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ORDERING RESIDUAL LIVES USING THE
MOMENT GENERATING TRANSFORM

El-Arishy, S.M.*

ABSTRACT: This' paper presents new notions of stochastic
comparisons and ageing classes based on the moment generating function
order. The relationships to other stochastic orders and ageing classes are
given. Some preservation properties are presented and some applications
to coherent systems and shock models.are also studied.

1. INTRODUCTION.

In the context of reliability theory, several orderings of random
variables have been considered to give definitions and characterizations
of orderings and ageing classes of life time distributions. In fact, notions
of positive ageing play an important role in reliability theory, survival
analysis and other fields. Therefore an abundance of classes of
distributions describing notions of ageing have been considered in
literature; see e.g. Barlow and Proschan (1981), Deshpande et al (1986)
or Kijima (1997) for an.overview.

One of these classes frequently used is the so called L-class. Within
this class, Klar (2002) introduced an example of a distribution with an
infinite third moment and having the property that the hazard rate tends to
zero as time goes to infinity. This example leads to serious doubts if L-
class should be considered as a reasonable notion of positive ageing,.
Recently, Muller and Klar (2002). introduced a new ageing class of life

-distribution (called M-class) based on the comparison of two non-
negative random variables on the moment generating function order
(written <,). The M-class is related to the L-class only by replacing the
laplace transform order by the moment generating function (M.g.f) order.

Actuarial statisticians usually say that, the risk X is smaller than the
_risk Y in the exponential order, denoted X <., Y, where the inequality

Efexp(tx)] < E{exp(ty)]

* Math. Dept. Faculty of Science, Al-Azhar University, Cairo, Egypt.

The Epyptian Statistical Journal, Vol.47, No.2, 2003




| El-Arishy, S.M. _ 129

Holds for all t > 0;. provided that the expectations involved exist. This
order has been examined in Goovaerts et al. (1990, Sectionn 4.3 p. 45)
and in Kaas et al. (1994, Section 3, p. 53). It has been used by Kaas and
Gerber (1994) in order to compare different approx1mat10ns for the total
claims of a risk portfolio.

In this paper, we further investigate new properties of this order
and introduce a new ageing class based on the moment generating
function of residual lives order.

Section 2. includes some definitions and properties. Séctions 3
and 4 present new order and new ageing class based on the m.g.f. of
residual lives. Finally, Section 5 includes some preservation results.

2- DEFINITIONS AND PROPERTIES

In this section, we state definitions of some ageing orders that have
been found useful for modeling, or the design of better systems. (see -
Shaked and Shanthikumar (1994) for a general reference).

Definition 2.1: A random variable X is said to be smaller than a random
variable Y

(i) in the stochastic order (denoted by X < Y) if and only if,
Fy (x) < Fy (%) - forall x.

(ii)  in the increasing’convex order (X <ix Y) if and only if,

Fy (u)du < (u)du, forall x > 0.

><-_..8_
><'—.8

(iii) in moment generating function order (X <, Y) if and only if,

Ot—.8

o0
e’V F (u)du< | esqu (u)du, foralls>0.
0

The Egyptian Statistical Journal, Vol.47, No.2, 2003




[130 Ordering Residual Lives Using the M Generating Transform. ]

Definition 2.2: Let X and Y be two non-negative random variables and
let X,=X-t|X>t and Y, = Y—tl Y > t be their residual lives, t > 0 then the
random variable X is said to be smaller than Y
(i)' in the hazard rate order (denoted by X <, Y) if
X<« Yy forallt>0.
(ii)  in the mean residual life order (denoted by X <, Y) if
E(X) SE(Y) ' forallt>0
Provided E(X,) and E(Y}) are finite.

(iii) in the Laplace transform order of residual life (X <..Y) if and
only if '

Xi<u Yq forallt>0

3- M.G.F. ORDER of RESIDUAL LIVES

In this section, we introduce a new partial order based on the
moment generating function order of residual lives. (Mg-rl)

Definition 3.1. Let X and Y be two non-negative random variables. X is
said to be smaller than Y in the moment generating function order of

residual lives (denoted by X Spg.r, Y) if
Xy <mgr Y1 forallt>0

The following proposition introduces the necessary and sufficient
condition for the <y,.,, order.

Proposition 3.2. Let X and Y be two continuous non-negative random
variables, then

o0 o0
X Swge Y iff [ ™ Fx(u)du/jes“?y(u)du lint>0
t t

foralls>0
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Proof: Notice that

M ()= 1 o 50 feicl

Fx ® dx

=T eSU-D[F, u) /F, (9)]du
- [f[Ee0]] Te R

. 0 00 _
=— [ eSUF (u)du / %[ [ esqu(u)du];
t

t

Now, by Definition 3.1 and given s > 0

Xi < mgr Yi ' forallt=>0
iff  My(s) S My(s) | forallt 20
o 0 _
tj eSUFx (u)du tj eSUFy (u)du
lff—awu_ S—aw_
55[ tj es Fx(u)duJ 55[ tI esqu(‘u)duJ
w e
| eSUF, (u)du
iff L Lint20
| eSYFy (u)du

Remark: the implications among some of the previous order are shown
as:
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X Y = XS Y 22X, Yo
U X Smgr Y

X S Y -
XSMg-rlY

4. NEW AGEING CLASSES

If A denotes some ageing property, a general procedure to define or
characteriz A is by means of stochastic orders of residual life times of the
form

XeAO Xy Sqon Xy Vi<t
and X e A X Sqoa X vt20,

where < . denotes some stochastic order and X € A means that X has
the ageing property A.

Another characterization is of the form

XGAC}XSS;A)"]Y,

where Y is an exponential random variable with mean E(X) (for details,
" see Pellerey and Shaked (1997), Deshpand et al (1986), Belzunce et al.

(1996), Klefsjo (1982,1983) Shaked and Shanthikumar (1994) and
" Belzunce et al (1999).

In this section, we propose new ageing classes following the
previous procedures for the m.g.f order and the m.g.f order residual lives.

Definition 4.1. X is DRLy,r (decreasing residual life in the moment
generating function order)
- If

X‘- Smsf X| ' Vi<t N t,t’ >0

Note: X is DRLygr <> Xp Smgee Xy Vt<t'andtt’ 2 0
& X Smgre X Vt>0

Definition 4.2.
X is NBUpg (new better than used in the moment generating
function order) if
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X Smgr X Vt20

Definition 4.3. |
X is EBUpg (exponentially better than used in the moment

generating function order) if for an exponential random variable Y with
mean E(X), then :

X SMg.rl Y-
Note: The following implications are easy to prove,

DRL,,,s = DMRL = L-class
U | ]
NBU,,s = NBUE = HNBUE = GHNBUE
]

EBU.ngf = M'ClaSS

Now, let us consider a renewal process with independent and
identically dlstrlbuted non-negative inter arrival tlmes X; with common

distribution F where F(0)=0. Let S, =0 and Sy = Z X1 and consnder the
i=l1

renewal counting process N(t) =sup {n: S, <t}.

Several papers have investigated some characteristics of the renwal

process related to ageing properties of F. See for example, Barlow and

Proschan (1981). In (1994), Chen investigated the relationship between

- the behaviour of the renewal function M(t) = E(N(t)) and the ageing

property of F. Some other results are given for the excess lifetime at time

t 20, that is, Y(t) = Sney+1 — t, which is the time of the next event at time t.
For example, :

(i)  Chen (1994) showed that:
a)  ify(t) is stochastically 4 int> 0, then F e NBU, and
b) ifE[y(t)] int>0, then F e NBUE.

(i) Liectal. (2000) showed that:
ifyt) 4 int >0, in the increasing concave order, then F e NBUC

(iii) Li and Kochar (2001) showed that:
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if y(t) ¥ in t 2 0, in the increasing concave order, then F € NBU(2).

.(iv) Balzunce et al. (2001) showed that,
. ify(t) 4 int 2 0, in the laplace order, then F € NBU,.

The following theorem includes a similar result using the moment
generating function order and the NBUy, class.

_ Theorem 4.1
y(t) 4 in t > 0, in moment generating order, iff F € NBUy;.

Proof: a) First, let y(t) 4 int> 0, and we observe that

_ t
P(y(t) 2x)= F(t+x) + ({ P(y(t-y) 2x)dF(y) (1)
(see Karlin and Taylor (1975), p. 193).

The transform M,(s) can, then be written as

a? eSXF(x)dx -
My(ry©=t—g—+ |1 PO1(t=)2x)dx dF(y)

Since y(t) ¥ in m.g.f. order, then

? eSXF(x)dx
My(1)(s) 2 ——5— ST tFOMy()®)

0

| eS¥F(x)dx
or  My(p)(s) 2 e . (2)
but y(t) <uer Y(0), t20. ...(3)

using equations (1),(2), and (3) we get
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o? eS¥F(x)dx

[ e*F(x)dx = My(0)(s) 2 My(t)(s) 2 t

¢ eStE(t)

and then F € NBUy;.

Second Let F € NBUy, and consider the equality

P(y(t)2u) = ?(f +u)+ tj F(t — x+u) dM(x)
0

(see Barlow and Proschan (1981)).
Now, ' :

o t o —
[eSUFu)du [ [ e™'F(u)dudM(x)

0t—-x
+
st es(t -X)

et
Myo® ="

Since F € NBUy, then

M (s)sif(t)cf eS“?(u)du+tj F(t—x)df) eSUF(u)dudM(x)
(1) 0 2 0

t
S“F(u)du['ﬁ(t) + | F(t- x)dM(x)J
0

Te

0

of eSUF(u)du P(y(t)>0)=
0

Te

0

SUF(u)du = My(O)(s)

Thus Y(t) Smgr 7(0).

Deﬁnition-4.4. A f;mction g:[0,00) — [0,00) is said to be star-shaped if
g(0)=0and g—(x)—QT inx>0

(see Marshall and Olkin (1979)).
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Let X be a random variable and Y = h(x) where h is T and let g be
the inverse of h. If X is NBUy,; and g is a star-shaped function then

Y is NBUj,.

X is NBUy; means that

T SXF, (x)dx <€ l_"x(t)ze""?x(x)dx .
1
Now, let
I=eF (t)? SXF (x)dx—g? X F (x)dx
R A e t y
=et 'fx(s(t»'f X F, (g(x))dx~[1-¢*F, @] e F, (a(x))ix.
0 t
Since g is star-shaped then

1> F (g(t))[ ™ (3“) )dx -n- e"‘Fx(g(t))l:f ™ Fx(i(t'—) x)dx.

{0} oSt
Lety t xand s g(t)

'o(t) = @ s,
1>e* 80 F (g1) g Y Fx(y)dy-g(jt )e’ Y F, (yMdy20.
Since X is NBUpw;,, then Y is NBUy.
Definition 4.5. Let X .and Y be two random variables with joint density

f{ix,y). Then f{x,y) is said to be totally positive of order 2 (TP,) if f{x,,y;)
f(xa2,y2) 2 f{x2,y1) Rx;,y2) for all x| < x;, y; <y in the domain of X and
Y.

The following theorems present some preservation results for
compositions of the survival function of one of the new ageing class.

‘
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Theorem S.1.
Let X, and X, have distribution functlon F, and F, respectively and

X Smgr Xa2. Let Y be independent of X; and X; and has dlstrlbutlon
function G. If Y has log concave density, then

X, +Y5Mg-r¢X2+Y

Proof: For fixeds>0andi =1,2, we notice that

o(i, t) Fx (\.r + t)dv

O-—-B

o0 o0

=[eSV [F l(v+t—u)dF (u)dv
0 0
o0
= [eSVY jF(v+z)f (t-2z)dz dv

-0

t _

= [F (t-2)¥(i,z)dz .
o Y

Since X -<-Ms-r¢ X, , then
by proposition 3.2, we can say that w(i,z) is TP, in (i,2).
Moreover, since Y has log concave density, then fy(t-z) is TP, in
(t,2), and by the composition formula (see Barlow and Proschan (1981)
page 100), then
¢(i,t) is TP,.

Corollary 5.2, Let X; <ugee Yi for all i = 1,...,n and X; and Y; (all -
independent) have log concave densities. Then

% X:< :lV‘_, Y
] i Mg—r£i=l i

Proof: This is done by repeated applications of Theorem 5..1.
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Definition 5.3. Let X and Y be random variables with densities f and g
respectively, such that ) decreases over the union of the supports of X

g(t)
and Y are equivalently f(u) g(v) > f{v)g(u) for all u < v, then X is said to
be smaller than Y in the likelihood ratio order and is denoted by X <, Y.

The closure of Mg-r¢ order under mixture is given in the following
theorem.

Theorem 5.4
Let {X(0), 8 € R’} be a family of random variables having

distribution function Fy, and let 8; be random variable having distribution
function G;, i=1,2 and are independent of X.
If6, <, 0, andif
X(81) <mgre X(82) whenever 8, <6,

then X(8,) Smg.re X(62).

'P[_o_gf: Let F; be the distribution function of X(8;), i =1,2. We know that,
— w —
E (x)= [ Fg(x)dG;(8).
0
'We need to prove that
© _ :
-, ®(i,0)= [ eXE(x+t)dx is TP, in (i,f).
0

% 0 — [« o} o __
Actually ®(i,t) = ]‘ esxFi(x+t)dx = j‘ eSX I Fy(x+1)dG; (8)dx

8

= Jg © 1 eSXEy (x +1)dxdo

8c>

=T 8. 0¥(@,0d0

(=]
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Since X(0)) Smg.re X(6;) for 6, < 05, then y(B,t) is TP, in (i, 0). But
0, <. 05, it follows that gi(0) is TP, in (i, 6). Thus the result follows.
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