a Banach space whenever,

lgll = Sup g(W)],  for all g€ L. (2.1)
[ASS4

Definition 2.3. [42] Let g : & — R are an V-integrable function. Thus, for all v € 7,

which results in
T L T
/ y(c)V<=/y(<)V<+/ 4(s)Vs.
0 0 L

Remark 1. [43] Assume fh, : T x T — R for v >0, such that fy(t,t0) =1 and

hyt1(L,00) = /L hy(s,t0)Vs  for all v,i9 € T. (2.2)

Also, for o,y > 1, we get
/ . fa—1(t, p(€)) hy—1(s, p(9))VS = hatry—1(t, p(9)), (2.3)
p
for all 1,9 € T with 9 <.

Definition 2.4. [43] Suppose g € L(Tk,R). On T, the function is integrable with respect to
the Lebesque V measure. Fractional V- integral for 0 < v < 1 may be explicitly formulated
as

Los®) = [ fa(ep(©g( )V, for all v (2.4)

where U is neighbourhood of v such that U C T. Hence 1°4(1) = g(1).

Remark 2. V-power function hy_1(t, p(s)) varies across various time scales T.
(L=t
I'(y)

v, — —1
L) = | (ng;g(c)da

Suppose T = R, results in p(s) = ¢ and hy—1(1,p(s)) = . Here, (2.4) is demon-

strated as
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Let T = Z, results in p(s) =¢—1 and hy—1(¢, p(s)) = M = <L B p(b)> , here for

I'(v) g
T'(e+7)

ally e R, = O According to equation (2.4), it is feasible to derive
L

D) = [ Ayt (ip(6)g(6)) V5,

~ 5 | = ol v,
—1 -
N F(1’7) gzo(é — (s = 1)""g(9).

For T = ¢, we have fy_1(1,p(s)) = Tg() L= (0 — q5)3 .

Definition 2.5. [44] (R-L fractional V- derivative). Let an ld-continuous function are
g Tpm — R. We establish the R-L fractional V-derivative for any v € R as follows

D)ig(t)= DRI g(), €I,y >0.

Definition 2.6. [44] (Caputo fractional V-derivative). Let an ld-continuous function are
g : Tim — R such that for m € Ay, in Tgm there exists V™g. Thus, CFN D of g is

CDZ+5(L) :/ A—1 (1, p(1))V™g(s))Vs, for all 1€ F,v> 0.

Remark 3. According to Definition 2.5, we show D7, g(¢) =177 D7, here m = [y]+1.

Theorem 2.2. [45] Take into account the collection €(T, R), encompassing all continuous
functions defined on T. A subset D of €(T,R) exhibits relative compactness iff it exhibits
both boundedness and equicontinuity.

Definition 2.7. [46] Let us suppose X and 9 are Banach spaces. For B C X, the set G(B)
is asserted to exhibit relative compactness in Y under the mapping G : X — %, assuming G
exhibits complete continuity.

Proposition 1. [47] Suppose g € L([0, T|t,R), for the group g, let j denote an extension
over [0, T] such that

- | g) if +€T
4= { g(s) if ve(p(s),s) ¢ T,

we obtain

/ Vi< / g

Theorem 2.3. [50] (Krasnoselskii). Let € denote a subset that is nonempty, closed, and
convex within B. Suppose F1, Fy : € — B such that

1. Fy is contraction.

2. Fy is continuous and Fy () is relatively compact.

3. Fyl) + Folv] € € for all 1,9 € €,

there exists T € € such that Fy[t] + F2[t] = 7.
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3. MAIN RESULTS

Definition 3.8. Suppose g € LN Ly (&, R) denote the solution of (1.1) iff g(1) > 0,1 € .7,
and equations and conditions outlined in (1.1) are strictly followed by g, here Ly (¥, R) a
function that is Lebesgue V- integrable from & — R.

Lemma 3.1. Given 1 <~ < 2. Thus, g € LN Ly (T,R) is the solution to PBVP (1.1), iff

g solves integral equation as follows

T
= | 6.9)2(6.0(). N5(0). O D5l Vs (31)
where &(1,<) is a defined green function as
Thoa (1O NG(S) | ~ha(Tr NG e o

(’5(1/, §) = —Lﬁy_l(T:]Fp(Q),Nﬂ(g)) ZfT < ¢ <T. (32)

T
Proof. According to Definition 2.6, for 1 < vy < 2
ie.,
L
D) = [ oot )V Ty 0.

0
we have,

CDVg(1) =T1774%VL, LeT.

Based on Lemma 2.7 in [51], it is evident that,
CACu(t) = ATl (1),
ApC Ay () = AHQHQ—auAQ(t)‘
As a result, we derive
D D7g(0) = P48 (1)

=ge(1)
:ﬂ(b)'f'ko'i‘klb ko,k}1 € R.

Let “DVg(1) =¢(v), €.
Thus,

g() =1"¢(¢) — ko — Kyt (3.3)

By applying the boundary condition from equation (1.1), we obtain k, = 0, and
From Definition (2.4),

= [tV e

Drawing from equation (3.3), we can take kst

b=/ (T, B(6)e(6) .

Consequently, equation (3.3) leads us to

. T
0= [ Aaln s = 1 [ s (Tl e(6) Ve,
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Thus,
Thy 1 (¢, p(t), Ng(s)) L 2T p(s): Ng(s))
W=3 1 T B
g [ Lﬁy_l(T,%(s“),/\/y(C))]t(g)vg
T
40) = /0 (1, < )e()Ng(c) Ve,

T
a(t) = /0 6(1,6)“ D7 g(c) N g(s) Vs.

One can derive (3.1) in conjunction with the equation given by (1.1). During our analysis,
we base our findings on the following assumptions provided:

(H1) The function £ : .# X R x R — R exhibits 1d-continuous behavior with respect to
each of its three variables independently.

(H2) In (H1), there exists ‘+’ve constants & > 0 and .# that satisfies 0 < .# < 1 for a
function £ such that

‘L([’a gla@l) - L(ba §27(102)| < éa‘gl - §2| + §|(p1 - (P2|7
for (1,6, i) € I x R x R(i=1,2).
(H3) In (H1), there exists ? € £ and ® > 0 and Q alongside 0 < Q < 1 for a function £
such that
2@, 0)| < [2(0)] + R ()] + Ql(#)],

for (¢,6,9) € I x R x R..
(H4) On the interval [0, T], consider g(-,-) as the Green function, characterized by being
bounded and piecewise continuous. also, function & conforms to

L T
/ |6(1,6)[Vs <k and / |6(2,6)|Vs < m,
0 2
here k and m are ‘+’ve real constants and 0 < ¢ < T and,
T
/ &(1,5)Vs =A e R.
0

(H5) Let m: B — B be defined as;
T
(mg)(¢) :/0 (1, <) L(s,5(5), N g(s)), “D7g(<) Vs

T
+/O 0a(t,9() [B(S)uls) + L(s, (<), N (g(s), “D7g()) V<))

The validation of the resultant existence hinges on the application of Theorem 2.3. Prior
to achieving the outcome, it is essential to obtain the following results.

Analyze a specific subset of £, precisely identified as
My =1{g9:F =R :40) € L,lgl| <a,a>0}. (3.4)
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Here, M, forms a Banach subspace embedded within the space £. Consequently, a precise
definition can be formulated for .%; : M, — £ and F5 : M, — L by

F1lgl() = /0 6(1,6)£(s,4(¢), “D7g1(s)) Vs, (3.5)
and

F2lg)(t) = /0 6(1,6)L(s,4(5), D71 (<)) Vs, (3.6)
respectively. 0

Lemma 3.2. Assume that hypotheses (H1), (H2), and (H4) are valid. If — 7 <1, then

F1 : My, — L expression provided in equation (3.5) demonstrates a tendency to contract.

Proof. Suppose D7 (1) = (1), t € T,i = 1,2, here g1, € M. From (3.5), for c € T,

Zalal (1) - 1)) = [N (o) ( /O ()81 (0), € Dg1 (<)) Ve

)

- [ 92600, D72 <<>>V<)

_ ‘Ng(c)( /0 60, 6)(2(6.1(). C D751 (<))

)

- (2(952(0’0177112(0))%)

< [ Na@letslleen o5 O)
— |£(s, 42(5), v2(s)) | Vs, (3.7)
where tq,t3 € M,. But in view of (1.1), for ¢ € T.

[e1(s) — v2(s)| = Ng(s)| £(s,41(5), t1(s)) — £(s,42(5), r2(s)) |-
Using the assumption (H2) we get,
< Elgi(<) = 22(9) + Flei(s) — va(9)l]-
This gives

1(6) — 1a0)] < E¥29 5 0) — (o). (35)

Substituting (3.8) in (3.7), we get

&
1-7

|| Z1lg] — A gl < /OLNg(c)lﬁ(uc)\Hﬂl NS

Using the assumption (H4) we get,
< &K
—1-7

g1 — 22]|-

Since <1, % :M, — L is contractive. O

1—-7

Theorem 3.4. Given that conditions (H1)-(H4) are satisfied. In (3.6), Fo : My — L are
continuous and F2(My) are relatively compact.
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Proof. Assume € DVgn (1) = tar(e), N € N and € D7g(1) = v(¢), t € T. Assume Fo : M, —
L, is detrmined in (3.6).

Step 1: % : M, — L exhibits continuity.
In the space Ma, let gN Nen be asequence converging to g. Consider ¢ € [0, T,

T
| Zalsul () — Falg) ()] = \Ng«)( [ 80986006, D a6 Vs

T
-/ esu,<>s<<,5<<>,007g<<>>w> ,

T
< ‘/ &(1,5)Ng(s) [S(c,yN(c),CDWﬂN(C))

86,50, CD4(6) | Ve

g‘/LT@(b,g)

— £(5,4(5),“D7g(s))
here t,,t € 9M,. However, considering (1.1), for ¢ € T.

[tn(s) — t(s)] = Ng(s)|£(s, gn(s), v1(s)) — £(s,4(), v(<))|-

Using the assumption (H2) we get,
< Elgn(s) = g() + Flen(s) —e(<)]-

9

£(§,gN(§), CD’yﬂN@))

‘Nﬂ(C)

V. (3.9)

This gives
ENg(s)
1—-Z

[tn (<) —t(9)| <
Substituting (3.10) in (3.9), we get

1210 = 22l < 55 [ o809l ~ 17

Using the assumption (H4) we get,

lgn(s) = 4(<)I. (3.10)

EK
S 1_(@Hﬂn_ﬂ

ie.,

| F2lgn] = F2lgll| < 6\|Nﬂ g = 4ll-

Consequence shows that r.h.s of above inequahty — 0 as g, tends towards g. Thus % :
M, — L is continuous.

Step 2: %5 : M, — L exhibits boundedness.

By employing equation (3.6), it is possible to represent ¢ € T as

T
!%mo)!s/! ()| [N ()] |26 5(6), E D5 ()| Vs,
T
= [ 189Nl 00 (6D |V,

T
_ / 19, 9) [N 3(5)||£())| Vs, (3.11)
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here v € M. By (1.1), for ¢ € T, we have,
t(6)] = [£(s,4(5), ¥(9))].
Applying the assumption (H3) results in,
< |2()] + Rlg ()] + Qe(<)l-
Thus

o) < KA vy, (312)

Substituting equation (3.12) into equation (3.11), and subsequently applying norm from
(2.1), leads us to derive

T ol 4%
1720l < [ [t ol gt 121 lellg
Using the assumption (H4) we get,
< L2l + Ra]
<t g Wt
That is,
P|| 4+ R
R e ]

Hence, %5 : 9, — £ is bounded.
Step 3: % : M, — L is equicontinuous.
Let 1,12 € T be such that ¢t; < ta. Then for g € M, we have

T
| Palgl(11) — Palgl(2)| = ‘N£(<)</ ®(11,9)L(c,4(5), “D7g(s)) Vs

L1

T
-/ ®<L2,<>£<<,g<<>,Cmg@)w) ,

L2

T T
= / QS(Ll,g)Vg—/ B(12,5)Vs||Ng(s)
‘E(c,g@),cl)ﬁ]@)) :
T T
= / @(H,C)vg_/ (12, 6) V| Ng(S) [[x(s)]-

Substituting (3.12) in the above equation,

T T
<| [ et0ve— [ v (o] (A AN,
| Falg) (1) — Falgl(12)] < W NM'

/T®(L1,<)Vc — /Tﬁ(tz,c)V< )

l1 L2

(3.13)
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Based on (3.2) along with Remark 1, for ¢1, 19 € T results in,

T T
| af@p)Ve = [ —uha(mp(6) Ve,

L1 L1

_ WEW, (3.14)
and
/5 wh(T, p(<))Vs = _”ﬁV(TW. (3.15)
Using (3.14) and (3.15) in (3.13), we get
#ln) - Alsle)] < P8 0| BN ) eag

As 11 approaches (o, r.h.s of (3.16) converges to zero . Thus, we obtain HEQM(H) -
Folg)(12)|| = 0. Thus F : M, — L exhibits equicontinuity. Now, since F2(9M,) exhibits
boundedness and equicontinuous, by Theorem 2.3, it says that #2(9,) exhibits relative
compactness. ]

Theorem 3.5. [43], [40] Assume the assumption (H1)-(H4) fulfill the conditions. Suppose
k)||®
My ={g:T—R:490) € L,||gl| <a} such that 1 _(Zj_(TBJL ’IL)K < «. Hence, equation

(1.1) under consideration has a solution belonging to M,

Proof. Using Lemma 3.2, it can be shown that % : M, — L, in (3.5), demonstrates
contractive behavior. Based on Theorem 3.4, %5 : M, — L, determined in equation
(3.6), exhibits continuity and .%»(M,,) are relatively compact. Suppose ©D74(1) = (1) =
“DVA(1) = q(1) for L € T. For g,k € My, we write

Zl5)(0) + F2lA(0)] < Ng<<>( [ 106.9126.5(6). D716
T
-/ \eﬁu,<>r|L<<,g<g>7Cmﬁ<<>>w),
L T
< | Ng<<>(|®u,<>ut<<>w+ / |®<L,<>|rq<<>rV<). (3.17)

By utilizing equation (1.1) for all ¢ € T, it is possible to derive
[e(o)] = [£(s,4(<), ()]
From the assumption (H3),
[e(O) < [2()] + tlg ()] + Qle()]
< 12E)] + g (<)

< 1—a , (3.18)
and
la(S)| = [£(s, A(<), a(<))]-
Based on the assumption (H3),
[t(S)] < [2(s)] + RIA(S) + Qla(s)]
_ |2(6)| + RA(s)) 5.19)

= l—Q )
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Substituting (3.18) and (3.19) in (3.17), one can obtain
L P+ R
17160+ 2l < [ el v

1-Q
P|| + h

i [Mteteon( BRI v

Using the assumption (H4), we obtain,
P|| + Pl +
17105+ 2l < 22 -4 LR vy
+k)(||2|| +
- I BELE R) vpc)) < e (3.20)

Hence, #1[g] + F2[h] € M, for g, h € M,. Thus the criteria outlined in Theorem 2.3 have
been entirely satisfied. Thus, there exists g € 9, such that g = F[g]+ %2 [#] demonstrates
the solution to PBVP (1.1). O

4. CONTROLLABILITY

Examine PBVP concerning the dynamical system featuring a neutral integro-differential
equation over time scale incorporating a control component,

CDV[A() — g(e, h))] = L(e, A1), N(A(1), “DVA(L)) + Bu(i),e € T (1)
A(0) = A(T) =0, TeR. '

Here,

N(h(1)) = /0 (s, (),

here ¢ € T,T >0 and £: T x R X R — R signifies 1d-continuous function. ¢ D7 is Caputo
fractional derivative of order 0 < v < 1 and [0, T] € T. Also, 4(¢, #) and L(¢, #) demonstrates
continuity in A and i respectively. : € T suchthat Lt e T:0<:<T, Te€R.

Theorem 4.6. Suppose (H1)-(H5) are met and &7 = L + €17 < 1. Then equation (4.1) is
controllable on 1.

k
Proof. For 8 = ﬁ, we consider,
— K1
B={hc(T,R): AV < B} CT,R).

Define 7 : B — B, results in

T
(mg) (1) :/0 6(1,<)L(s,4(<), “Dg(s)) Vs
T
+/0 0a(t:9() [B(S)u(s) + L(s,4(c), “D7g(s))Ng()Vs].

where 7 : B — B be well defined. For o € T and g € B results in,

T
(75)(0)] = \ [ 892560, D5() 7

T
+‘/0 (L)) [B(S)u(s) + L(s,4(c), “Dg(c))Ng(s)Vs] |,
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T
< ’ / & (1,) L(c, 9(¢), 11(<))) Ve
0
T

_|_

/ 0A(1,4(0)) [B(o)u(s) + L(s,4(), v2(c))Ng(s) Vs]|,

0

< kl + k2187

k

<

—1—ks

<B.
Hence, m : B — B is well defined. Additionally, we demonstrate that © : B — B exhibits
contractivity and ¢ € T,

(mg)(e) — (mh)(0)] < [

T
/O B(1,9)L(s, 4(s), 11(s))) Vs

T
+ /0 0A(1,4(0)) [B()u(s) + L(s,4(5), v2(<)) N g(s) V<]

|
|

T
_ [/0 &(1,9)L(s, A(s),t1(<))) Vs

T
" / Al KO [BS)u(S) + £(5,5(5), 02(s)) Vg () V]
Employing the assumption (H2) yields,
(79)(0) — (RB)W)] < Elg(s) — A(S)] + Fler(s) — 0a(s)],

(mg)(e) = (rh) ()] < T— g (<) — A(S)I.

Hence,
[(mg)(v) = (wh)(1)] < Lllg — All,
which implies
Ez =L+ T7 < 1.
Thus, Equation (4.1) exhibits controllability over I. O

5. STABILITY RESULTS

Definition 5.9. If PBVP (1.1) holds Hyers-Ulam stability (HUS), then N > 0 such that
for all € > 0 and for g € M, that meets the requirements

1DYg(1) — £(s,4(5), “DVg(s))| <€ for all 1€ Ty (5.1)
there exists a solution of h € M, for PBVP (1.1) such that
lg(t) — A()] < Nee  for all €.
Any positive value of N > 0 signifies constant for HUS.

Definition 5.10. Suppose PBVP (1.1) has ‘+ ’ve continuous function H, which satisfies
the condition H,(0) = 0 , it consequently demonstrates generalized Hyers-Ulam stability
(GHUS), such that for every g € M, meeting the condition (4.1), there exists solution
h e My of (1.1) such that

lg(t) — A()| < H,(€) for all v€T.
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Definition 5.11. Consider K as a set of positive, non-decreasing ld-continuous real-valued
function defined on T. The Hyers-Ulam-Rassias stability (HURS) of PBVP (1.1) is classi-
fied as type K if, for every instance ¢ € K and ¢ > 0, there exists N, > 0 such that for
each g € M, which satisfies

“D7g() — L(<,5(c), “Dg(<))| < ep(t) for all €Ty (5:2)
there exists a solution of h € My, of (1.1) such that
g(t) — h(0)] < eNep(t) forall veT.

Here NL,(p > 0 is known as HURS constant.

Remark 4. A function g € €', (T,R) are a solution of (5.2) if there exists a function
H e C}"d(']I', R) possessing the following characteristics:

o [H(1)| <ep(t) forall L€T.

e “DVg(1) = L(5,4(5), “ DVg(s)) + H(t) for all Ty.

Theorem 5.7. Assume that (H1)-(H5) hold true for
HURS type of K.

< 1. Then, (1.1) contains

1-7

Proof. Let g € €!,(T,®) meets the requirements outlined in (5.2). Thus, as noted in
Remark 5.4 there exists for # € €1 (T, ®) satisfying |H(¢)| < ep(¢) such that

D) — Ale, )] = L1, 9(t, N(g(1)), C DV g(0)] + H(e). for all € Ty
For “D74(:) = q(1),1 € Ty along q € My, then according to Lemma 3.1, it is asserted that
T
50 = [ ®(,92(5.5(0) Ng(6).a(6)) + H(O) Vs Cx)

For ¢ € K, then according to Remark 5.4, it follows that

T
g () —/O &(1,9)L(s,4(5), Ng(s)), (<)) Vs| < Aep(r) 1€ Ty. (5.4)

Let A € M, is a solution of (1.1). Then for « € T, we have
CDV[A(L) — g(e, h)] = L[, A, NA(1)),  DVA(L)].  for all e Ty (5.5)

For “DVA(1) = (1), ¢ € Ty with v € 9, applying Lemma 3.1, one can obtain

T
h(e) = /O 8(1,9)L(s, h(s), N (A(s),t(s)).) Vs. (5.6)
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From (5.5) & (5.6), one can obtain

g(1) = A()| = / &(1,9)L(s,4(s), Ng(s), q(s)) Vs

T

+ [ B $),Ng(s), (<)) Vs

/OT
e

& (), N(A(<), ¥(5))) Vs,

SPQ_Aé()( 4($), Ng(s), () Vs

T

[ 6(0.0)26.506) Na(6). 0(6)) s

_l’_

/@Lg o, h(<), N (<), ¢(<))) Ve .

Using Equation (5.4), results in
T
/ &(e,¢)
0

g () = A()] < Aep(e) +

(606 Na6),2(9) ~ £ (6.8 N (9. (6) |- (57)
According to (1.1), for . € T,
[¢(s) = ()] = |£(c, 4(s), Ng (<), 4(c)) — L(s, (), Ng(s),v(<)) |-
Applying the assumption (H2), one can obtain
[¢(s) = a()| = [€1h(s) = g(S) + Ze(<) = a(<)]INg(<)]-
ie.,
&
(<) = 4l = =5 [(<) = g(IINg(S)].
From (5.7), we get
A&
90) — (0] < 202+ Acg(),
A
< WESO(LNNH(QL
-7
< New(0)INg ()]
Thus, equation (1.1) encompasses HURS characterized by type K alongside a constant
Al - %)

6. APPLICATION I

Suppose T = [1,2] U [3,4] and T = 3. Hence, I = [1,3]NT = [1,2] U {3}. Assume the
PBVP

{ e 2 N sin|A(1)| + sin|© DY2A(L)|NG (1)

DIIA() g0, )] = R
#(0) = A(2) = 0.

,for all v € Ty, (6.1)
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-2 inlf in|C DV/2g
Here £(t, A(), NA(1), DY54(1)) = 64 4 sin|h(e)| + ivgbl—i_ = (1) NG (2)

sumption (H1). For ¢; € £,i = 2, 3. Let D'?¢;(1) = v;(1) & for + € T, one can obtain

£, q1(0), v1(1)) = £(2; g2(1), v2(0))]
e sinlgi (W) + sinfes (O[ING (1) e [sin|ge(1)| + sinfea (1) [NV g (1)

satisfying the as-

4 10 + e 4 10 + e ’
_ | [sinlgs ()] + sinfes ()[INg(e) _ [sinlgz(1)] + sinv2(1)[INg ()
10 + e3¢ 10 +e > ’

< (5100 - ]+ 1500 - )] Wa0)]

£, q1(0), v1(1) = £(2; g2(1), v2(0))]

1 1
<|=|q — — ey — .
< [10|Q1 @| + 10|t1 t2|] ’Nﬂ(b)‘

1
Thus,the assumption (H2) meets the requirements & = % = 0" Also, for ¢ € £, consider

DPq(1) = ().
For . €T,

12040, SN O] € § + 15100+ 16]e(0)] + 1

1 1 1
Thus, the assumption (H3) meets the requirements alongside ? = E’t = 10’ Q = 10

&K
With the data provided, the inequality now demonstrates —7 < 1 which gives K < 19.

Furthermore, utilizing this principle once again in

(k +m)([|2]] +r)Ng (<) _

0.
1-q <o o>

380

4o+ 107
A(4) = 0, and as prop 2.13 indicates,

2 2
‘/ B(e,5)Ve| < ‘/ & (1, )ds|,

0 0
Ly — < 0.5

yields m < a > 0. Furthermore, employing the boundary condition A(0) =

As a result, the assumption (H4) holds with A = 1 and satisfies the assumption (H5).
Consequently, all requirements of Theorems 3.5 and 3.6 are met. Thus, the PBVP (6.1)
possesses a unique solution £ & applying Lemma 3.2 confirms its solution,

1

4 e 2 sin sin|°D 2
A(e) :/0 05(L,<)( R |ﬁ(g)£+e|5§D%(g)|>v9 (6.2)
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Further, if g € (T, ®) meets the requirements

1
-2 : e 5
C /2 e sin|g(e) + sin|“D2g(1)]
D - <
70) 10 + =5 =6
Applying Definition (5.1), results in
17

— < e
5(0) — )] < 15e

Thus PBVP (6.1) demonstrates robust Hyers-Ulam stability supported by a fixed HUS

17 . . .
constant 16 Fig 1 demonstrates a remarkable alignment between numerical solution and

exact solution throughout entire interval.

Fig 1: Graph depicting the estimated solution for #(¢).

7. CONCLUSION

This paper delves into critical findings regarding a fractional dynamic system character-
ized by partial neutral integro-differential equations in Caputo fractional nabla derivative
and is governed by periodic boundary conditions across time scales. Our analysis employs
traditional fixed-point methods for system evaluation. Additionally, we present an illustra-
tive application, accompanied by a MATLAB-generated graph. Future work will focus on
advancing numerical methods for fractional systems with delays or nonlocal conditions, ex-
ploring new control strategies, and applying these systems to communication networks and
biomedical fields. Key areas include enhancing stability analysis and leveraging machine
learning for optimized control.

8. CONFLICT OF INTEREST

None.



18

[1]

V. EMIMAL NAVAJOTHI, S.SELVI JFCA-2025/16(2)

REFERENCES

Yu B, Liang Y. Approximation with continuous functions preserving fractal dimensions of the
Riemann-Liouville operators of fractional calculus. Fractional Calculus and Applied Analysis.
2023 Dec;26(6):2805-2836.

Yu B, Liang Y. On the Katugampola fractional integral and dimensional analysis of the fractal
basin boundary for a random dynamical system. Physica D: Nonlinear Phenomena. 2024 Nov
1;468:134289.

Zhong M, Wang L, Li P, Yan Z. Spontaneous symmetry breaking and ghost states supported
by the fractional PT-symmetric saturable nonlinear Schrdinger equation. Chaos: An Interdis-
ciplinary Journal of Nonlinear Science. 2023 Jan 1;33(1).

Ahmed HM. Fractional neutral evolution equations with nonlocal conditions. Advances in Dif-
ference Equations. 2013 Dec;2013:1-10.

0.0. Aduroja, A.M. Ajileye, G. Ajileye, T. Oyedepo, Numerical solution of volterra integro-
differential equations of fractional order with initial conditions using collocation approach, Jour-
nal of Fractional Calculus and Applications, Vol. 16(1) Jan. 2025, No. 5., 1-10.

Boulares H, Ardjouni A, Laskri Y. Existence and uniqueness of solutions to fractional order
nonlinear neutral differential equations. Appl. Math. E-Notes. 2018 Jan 1;18:25-33.

Kaliraj K, Priya PL, Ravichandran C. An explication of finite-time stability for fractional
delay model with neutral impulsive conditions. Qualitative Theory of Dynamical Systems. 2022
Dec;21(4):161.

Vu H, Phu ND, Van Hoa N. A survey on random fractional differential equations involving
the generalized Caputo fractional-order derivative. Communications in Nonlinear Science and
Numerical Simulation. 2023 Jun 15;121:107202.

Nisar KS, Jagatheeshwari R, Ravichandran C, Veeresha P. An effective analytical method for
fractional Brusselator reaction-diffusion system. Mathematical Methods in the Applied Sciences.
2023 Dec;46(18):18749-58.

Streipert S. Dynamic Equations on Time Scales. InNonlinear Systems-Recent Developments
and Advances 2023 Mar 15. IntechOpen.

Tian Z. Analysis and research on chaotic dynamics behaviour of wind power time series at differ-
ent time scales. Journal of Ambient Intelligence and Humanized Computing. 2023 Feb;14(2):897-
921.

Bohner M, Peterson A. Dynamic equations on time scales: An introduction with applications.
Springer Science & Business Media; 2001 Jun 15.

Tikare S. Nonlocal initial value problems for first-order dynamic equations on time scales. Appl.
Math. E-Notes. 2021;21:410-20.

Linitda T, Karthikeyan K, Sekar PR, Sitthiwirattham T. Analysis on controllability results for
impulsive neutral hilfer fractional differential equations with nonlocal conditions. Mathematics.
2023 Feb 21;11(5):1071.

Khatoon A, Raheem A, Afreen A. Approximate solutions for neutral stochastic fractional dif-
ferential equations. Communications in Nonlinear Science and Numerical Simulation. 2023 Oct
1;125:107414.

Nisar KS, Anusha C, Ravichandran C. A non-linear fractional neutral dynamic equations: ex-
istence and stability results on time scales. AIMS Mathematics. 2024 Jan 1;9(1):1911-25.
Ahmed HM. Semilinear neutral fractional stochastic integro-differential equations with nonlocal
conditions. Journal of Theoretical Probability. 2015 Jun;28:667-80.

Chadha A, Pandey DN. Existence and approximation of solution to neutral fractional differential
equation with nonlocal conditions. Computers & Mathematics with Applications. 2015 May
1;69(9):893-908.

Morsy A, Nisar KS, Ravichandran C, Anusha C. Sequential fractional order Neutral functional
Integro differential equations on time scales with Caputo fractional operator over Banach spaces.
AIMS Math. 2023 Jan 1;8(3):5934-49.

Tripathy AK, Santra SS. Necessary and sufficient conditions for oscillations to a second-order
neutral differential equations with impulses. Kragujev. J. Math.. 2023 Jan 1;47(1):81-93.



JFCA-2025/16(2) FRACTIONAL NEUTRAL INTEGRO-DIFFERENTIAL DYNAMICAL SYSTEMS 19

[21]

[22]

Ahmed HM, El-Borai MM. Hilfer fractional stochastic integro-differential equations. Applied
Mathematics and computation. 2018 Aug 15;331:182-9.

El-Borai MM, El-Nadi KE, Ahmed HM, El-Owaidy HM, Ghanem AS, Sakthivel R. Existence
and stability for fractional parabolic integro-partial differential equations with fractional Brow-
nian motion and nonlocal condition. Cogent Mathematics & Statistics. 2018 Jan 1;5(1):1460030.
El-Borai MM, Moustafa OL, Ahmed HM. Asymptotic stability of some stochastic evolution
equations. Applied mathematics and computation. 2003 Dec 10;144(2-3):273-86.

Enes Ata and Ismail Onur Kiymaz, Special functions with general kernel: Properties and ap-
plications to fractional partial differential equations, International Journal of Mathematics and
Computer in Engineering, 3(2) (2025) 153-170.

Ahmed HM. Sobolev-type fractional stochastic integrodifferential equations with nonlocal con-
ditions in Hilbert space. Journal of Theoretical Probability. 2017 Sep;30:771-83.

Wang J, Ahmed HM. Null controllability of nonlocal Hilfer fractional stochastic differential
equations. Miskolc Mathematical Notes. 2017;18(2):1073-83.

Ahmed HM. Boundary controllability of nonlinear fractional integrodifferential systems. Ad-
vances in difference equations. 2010 Dec;2010:1-9.

Xia M, Liu L, Fang J, Zhang Y. Stability analysis for a class of stochastic differential equations
with impulses. Mathematics. 2023 Mar 22;11(6):1541.

Hyers DH. On the stability of the linear functional equation. Proceedings of the National Acad-
emy of Sciences. 1941 Apr 15;27(4):222-224.

Ulam SM. A collection of mathematical problems. New York 29. 1960.

Andras S, Mészaros AR. Ulam-Hyers stability of dynamic equations on time scales via Picard
operators. Applied Mathematics and Computation. 2013 Jan 1;219(9):4853-64.

Belaid M, Ardjouni A, Boulares H, Djoudi A. Stability by Krasnoselskii’s fixed point theorem
for nonlinear fractional dynamic equations on a time scale. Honam Mathematical Journal.
2019;41(1):51-65.

Bohner M, Scindia PS, Tikare S. Qualitative results for nonlinear integro-dynamic equations
via integral inequalities. Qualitative theory of dynamical systems. 2022 Dec;21(4):106.

Kumar VI, Kostic MA, Pinto MA. Controllability results for fractional neutral differential
systems with non-instantaneous impulses. J. Fract. Calc. Appl. 2023 Jan 1;14(1):1-20.

Kumar V, Malik M. Existence, stability and controllability results of fractional dynamic system
on time scales with application to population dynamics. International Journal of Nonlinear
Sciences and Numerical Simulation. 2021 Oct 26;22(6):741-766.

Kumar V, Malik M. Controllability results of fractional integro-differential equation with non-
instantaneous impulses on time scales. IMA Journal of Mathematical Control and Information.
2021 Mar;38(1):211-231.

Bohner M, Tikare S. Ulam stability for first-order nonlinear dynamic equations. Sarajevo Jour-
nal of Mathematics. 2022;18(1):83-96.

Gogoi B, Saha UK, Hazarika B, Torres DF, Ahmad H. Nabla fractional derivative and fractional
integral on time scales. Axioms. 2021 Nov 24;10(4):317.

Moamen Osama Radwan; Ahmed M. A. El-Sayed; Hanaa Rezqalla Ebead, Solvability of a
functional differential equation with internal nonlocal integro-differential condition, Journal of
Fractional Calculus and Applications, Vol. 15(2) July 2024, No.1, 1-15.

Gogoi B, Hazarika B, Saha UK, Tikare S. Periodic Boundary Value Problems for Fractional
Dynamic Equations on Time Scales. Results in Mathematics. 2023 Dec;78(6):228.

Atici FM, Guseinov GS. On Green’s functions and positive solutions for boundary value prob-
lems on time scales. Journal of Computational and Applied Mathematics. 2002 Apr 1;141(1-
2):75-99.

Bohner M, Peterson A. Dynamic equations on time scales: An introduction with applications.
Springer Science & Business Media; 2001 Jun 15.

Anastassiou GA. Foundations of nabla fractional calculus on time scales and inequalities. Com-
puters & Mathematics with Applications. 2010 Jun 1;59(12):3750-3762.

Georgiev SG. Fractional dynamic calculus and fractional dynamic equations on time scales.
Berlin: Springer; 2018 Apr 12.



20 V. EMIMAL NAVAJOTHI, S.SELVI JFCA-2025/16(2)

[45] Lakshmikantham V. Nonlinear analysis and applications: to V. Lakshmikantham on his 80th
birthday. Springer Science & Business Media; 2003.

[46] Granas A, Dugundji J. Fixed point theory. New York: Springer; 2003 Jun 26.

[47] Gogoi B, Saha UK, Hazarika B. Existence of solution of a nonlinear fractional dynamic equation
with initial and boundary conditions on time scales. The Journal of Analysis. 2024 Feb;32(1):85-
102.

[48] Haci Mehmet Baskonus Pushpendra Kumar, Wei Gao, P. Veeresha, Vedat Suat Erturk, D.G.
Prakasha, Solution of a dengue fever model via fractional natural decomposition and modi-
fied predictor-corrector methods, International Journal of Modeling, Simulation, and Scientific
Computing, 15(1)2024, 2450007.

[49] P. Veeresha, DG Prakasha, Chandrali Baishya, Haci Mehmet Baskonus, Analysis of a mathe-
matical model of the aggregation process of cellular slime mold within the frame of fractional
calculus, International Journal of Modelling and Simulation, 2023, 1-11.

[50] Pata V. Fixed point theorems and applications. Berlin: Springer; 2019 Sep 22.

[51] Yan RA, Sun SR, Han ZL. Existence of solutions of boundary value problems for Caputo
fractional differential equations on time scales. Bulletin of the Iranian Mathematical Society.
2016 Apr 1;42(2):247-62.

[52] Zafer ztrk, Halis Bilgil and Sezer Sorgun, Fractional SAQ alcohol model: stability analysis and
Trkiye application, International Journal of Mathematics and Computer in Engineering, 3(2)
(2025) 125-136.

V. EMIMAL NAVAJOTHI
'DEPARTMENT OF MATHEMATICS, N.K.R. GOVERNMENT ARTS COLLEGE, NAMAKKAL- 637001, TAMIL
NADU, INDIA;
2DEPARTMENT OF MATHEMATICS, PERIYAR UNIVERSITY, SALEM-636011, TAMIL NADU, INDIA
E-mail address: emimalraja2022@gmail.com

S.SELVI
DEPARTMENT OF MATHEMATICS, N.K.R. GOVERNMENT ARTS COLLEGE, NAMAKKAL- 637001, TAMIL
NADU, INDIA

E-mail address: selvisellappan80@gmail.com



	1. Introduction
	2. Preliminaries
	3. Main Results
	4. Controllability
	5. Stability Results
	6. Application I
	7. Conclusion
	8. Conflict of Interest
	References

