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Abstract:
In this paper, we derive recurrence relations for the single and product moments of

progressively Type-11 right censored order statistics from Weibull distribution. In addition,
some well known results are deduced as special cascs.

1 Introduction

Progressive Type-11 censored sampling is an important method of obtaining data in lifetime
studies. Live units removed early on can be readily used in other Lests, therelyy saving cost
to the experimenter, and a compromise can be achieved between time consumption and the
observation of some extreme values [sce Aggarwala and Dalakrishnan (1998)]. Some early .
works on progressive censoring can be found in Cohen(1963) and Maun(1971). The idea
of obtaining moments of usual order statistics in a recursive mauner has been explored for
a number of distributious, Malik, Balakrishuan and Aluned (1988) have reviewed several
recurrence relations and identitics available for the single amnd product moment of order
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statistics from an arbitrary continuous distribution, and they have pointed out the inter-
relationship between many of these recurrence relations. Alsv, Balakrishnan, Malik and
Ahmed (1988) have reviewed several recurrence relations and identities established for the
single and product moments of order statistics from specific continuous distributions, Bal-
akrishnan and Sultan (1998) have updated the reviews of Malik, Balakrishnan and Aluned
(1988) and Balakrishnan, Malik and Ahmed (1988) and discuss several recurrence rela-
tions and identities for moments and product moments of order statistics. Aggarwala and
Balakrishnan (1998) have established independence result for general progressive Type-11
censored samples from the standard uniform population. ‘That result was used in order to
obtain moments for general progressive Type-11 censored order statistics from the standard
uniform distribution. This independence result also gave rise to a second algorithm for the
generation of general progressive T'ype-11 censored order statistics from any continuous dis-
tribution. Finally, they have derived the best linear unbiased estimators for the parameters
of one- and two-parameter uniform distributions, and they have discussed problem of max-
imum likelihood estimation. ‘Thomas and Wilson (1972) have developed a computational
method for calculating the single and product mmoments of order statistics from progressively
censored samples by making use of the corresponding moments of the usual order statis-
tics, the absence of an explicit representation for the maginal and joint density function
of order statistics under progressive censoving makes Lheir method extremecly tedious. By
deriving the required marginal and joint density function in explicit forin, Ng, Chan, and
Balakrishnan(2002) have obtained an alternative, highly eflicient, method for computing
the desired moments. Let us consider Lhe following progressive Type-11 censoring scheme:
Suppose n units taken from the same population are placed on a life test. At the first
failure time of one of the n units, a number Ry of the surviving units is randomly with-
drawn from the test; at the second failure time, another It surviving units are selecled at
random and taken out of the experiment, and sv on. Finally, al the timne of the mth failure,
the remaining It,, = n — It) — Ity — ... — R,,,_; — mn vbjecls are removed. In this scheme,
R = (R, Ry,..., ) is prespecificd. The resulting m ordered failure times, which we
will denote by X L’,‘,:;,’f """n"‘).X}f,'.;,?"“"""" ooy Xpimize-fm) are referred to as progressive
Type-1I right censored order stalistics. The special case when Ry = Ra = ... = R,,,-) =0
so that R,, = n — m is the case of conventional Type-1I right censored sampling. Also
when Ny = R = ... = R,, = 0, sv that 1 = n, the progressively T'ype-11 right censoring
scheme reduces to the case of no censoring (ordinary order statistics). If the failure times are
based on an absolutely continuous distribution function F with probability density func-
tion f , the joint probability density function of the progressively censored failure Limes
Xy X2:mens oy Xonemeny 18 given by [see Dalakrishnan and Aggarwala (2000))].

I Xt s Xt veesXemsmen (E0s 52y cocr ) = Ayt || (2 = F(zi) )},

—w< I <1y < ... < Iy, <00, (1.1)
where f(.) and F(.) are, respectively, the pdf amd edl of the 1andom sample and
Ay Rmy =0 =1y = 1) =0 =1 — ... — Ryy_y —m + 1), (1.2)
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For simplicity, we write Aw;py,..,R_y = A, i 1 S < nand Ay fy =M

In this paper, we are concerned with progressive Type-11 censored data from Weibull dis-
tribution which is widely used in relinbility analysis, the probability density fnction of
Weibull distribution has the form

](:z)=6:|:“'e"‘. U<z <o00, d>0. (1.3)
and its cumulative distribution function
F(z)=1- c"", 0<e<oo. >0 (1.4)
It is easy to note that
J@) =621 - F(z)}, x20. (1.5)

In this paper, we establish some recurrence relations for the single moments of progressively
Type-11 right censored order statistics from Weibull distribution in Section 2. Also, we
establish sume recurrence relations for the product moments of progressively Type-11 right
censored order statistics from Weibull distribution in Section 3. Finally, sume well known
results are deduced as special cases in Section 4.

2 Single moments

Let X {’:,'"'f "'“'R"'),4\';!,!,:;,’,""""'"'), oy X0 R2 e Bn) 1y progressive Type-11 right censored
order statistics with censoring scheme (R, IRy, ..., Ryy) from Weibull distribution. The single
moments of the progressive Type-11 censoring can be written from (1.1) as follows

Ry,....Rw)™ (Ryyees R ) )
s:n::u ) = El’\i(:n::n ) ]

= Ao [ [ 10 - FE
U< <x3<...<Tm <0

X J@2)[l = F(x2)])"..f ()l = Frm)) ™ duy ...y, (2.1)

where A, 5 . is defined in (1.2). When k = 1, the superscript in the notation of the mean
of the progressively Type-11 right censored order statistics may he omitted without any
confusion. The single moment of progressive Type-11 right censored order statistics given
in (2.1) satisfies the following recurrence relations.

Theorem 2.1 For2<m<n, k>0andd >0

(Ry Ry, R 448 | S+ & (1) s B
By mn = (Rl + l)l I3 1 n:n
= (n= Ry = Gt e Ay (22)

The Egyptian Statistical Journal, Vol.49, No. 2, 2005 :




M.R.Mahmoud , K.S.Sultan and H.M.Saleh 120

Form=1,n=12,...,k>0andd>0
k) A+ k (uonth
"(l,:lln:, = "_6"(!':.!:!:) . (2'3)

Proof
Starting from (2.1), we write

pd e B T Ao, / / / I(x2) f(x2)[1 = F(z)] ... f ()
IKras...€<r,, <
x [1 = Fen))"™dey...dpy,. (2.4)

where Ap.k,,_, i8 defined in (1.2) and

I(z3) = fo zy[1 = F(21)]™ f(£1)elry,

which upon using (1.5) and integrating by parts gives

d
I(-”'l) = m.rgh’[l —F(-ﬁz)]"'“
§ r
* k;.s‘"'“’/., £ L= Fle)) ", (2.5)

By using the above expression of 7 (r2) into (2.4). and simplifying in view of the definition
of the single moments given in (2.1). we obtain (2.2).
Now.form=1ln=12....k>0and § > 0. and by using (2.1). we have

"(I!il:l):“ = All:’?n‘/‘; ‘r’lrf(-"l)[l = F(.l'|)]”'ll.l'|
_ nd ol PP |
= (.S+k)(R' + l)/“ Py = Fer)))™ £y )elbr,
8o,
(ll-”"” nd ("_”ﬂhh

HEN = m"l:l:n
and hence (2.3) is proved.

Theorem 2.2 For2<i<m-1. k>0 and 8§ >

R 1 {5+k Ry R )
um:n (nl + l) 's nm:n
> el | o 8Ty (L Inak FSITT) "+."
- m-R—-..-R, - ')I‘S:';:—l:.'.' A )
: el 1 Ry LRy g veney R )5 HE)
+ (m~Ri—..— Ry =i+ )Mt 1+ Bt LR ) }(2.6)
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Proof Again, staring from (2.1), we write

pm M = A [ /::.If!(t.)ll—F(w:.)l"'dx.}

U<r< N O FIE O R R S

X J@)l = F@))™ x ..ox flr )l = Fla,_y))™-
x  J(zig)[l = F(r, )+ ..
x I(Im)[l - F(-"m)]nm‘bfl---‘ul‘ld-'-'ﬂl---"-"m- (27)

By usiug (1.5) in (2.7) and integrating the innermost integral by parts with some simplifi-
catious, we get (2.6).

Theoremn 2.3 For2<m < n and k > 0,

nmn: (R"."‘l) " MM
+ -y —- . =Ry —m+ l)p:,(‘_"l’f,f.‘;"'._':,'"""""" ”(.*“}(2.8)
Proof

Form (2.1), we have

e R T i Y e Y :_.-r.‘;.u-l-‘(x...n"mf(x...m-n.,.}

<< . Crp-1<™
xSl = Fe))® . S|l - F(ru-y))¥=-Velsy...dg -y,
(2.9)

which upon using (1.5) and integrating the innermost imtegral by parts, we obtain (2.8).

3 Product moments

The (5, j) — th product moment of the progressively ‘Type-11 right comsored order statistios
froms Weibull distribution can be written from (1.1) ax

‘431 .....R-""" = El

"N \'!"I ..... R-" X‘""""R"’,.l

o Jm:n

= A [[] e - Feon

U< <ry<. . <sm<

x  Jle)ll = Fe2)]* ... [(z)l - Frm)|¥=dey..dzp, (3.10)

where f(.) amd F(.) arc given rospectively, by (1.3) amnd (1.4) aml Ani_, i definad in
(1.2). The product wmomont dofined in (3.10) matinficn the following rcurrendce relations.
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Theorem 3.1 For 1 <i<j<m-1l.m<nu, andk,d >0

(R.,....R,,.)"-" — l (”I ----- ".")U"
B jam:n = m i:m:n
k4
- (n-y-..-R, - .f)llfg:,;;':ﬁf""“H """ Hanl 5
; Ry Ry R, 410, R, )15 i
+ -y —...—Rj_,-j+ l)us_;f_l:mi,:': f #lrmrBi ) } (3.11)
Proof
From (3.10), we write
Ry...R D ARy B )Y (B R
s:n::n ) = E[‘\i(:rf::n o) {‘\}:1"::" f )}"]

At / / / KO

O<r <.y 1<y < KM <X
x {

[’“' 0 ()1 = Fa)| «l:u'}f Gelt = Fla))™

X ... X% f(:l:j_|)[| - F(:lfj_|)]"""f(.l‘j+|)[l - F(:l:j+|)lR’+'
X oo X f(am)[l = Flen)) ' dey.de,ydiy )by, (3.12)

which upon using (1.5) and integrating the innermost integral by parts and simplifying, we
get (3.11).

Theorem 3.2 For 1 <i<m-1l,m<nand k>

(Rives R )*8) 1 (Hy oo )0

immn - (Rm + l) “‘i:m:n

o= Ry = o= Ry — i Lt 4R 08 g g

Proof
The proof can be done easily by following the same manner as in theorem 3.1.

4 Deductions

Letting 6 — 1 in the recurrence relations above, we deduce the recurrence relations given by
Balakrishnan and Aggarwalla (2000) for the single and product moments of progressively
Type-11 right censored order statistics from the expuncntigl distribution.

e From Theorem 2.1 we have: For 2 <m < nand k > (),

Ry Rz, i )IEHD 1 Ry R Ron )0
I‘(I:nlunz ) = (lh + l) {(l + k)"'(h"'l:n‘ ’
- (n-1t - l)l‘“f,'.ifj,' ety "'")"“’}. (4.14)
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form=1,n=12..aud k>0,

(n-t+ k41

_ n—|)
y:a:n - n

"(I HH )

Which is the relation established by Balakrishuan and Aggarwalla (2000).

e From Theorem 2.2 we have: For 2<i<m—1and & > 0.

Ry Rm)H4D l . Ry Rao..con
Pi:on:n = (R. + l) “L + ”"n‘:mm
- n-Ry-..-R; - i)us.',',:‘_",'f,':"'."""*"‘*'“'""""')“H'
+ (= Ry— = Riog =i Bt Rt LR Ry 5

which is the relation established by Balakrishnan and Aggarwalla (2000).

¢ From Theorem 2.3 we have: For 2 <m < n and & > 0,

(Ry Ry )40 _ (K1) (g g gy
Por:on:n (I + l)l‘m:mm
'R """ me-—- m ‘.+l'
+ l‘g‘-'l:-:.-n:':. o+l +1) ’ (4-16)

which is the relation establisied by Balakrishnan and Aggarwalla (2000).

e From Theorem 3.1 we have: For 1 <i<j<m—-1.m <Sn,aml k=1

Riy.;Rom 1 Ry.sB
I‘g.j:lm:u ) = R+ 1) {i‘!:n:m ,
= (= Ry — = By = ) o a1t )
+ =Ry = Ry =+ ) b By Ry g )

which is the relatipn established by Balakrishnan amd Aggarwalla(2000).
® ﬁom'l‘heo;unaz wehave: For 1 <i<m—1 , m<n, and k=]

. 1 _—
u!.'.'&:.‘..ﬁ" ) - mll‘gm fm)

+ =Ry == Ry = m 4 i lms bRt )y g 1)

ion=l:m-1:n
which is the relation cstablished by Balakrishuan and Aggarwalla(2000).

1. For the special case Ry = ... = R,, = 0 s0 that 1 = n in which case the progressively
cgpsured order statistics becume the usual order statistics X Xy ooy Xiemy the
relations established above for Weibnll distribution reduce to the following:
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(2) From Theorem 2.1 we have: For > 2 and b > 0

(k+8) _ {¢7+k (k)

(L0, )tk+6)
Bi:n

S pn — (n— l)"'I:u—l:u }
(b) From Theorem 2.2 we have: For 2<i<n—-1and k>0
sS4k d+k
"S:u ) = ‘T"s:n)

o (0,000, )tE b
- ("'_t)”s:n—lzn )

(0,000, 0)d+k)
B HI B HTi }

+ (n—ti+1)p
() From Theorem 2.3 we have: For 11> 2 and & > 0,

S+k o+ k k (... )th+dH)
”'slz;t ) = ‘s I‘Sm’v +”n— I:n

(d) From Theorem 3.1 we have: For 1 <i<j<n—~1and k>0,

(k.4) (k)
”i.j:n = {"l:"

. 0.0 k&
- - ")":'-J':n—l:n

N (1 s ... h.dy
+ (-, + l)l'st_"—l:u—:':,n
(¢) From Theorem 3.2 we have: For 1 <i<n—1and k> 0.

(k.4) (k) (0....q)k A
”i,n:n = {"'i:n + ”i.n—l:n—l:n d

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

2. Now, if ) = Ry... = R;j_y = 0 so that there is no censoring before the time of the
J-th [ailure, then the first j progressively Type-11 right censored order statistics are

simply the first j usual order statistics. Thus, the relations above reduce to:

(a) From (4.19)we have: For n > 2 and k > 0,

(h+d) _ S+ k(i)
I'n nd I:n

(b) From (4.20)we have: For 2<i<n—1 and & > 0.

(5-+k) d+k ), (k)
Bim = _m”‘i:n + 1t

(¢) From (4.21)we have:For n > 2 and & > 0.

weky _ VHE 0y

yu:n _6_”;':" L LI
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(d) From (4.22)and (4.23) we have: For 1 <i<j<nand k>0,

(kd) _ 1 (k) k.5)
Higm = (n—j+1)ln + ”g""""'

e For the special case Ry = ... = R,,, = 0 sv that m = n in which case the progressively
ceusored order statistics become the usual order statistics X Xogeooen X the
relations established above for exponential distribution reduce o the following:

1. From(4.14): For k >0,

"(l,:::" =(k+ l)n(l‘;'! -(n- l)"(l....,u)!l+|».

2. From(4.15): For2<i<n—-1,amd k>0,

, "g:n) =(k+ 1)1:25.’ —(n- l.)”gn ..... L. 0) k40 +n—i+ l"‘(o....,l.....o)ﬂ“)

where, int the superscript of the second term on the right hand side, the 1 is in

the i-th po?itiun, and in the superscript of the third term on the right hand side,
the 1 is in the (i-1)-th position.

3. From(4.16): Forn>2 and k > 0,

0,1 )HR4T)
it = (k4 pld) + 2,

4. From(4.17): For1 <i<j<n-1

i = thim = (0 = Wi + (= o+ Ol

iJj—Ln-1:mn
5. From(4.18): Form=n.1<i<n-1

0.....}
Pio:n = plizn + ”s.n-l:l,l-l:n'

e Now, if R; = Ry... = Rj_; = 0 o that there is no censoring before the time of the

J-th failure, then the first j progressively Type-11 right consored order statistics are
shuply the first j usual order statistics. Thus, the relations above reduce to:

- From(4.14): For2<nand k>0

w41
phet = £ 0

- hum(d._lb): for2<i<n-1,aml k>0,

S =i Y = ke ) i g D
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- From(4.16): For k >0,

k+1
I‘sﬁrt” = ("' + l)l"#:.l)l + "':l—hl)l'

These recurrence relations are equivalent to those established by Jushi(1978).
— From(4.17)and(4.18): For 1 < i <j<n

1
Bijn = mltun + Jtij—1:n.

Which is the relation established by Joshi(1982).

Now, we will adopt the following technique depending on Order statistics to confirm the
above results. -

Let X be a continuous random variable having a cumulative distribution function (cdf) F(x)
and probability density function (pdf) f(2). Let b YT VT X be a random sample of
gize n from this distribution and Xy, < Xy, < ... < Xua be the corresponding order
statistics obtained by arranging the X/s in the ascending order of magnitwde. Then the
pdf of X (1 < i < n) is given by [see David (1981, pp.9) and Arnold, Balakrishnan aund
Nagaraja (1992, pp. 10)]

] . .
fim(x) = = 1)’!l(n - i)![F(.'l?)]'_l[l = F(e)"'f(x). -0 <2< oo, (4.24)

and the joint density of X;.,, and Njwm (1 i< j<n)isgiven by [see David (1981, pp-10)
and Arnold, Balakrishnan and Nagaraja (1992, pp. 16)]

o

._ in - j)![1;'(-"-'”"1[1"(!/) - I"(;:.')]-""‘ '[1 - F(y”u—j

T} (y). —o0 < <y < oo. (4.25)

17
fi,j:n("",.'l) = (i - l)'(J —

Let us denote the single moment, E(XE) by sk and the product moment BE(Xi:nXjm) by

Hijn- Then from the density function of X;, in (4.24) we have

pk) = i 1)’!'(!1.-.')! /_ :a:" [Fe)' ' [1 = F)"™ flede,i=1, . nk > 1. (4.26)

"Phen from the joint density [unc_!.ion of Xy and X, we have

n!

Mo = G - L, ) = Pt - PP

J(&)f(y)dydz, 1l <i<j<n : (4.27)
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Theorem 4.1 For Weibull population with pdf as in (1.3). we have
(k+d) _ k+d

Pi:n ",_.J_'I‘l:n' n22 k20 (4.28)
Proof We have from (4.26) that
pg'__‘,). = 1;[' x* (L = F)]"" f(x)de. (4.29)

By using (1.5) in the right hand side of (4.29) treating % for integration and the rest of -
integral for dillercntiation, we obtain for n > 2 amd k& > 0

*OC

d
wn = ggn [ U - P S, (4.30)
By simplilying (4.30) we get (4.28).
Theorem 4.2 For Weibull population with pdf as in (1.3). we have

k446 k+d k+4d k .
pltd) _ etd) mng,}. 1<i<n. k>0 (4.31)

Proof By using (1.5) in the right hawd side of (4.26) treating =¥ for integration and the
rest of integral for differentiation, we obtain

] ! ) co - .
pg:l) = k+46 (.- - l),;(ﬂ _ i)!l—(' - l)/‘; *k“lF(-"’))'_zll - F(x)l"‘”-l I(J-')d.ﬁ

Hn—i+l) /" TP (1 - F) f(o)de). (4.32)

By siwplifying (4.32) we get (4.31).
Theorem 4.3 For Weibull population with pdf as in (1.3). we have

(k+48) _ | (k) ,  (k+4) .. N
Mijm' = 7" -t 1Si<js<n. (4.33)

Proof By considering the expression of f; Jen{y) in (4.25) and using relation (1.5), we
may wrile for 1 <i<j<n,

Wi = BXhX) = iy L Sl e e (430
where

1) = [ F) - FP=~"1t - F)"~* o)y (4.35)
by using (1.5) in the right hand side of (4.35), we obtain
I=) = (=i +1) [ VIFW) - FP~~lt - Full* )y
- G-i-0 [T VP - b= Pl . (4.3)
Substituting of the expression for /(z) in (4.36) into (4.34) gives equation (4.33).

¥
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