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Abstract

This paper deals with obtaining relations for single and product moments of the
order statistics from independent and non-identical general class of distributions ran-
dom variables in two cases , the untruncated and the truncated cases . The relations
for moments in presence of p outliers are obtained as special cases.

1 INTRODUCTION

The moments of order statistics have assumed considerable interest in the recent
years and, in fact, have been tabulated quite extensively for many distributions. The
recurrence relations and ident ties for moments of order statistics are very important
since they reduce the computations process and usefully express the higher moments
of order statistics as terms of the lower moments which make the calculation is very
easy. : '

Recurrence relations for moments from non-identical distributions (I.NI.D) are
devloped in the recent 20 years or so by many authors see, for example Balakrishnan
(1988) has obtained recurrence relations for moments for order statistics from n inde-
pendent and non-identical distributed random variables. Balakrishnan (1994a,b) has -
obtained recurrence relations for the single and the product moments from (I.NI.D)
exponential distribution and its right truncated. Balakrishnan and Balsubramanian
(1995) gave recurrence relations for moments from (I.NI.D) power function distribu-
tion. Childs and Balakrishnan (1998) have obtained recurrence relations for moments
from (I.NI.D) Pareto distribution. Childs and et al. (2001) gave recurrence relations
for the single and product moments from (I.NI.D) right truncated Lomax distribution.
Moshref (2000) has established recurrence relations for moments from (I.NLD) gen-
eralized power function distribution.  Ashour and Afify (2002) have established order
statistics from non-identical doubly truncated generalized Weibull random variables.
Ashour and et al. (2002) have established recurrence relations from multiple outliers
from non-identical doubly truncated generalized Weibull. Mahmoud and et al. (2006)
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Lo obioined recurrence relations for moments of order statistics from non-identical
senerlaized Pareto random variables . Finally recurrence relations for moments for
I,ogisi ic from (I.NLD) random variables have obtained by Childs and Balakrishnan
(2006).

Let Ay Xo. . X, be independent random variables having probability density
functions (p.d.f) fi(2), f2(z), ..., fu(z) and cumulative distribution functions (c.d.f)
Iy(r). Falz), ..., Fy(x) respectively. Let Xy, < Xom < ... < X,..,, denote the or-
der statistics. Then the probability density function (p.d.f) of X,., and the joint
probability density function (j.p.d.f) of (X,m, Xsn) can be written as David ( 1981)
respectively :-

fr:n(ﬂ:) = (Tq)ll(Tr)lzrlji Fia(x)ffr(x)b_fll(l_Fib(z))> 1<r <n (11)
r—1 s—1 : ‘ -
Jran(2,Y) = Gzt 1] Fia(@) fir(2) bI{Ll(Fib(y) = Fio()) fis(y )%
[1 1-Fu(y), 1<r<s<n. (1.2)
c=s5+1

Alaternative forms of the densities (1.1) and (1.2) in terms of permanents of

matrices are obtained by Veghan and Venables (1972) as follows :-

- 1
Jrnl®) = iy

Fi(z) Fo(z) .. Fo(z) |7 }7 =1 rows
fi(z) flz) o falx) I o (L3)
1-F(z) 1-Fz) .. 1-F() } n—r rows
from(z,y) = (r—l)!(s—-rl—l)!(n—s)! & .
Fi(z) Fy(x) F.(z) }r—1 rows
f(=) fo(z) Ja() 1
(y) — Fi(z) F(y) - FRz) .. Fo.(y) — Fu(z) } s—7—1 rows
f) f(y) fa(y) I3t
1—Fi(y) 1 — Fy(y) e 1= Fo(y) } n— s rows

(L4)

The main theme of this paper is deriving relations for moments for order statistics
from (INIL.D) for general class of distributions and deducing the relations for moments
when the sample contains p-outliers as an application. We consider the case when
the variables X, are independent with cumulative distribution functions :

Fi(z) =1—be ™A= B<p< , b is a scale parameter (1.5)

A(z) is continious, positive and differentiable ,

and probability density functions:

fi(@) = mbX (z)e~miA @)

, (1.6)
It is easy to show that
filz) = mN (2)(1- Fi(2)), = 1,2,..,n, (1.7)
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and
mX' (z)(1 - Fi(z)) = 4—‘% N(@)#0 . (1.8)

Now we present the notations Wthh we need through this paper .

2 NOTATIONS

1

Crn o) (s—r—1)i(n—s)!
>~ the summation over n! permutations (i1, 1s,...,1,) of (1,2,...,n).

|A|" the permanent of matrix A.

I.I.LD independent and identical distributions
I.NI.LD independent and non-identical distributions.
(p.d.f) probability density function
(c.d.f) cumulative distribution function

uB B(XE)

uhen  B(XE, XL)

A (i) o2 ,

Tr,s:n .E(Xf:n Xl ,( n))

§(';'-” E(Xr X’ A (Xein))

oD E(XE. XN (X)X
A B (2 )

A (Xr n)

T E(Xﬁ’i%x(l> (%%%)A (Xrn))

&8 B x O (A K ) ) (X))

N (Xrem)
crm° the single moments arising from (n — 1) variables obtained
by deleting X; from the original n variables X, X, ..., Xn.
al[p—1)° the single moments when the sample of size (n - 1)
consists of (p — 1) outliers .
(k1)

aram[p — 1] the product moments when the sample of size (n — 1)
consists of (p — 1) outliers.

(Xsn))

Remark (2.1)

when A'(z) = 1 we have:-
(k) (k) (kD) (k) glb (ki)

i Qrin = friny Qrgn = Nrsm = P8 Hr,s:n

ii: A,(pf{fl) T(ﬁf% $f°sl% =
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3 RELATIONS FOR SINGLE MOMENTS
In this section we shall present relations for the single moments of order statistics.

Relation (3.1) Foralln > 1,k =0,1,2, ...
i " Em {“‘ D+ A5+ BT m,.)@'(ﬁ))} -

i=1

Relation (3.2) Foralll<r<n,kl1=01,2,.

2l (& ){(k + prd + (m) + Z ,a,[f](lszl)l}

4 RELATIONS FCR PRODUCT MOMENTS

In this section we shall obtain five relations for moments for the product moments of

order statistics :-
Relation(41) Forall 2<y ,1<r<s<n,k, l-O 1,2,..

altl) = (z {keﬁ’;:%z NI S ) FZ D ).

Relation (4. 2) Foralll<r<mn, k1=0,1,2,.
(k) (k=10 I E4=D) (kD) (k 1) ROICY

CYr,r'-H:n = (E {kgr 7T+1lin r,r+1:n + Tr,r+1 n rr+1 n + E miQ,._ l,r:n—l}'
i=1

Relation (43) Foralll<s<mn, k1=0,1,2,.
o) = 2R T D 4 ) Somlt), ).

1sn l,sin 1sn

Relation (4 4) Foralll<mn, k1=01,2,. A
ot = a4 D £ YD 80 5N) Bl )
i:l -
Relation (4 ( 5) Forall 1<r<n
n .
a'r("nll. == { frk-zil) . Z rknlnl) <+ ’ri(',kv;lzz + T‘S‘{c’r,ll')n + Z miay.]_(f:i)_l;n_l .
(Z:m, . =1
Remark (4 1) :
1: Relations (3.1), (3.2) and (4.1)-(4.5) will enable to compute all single and
product moments. |
ii: Relations (3.1), (3.2) and (4.1)-(45) if we put B = 0, § = oo, A(z) = =z,
k=11l=1m; = 51‘ the results for exponential in non-ldenmcal case are obtamed
(Ba al\rlshnan 1994a).
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iii: Relations (3.1), (3.2) ard (4.1)-(4.5) if we put 8 = 0,6 = oo, A(z) = 2P, k =1,

| =1, m; = 6; the results for Weibull in non-identical case are obtained.
v : Relations (3.1), (3.2) and (4.1)-(4.5) if we put 8 =1, § = oo, A(z) = In(z),

k =2, 1 =2, m; = v; the results for pareto in non-identical case are obtained (Childs
1996 Ph. D Thesis).

v : Relations (3.1), (3.2) and (4.1)-(4.5) if we put B =0, § = o0, A(z) = 22,
k=1,1=1m; =0; b= 1theresults for Rayleigh in non-identical case are obtained.

vi: Relations (3.1), (3.2) and (4.1)-(4.5) if we put 8 = 0, § = o0, A(z) = Inz,
k=2 1=2 m=80;,b= —1 the results for Burr III in non-identical case are
obtained.

5 GENERALIZATION TO THE TRUNCATED CASE

| Let us consider the case when X;, are independent having doubly truncated
general class of distributions with density functions:-

fi(z) = miA )\ (z)e" ™M) | B<c<z £d K¢, (5.1)
“’here A'l = e“mi’\(c)—l-c"mi)‘(d) , (5.2)
and cumulative distribution functions:

E(:JJ) = w; — m,-A,-e"m"\(”‘) 5 (53)
where w; = A;e"™M0) = e—mif(_;:;n_i:(—cr)ni)\(d) , . exg<d ;i=1,2 .,n . (5.4)

It is clear from Eq. (5.1) and Eq. (5.3) that the distribution satisfies the differ-
ential equations:- ~

fi(@) = miX () (w; — Fi(x)) | | (5.5)

m\' (2)(w; — Fi(e)) = #m—fz () , | (5.6)

Making use of (5.1)-(5.6) we can obtain the following relations for moments for
the single and the product moments of order statistics :-

Relation (5. l) Forall n>1,k=0,1,2,.
a(lk:n (): {(k+1)ﬂ(k) k+1)+ Ck“’\(c) Zm,w,) Emz( i'_l)alli:]r(zk—ﬁl)}-

mz
=1

Relation (5.2) Forall 1<r<n, k= 0 1,2, |
agk{:—l) — _{(k+ 1) (k) A(k+l)+ Zmiwia[zl(k+l)1 _ th 1) [t](l.-l'l))}. ‘

r—lin— Crin-1

n
ZZ i=1 i=1

Relation (5.3) Forall n > 1,k=0,1,2,...

n .
oD = ——-—2 {(k+1) ) A(Hl)-{-}: miw,-aw_(lif;}_) —d**1(X(d Z m;(w
i=1 :
Relation(54) Foralll<r<mn, kl=0,1,2,.
k,l k-1, kil-1 kl k1 k|l
—af',r-l)-lzn = {?‘61(~ 7r+1: 1)1 7(',1'+1 1)1 T TS‘ r-l)-l n 1(‘1'-%)-1 n =} 2 m;w;x 'E'l](l,r):n—l

1.=1
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(Al
— 3 (i — 1>Q[rfr(+1?n—1 ’

Relation (5 8) I'mal i=s<mbl= O 1,~
g (=1, Al (&)
aglcl) = {]flwi ) g‘s:nl) 1sn ZTI'I [l]<n 1+ ( )

(\“
=1

g [ l
¢) Y. mawaQ Y.
i=1

Relation (5 ) Faraln>»l, bli=101212,
fn = G Bl + Tl — wx>2mz RN C)

lnin =

(Z

=1

r%bm Xe) Y mawiai ) 3.

Relation (5 7) Forall I<r<n kl=012,.

i o Z {Acfmil + D 1y ED @ X(d) S ma(w; — 1)al®)
(> m; i=]

i=1

"‘Tg\;yllzt + Z m;w; QE](;\ :1)—1:71——1}‘

Relati0n(58) Foralll <r<s<n, kl-—Ol

] ,-I,-..
(k1) (k—1,0) (k,=1) k,0) (k1)

X An (kL
Qr sin = { 57- Pl 1771‘,5:11 gl | 'S's n + Trsmn T+ Z nliwiagl_(l,s)_l;n_l
(Z m;) 1=1

Remark (5.1)

i :The relations (5.1)-(5.8) will enable us to compute the single and the product
moments of order statistics in a simple recursive manner for any specified values
m; (1 = 1,2,...,n) and truncation points (c,d) for any distribution satisfy the class
conditions. '

ii: Whenc=f,d=4§ we have w; =1 (nontruncated case).

It 8=0,8=T,\z) =2, m = ; the results for exponential in
non-identical right truncated case are obtained (Balakrlshnan 1994b).

iv: If f=1,0=u,A(z)=1In(z), m; = v; the results for pareto in non-identical
doubly truncated case are obtained ( Childs 1996 Ph. D Thesis).

: Relations (3.1), (3.2) and (4.1)-(4.5) if we put 8 =t, § = u, A(z) = 2P, k =
e 1 m; = 0; the results for Weibull in non-identical doubly truncated case are
obtamed

vi: Relations (3.1), (3.2) and (4.1)-(4.5) if we put 8 = 0, § = v, Mz) = &P,

k=1,1=1, m; = 6; the results for Weibull in non-identical rlght truncated case are
obtalned
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vii: Relations (3.1), (3.2) and (4.1)-(4.5) if we put 8 = t, 6 = oo, A(z) = 2P,
k=1,1=1, m = 6; the results for Weibull in non-identical left truncated case are
obtained.

viii : The results for identical case is obtained by letting m; = mqo = ... = m,.

6 RESULTS FOR P-OUTLIER MODEL

In this section we assume that X, X, X3, ..., Xn—p are independent general class
of distributions with shape parameter (m) random variables, and X,_p41,..., X, are
independent general class of distributions with shape parameter (m*) random vari-
ables. Then we obtain the following relations for moments which are deduced as
special cases from relations (3.1),(3.2) and (4.1)-(4.5). |

Relation (6.1) Foralln>1,k=0,1,2,... .,p<}%
oSV lp) = ey {6+ Dutilpl + ALV [p) + (n = pym B1(X(B))
+pm* THX(B))}.

Relatlon (6.2) Forall1 <7 <

ol ) = e {(k + m"‘) ] + A% ) + (n — pyma™)_ )

+pm aik—‘i:ll—l -1] }.

Relation (6.3) Foralll<r<s<n

(k1) k-1 k,l kil
Ofrsn[p] W{ké‘% 1) [P] + l'l]( )[p] + T1(~s %[p] + 5’,3:1)1 ]
+(7’L p)maik—ll),s—lzn—l [p] + pm* gc—ll)s Lin—-1 ™ 1]}

Relation (6.4) Forall 1 < < n
o k)

k-1,l k-1 k) k,l
rr+ln[p] W{kf( 'r+12¢[p] +l771(~'r+17)1[p] +T1("r ln[p] + 5‘1‘-31 n[p]
(k1) (k1)

+(n —p)maec 2y [pl + pmtany o [p— 1]}
Relation (6.5) Foralll <s<n ' ,
o lp] = W{k&ksi O[] + {5 Vel + T%’izfl[ﬁ] + 715 [p]
+B5X(B)(n — p)ma Z1in-1[P] -I—pm*ﬂk)\(,@) gz1 n—1[P“ 1}}.
Relation (6.6) Forall n>1
o nlp] = Tompr FEk o [+ M ]+ YEnlp] + &ﬁfup}
HONB)0 — pman Lyl + pmt B NB)en o — 11}
R((:,ll?tlon (6.7) Forall 1<r<n

_ k=1, g dsa] B k,l
rnnlp] = gy (RS v [P] + It [p] + T[] + Timlp]

k,l (k]
+(n - p)mag-—l),n—l:n—l ] -+ pm* ar l)n 1m—1[p — 1]}
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7 RESULTS FOR P-OUTLIER MODEL (TRUNCATED
CASE)

In this section we obtain the following relations for moments which are deduced as
special cases from relations (5.1)-(5.8).

Relation (7.1) For alln > 1 '
o) = A (ke + 1) p) + A%V [p) + c’f“X( )(n — p)mwy,

((n—p)m-+pm*)

+c* X (e)pm* wom — (n—p)m ( = DotV (@) lp) - m* (W = 1) [p— 1]}

Relation (7.2) Forall 1 <7 <n

o Vo) = o (e + D) + A%V ] + (n = p)mawnali)_ 5]
+pmumeaf S lp = 1) = (n — p)m(wm — Dot [p)
—pm* (W — 1) ) p — 1]},

rin—1

Relation (7.3) For all n > 1
afin V1p) = ey {0 + D) + ANV () + (n = p)manol ) )
+pm W ol ) [p = 1] = &M (n = pYm(wn — 1)(Md))
—d*pm (we — 1)(X(d))}.

Relation (7.4) Forall 1<r<n

k1l k-1, kl-1 k2 k,l

oty nlP] = ey (ke ) + o p) + T8 e + 78l
C P k,l

+(n - p)mwmaf'k:ll),r:n—l ] +pm w'm'af' l)r n—-l[p - 1]

ki k,l
—(n = p)ym(wpn — a1l ~ pm* (e = )00 p—1]}

Relation (7.5) Foralll <s<n

o) = ey () + 1 Vo) + T[]

+ (n = p)ym(wy, — 1)a§’;’31 1 [p) + p* (wae — Doy [p — 1] + 780 [p)
+EX(E) (1 = PYmwmal® o [p] + NG pm wealy [ - 1]).

Relation (7.6) Foralln >1
k|l k-1 k- k,l
ConlP) = ey (RE G ) + It D p] + T80 (0]
k p ¥ k k,

—d'Md)(n - p)m (wm—1>a§3,11 ' Xd)pm’ (wne ~ Do afp — 1+ 77006
+eEX(e) (i = p)manal) 1 lp] + M) pm w1, [p — 1]}

Relation (7.7) Forall 1 <r<n

aranlp) = Grmramy S Io) + inYin Vo] + Tk o)

~d' X(d)(n ~ p)m(wn — 1)al?)_, [p] — d' X(d)pm* (wm- — 1)a)_,[p — 1]
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+(7’I, - ]))ﬂz’wmar(‘}iil),n—lzn—l ] an’ Wm= & ( ! - 1}}

rlnlnl

Relation (7.8) F01 all<r<s<mn

(k-1 (k,l (k,l
arsn[p] (TL p)1n+pm {]\;ggkb,rzl [p] +l 7“?71 )[]7] + T’I‘S’?L ] T‘Sf)L[p]
k,l :
+(n—p)mwm 1(- l)s lin—1 ]Tpm wm‘ar—l),s—lzn—l[p_ ]

kil - k,l
—(71 - p)7n<10m - 1) 7(57)1 1 } —pm (u,m' - 1)a7(',s:7)1—1 - 1]}

8 CONCLUSION

The identities and relations for single and the product moments of order statistics
from (I.NI.D) general class of distributions have been obtained. Recurrence relations
for some distributions in order statistics for example see, Balakrishnan (1994a,b) and
(Childs 1996) . Various results for another distributions such as Weibull, Burr III,
Pareto and Rayleigh distributions in (I.LNL.D) can be deduced as special cases from
the general class of distributions. The results for the above distributions in (I.I.D)

case can be also obtained as special cases. Finally the applications for p-outlier model
are obtained.
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Preof. of Relation (3.2)
From Eq.(1.1) , we have
4] r—1 7
k < S YT O /N e —
/L7(~:71 = Cr:py ‘2* f z* i .r‘."ia(ﬂjjj,‘,.(:z:) H (],—'f,_'b(a,‘))dl‘ . (101)
7P a=1 b=rL1 :
By using Eq. (1.7), we obtain




11

Relations for moments of order statistics from independent and Non-identical general
class of distributions random variables and applications.

!

-+

-+

L

n

ﬂvwx Cr:n 2377L7 { T II ]10 )(1 ]1r( )) II (1——12b($))d1:' (10'2)

a=1 b=r+1

Integration by palts yeilds

r—1 &

(k+1) ) = e Srmir{ - 5 [ 2" #4T] Fule) (@)X (2)(1 = Fi(2))
P i=13 a=1

H(l— Fa(e))dz
foo T Al @1 - £ 1 0~ Ry
fo T AoV @sile) T 0= e
:1:“ {j z* ! I:Ti Fa(2)X (z)(1= Fu(2)) b-_gl(l ~ Fy(z)) fij(z)dz} . (10.3)

Upon splitting the first term in integral (1 — Fi-(z)) in two integrations and from
Eq. (1.8

(k+1) pra =—Crn2mw2fiv'”“ H Fio(2) fij ()X (z) T] (1~ Fy(x))da

), we can write
n

1 a=1 b=r+41
P =18 i
r—1 6 r—1 n
term oM 3 [ 2 [ Fal@)Fir(2) fij (@)X () T (1 — Fa(e))ds
r =18 a=1 b=r+1
a#j
é r—1 ’

term Do [ 24 T Fu(@)X (@) fir(e) 11 (1~ Fala))da

P ﬂ a=1 b=r+1
n

ton Tmy 2 [ HF (2)(1 = Fale) 1 (1= Fale))fis(x)dw.(10.4)

j=r+l g . b=r+1
b#j

Relation (3.2) is derived simply by rewriting Eq. (10.4). o

11 APPENDIX B

Proof. of Relation (4.1)

From Eq.(1.2) , we have

5&&3'1) CTS"Z£ .£xk ! l I:[ za m)fzr )b:I:[j-l(Rb(y) —F}b(a:))f,-s(y)x
11 (1= Pefu)dady (1L1)

From Eq. (1.7), we find
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]
éf"{il‘,) == c‘,xs:n z\,?nir f _/."Z:k—ly /\ ( H “IG( )( ET‘(‘T))X
p 3 3

s—1 n

fiswy 11 (1= Fie(y))dzdy . (11.2)

I
b=r+1 c=s-+1

et J(y) = [ ﬁF(xm-)(l—F(r) T (Faly)- Fa(e))dz . (109

b=r+1

—
~
J4
—
s
~—
P
s
o
e
=
~—
~—
b

r—l s—1

) = - :fjx’:m:au N (@) (@)1 = Fol@)) TT (Folv) - Fue))de

=17 a=1 b=r+1

[ TRl @1 = Relo) T (o) - Fofe))ds
+ [ TP @olo) TT (Pule) ~ Fa(o)ds
+ 5 T RN @0- R T Re Ak, o
Upon splitting the first term in itegrel ( - bij(z)) in two integrations .we find
B = Crm T mir{ - 51 ot T Rl (@ () e »

1 =
J=18 B g;éj
1 n

(Fio(v) = Fa(2)) fis(v) T (1 = Fio(y))dzdy

1 c=s+1

S

}

o, 4
™S
LJ”

r

@
L b

r—1

-+

s—1

'_ua<x>/\'<x>x<y>ffj<w> IT (Faly) - Fis(z))x

b=r+1

ryl ]

.
ll
—

(g

L
7

on

fis(y) 11 (1 = Fi(y))dzdy

c=s+1

—

2 T1 Fa(@)X (@)X )1 - Fin(2) TT (Faly) = Fa(z))x

dé b=r+1

fislw) T1 (1= Fu(y)dady

|
WS-,
W@

P

§ y 7 n
+££$'” ’aiz o (z)A (@ )/\'(y)fir(%)b_i{F (Fa(y)—Fiu(2)) fis(v) _ql(l—ﬂc(y))dwdy
s—1 S y =1 s—1
+J=T¢1 {; £ ¥y 13 Fo(z)N (2)X ()(1 - Fi,(x))fij(x)b_ﬁ (Fa(y) — Fa(z))x
L
Jis(v) ﬁ (1= Fi(y))dady }. (11.5)

c=c+1
From Eaq. (1.8) , we have

)
s

o
B

R
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13 Reiations ior moment
class of distributions random variables and applications.

o 5:£ fary Hl Fale)N () (3) 5(2) %
| ﬁlmb(y) = B fulo) TT (1= Pely))dndy
+ o 5 Jo 11 1 Fele @Y fsle), T (Fafo) = )
) 11 (1~ ly))dady
- [ T Rale) o (@)Y W) TT (Pule) = Fa() ) »
P BB e=1 b=r+1
_1'1(1 — Fio(y))dady
s vy r—1 / -
#Zme [ ]2y T Pl @X fie) T (Falo) — Fafa) alo)
ﬁu(l = Fie(y))dzdy
£ _z“gfﬁr TT Ful@X (23 ()1 = Fi(2) fis ()
1 (P0)=Palo) o) TT (1= Fuy)dorty 3 (119
Onb#ojther hand e : .
W = e D[ [a X @) T Fule)fole) TT (Falo) - Falo)) o)
_@1(1—Ec(y))dydw : (11.7)
From Eq. (1. 7) we have B |
s=1
777,5171 D _Cr,smzmzséfrl yl ! i—l -an( )fzr(x) b:QI(Eb(y) - Eb(’n)))"(y)/\l(x)x
(1~ Fu(w) 1T (1 Fuly))dyda | (119
| ;T | |
Let I(x) = [ 4'- bﬂi () = Fal@)X ()(1 - Falo)
I 0-Redy. )

Integration by parts yei]ds

- - E fy Fi(y) ~ Fa()) fi5(0) N () (1 — Ff‘s(y))x

J—"‘+1 T b—7'—rl
b#j

s of order statistics from independent ana Non-ideniicy} general
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14

n

H (1 - Ec(y>)dy

- [0 T (Rl - Falen1 - o) T (1= Pl
]300 T (Rt - Ralfute) T (1~ Pula)ay
¢ 2 [ T (Rl - BN - B ‘
c:gl(l — Fie(y))dy . (11.10)
c#j

By using (1.8) we have

It = ~Cran 1M £ /e T@Ea(w)ﬂr(w)ﬂx)x

k)
T (Rao) = Pate) £60030) (1= Ruto) TT (1~ Pelohaes
b#J
o [ T Rl X (S 1 T (Falo) - Fule)x
c_111(1 — Fie(y))dydz
teron T | o0 T Ra@ula @) T (o) = Fale) il
C_Ill(l — Fie(y))dydz
senTme 32 [ [ T AoV @V 0) T (Ral) - Fute
(1= Fis(v)) £i; (v) C_Iil(l—Fw( y))dydz . (11.11)

Adding (11.6), (11.11) and simplifying the resulting expression, We obtain the
relation (4.1) o
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