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NEW CLASSES OF BI-UNIVALENT FUNCTIONS ASSOCIATED
WITH ¢-ANALOGUE OF STRUVE FUNCTION

A. A. THOMBRE, D. N. CHATE, MALLIKARJUN G. SHRIGAN

ABSTRACT. In this paper, we introduce and explore a new subclass of bi-
univalent functions defined using g-analogue of Struve function in the open
disk using quasi-subordination. For functions within this subclass, we provide
estimates for the first two Taylor-Maclaurin coefficients. Some consequences
of the main results are also observed.

1. INTRODUCTION

Let the set of all complex numbers be denoted by C and let the unit disk
(¢ € C:[s] < 1) be denoted by U. Let Q be the class of functions () of the form

(6] :<+§: a;¢), (s el), (1)
j=2

which is analytic function in the unit disc U and S be the subclass of Q consisting
of univalent functions.

For the functions [.(¢) = 3" aj ¢’ where r = 1,2 and both are analytic in U, the
=0

J_
Hadamard (or convolution) product of [; and 5 is defined as follows:

(Lxla)(c) :==¢c+ Zamajg J,sel. (2)

=0
For two functions h, g € Q, we say that h is subordinate to g, denoted as h(s) < g(),

oo .
if there exists a Schwarz function £(s) = > bj¢) that is analytic in U, satisfies

=1
€(0) = 0, and has the property [£(z)] < 1 for all ¢ € U, such that h(s) = g(£(s))
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for all ¢ € U. Further, if the function g is univalent in U, then the next equivalence
holds:

h(s) < g(s) & h(0) = g(0) and h(U) C g(U).

The concept of quasi-subordination for two analytic functions is due to Robertson
[27]. The function h is said to be quasi-subordinate to g, engraved as h(s) <, g(s),
if there exist the analytic functions ¢ and w, with w(0) = 0 such that |o(s)| < 1,
lw(s)] < 1, and h(s) = o(s)g(w(s)) for all ¢ € U. Note that, if o(c) = 1, then
h(s) = g(w(s)), hence h(s) < g(s) in¢ € U.

Let S*(7) and C() represent the subclasses of Q consisting of functions that
are, respectively, starlike and convex of order  (where 0 < < 1) in the unit disk
U. Thus, we have (see, for details,[13], [28])

S*(y) = {[:Ie Q and Re (f;?) >, (cEU;0<y < 1)}, (3)
C(y) = {[:Ie Q and Re <1+§[[(S)> >, (ceV;0<q < 1)}, (4)

where, for convenience,
§*(0)=8*, C(0)=C.
It is a well-established fact that
[(5) € C(y) & <l(c) € S*(v).

Srivastava [31] used different operators of g-calculus and fractional g-calculus
and remembering the definition and notations. Let 0 < g < 1, the g¢-derivative is
defined as (also see [29])

Has)=Us) ¢ 0
Qq([(@) = (-1 » 1ore £0, 5
r(0), for ¢ = 0.
We note that lim D,(I(s)) = I'(s). For function [ given by , we deduce that
q—1—

D,(1()) =1+ [i,qlas ",
i=2

where 4
1—¢ . )

=14q+..4+¢ —j
I—¢q

As ¢ — 17, [i]y = j. For a function h(s) = ¢’, we observed that

l,ql =

24(h(s)) = D4(¢) = T2 97 = fual
lim (D(h(s))) =3¢~ =1'(s),

q—1-

where b’ is the ordinary derivative and [j, g] is the g—integer or basic number j.

The Koebe one-quarter theorem [I3] guarantees that the image of the unit disk

U under any univalent function [ € S contains a disk of radius i. Accordingly,
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every function [ € S has an inverse [~!, which is defined by

(<)) =5, (s€U)

and
1
[([_1(w)) =w, <|w| < ro();ro(l) > 4) ,
where
g(w) = I"Hw) = w — agw? + (2a3 — az)w® — (5a3 — 5azas + ag wr +--- . (6)

We denote by X the class of all functions [(¢) that are bi-univalent in U and can be
expressed through the Taylor-Maclaurin series expansion given in . Examples of
functions in the class ¥ are

WO =z b= toa(1-9. k()= gion (1 ).

It is well known that the special functions (series) play an important role in
geometric function theory, especially in the solution by de Branges [9] of the fa-
mous Bieberbach conjecture. There is an extensive literature dealing with geomet-
ric properties of different families of special functions, particularly the generalized
hypergeometric functions [I1], 20, 23] 24] and the Bessel functions [0, [7]. Some-
one can find more information about geometric properties of special functions in
[1 8, 14} 24]. Struve functions find applications in various fields, including water
wave dynamics, ground wave analysis, unstable aerodynamics, resistive magneto-
hydrodynamic (MHD) instability theory, and optical directionality. More recently,
Struve functions have appeared in many particles quantum dynamics studies of
spin decoherence. We refer, in this connection, to the works of [30] B35].

The generalized Struve function of order p which is defined as

- (_C>j S 2j+p+1
Wp(g)_gr(j+%)r(p+j+HT2) (2) ' @)

Although the series in the above definition is convergent everywhere in U, the
function wy(s) is generally not univalent in U. We consider the function u,(s)
defined by

wl6) =2VAT (p+ 152 ) (), (VI 1), 0

Using the Pochhammer (or Appell) symbol, defined in terms of Euler’s gamma
functions by

(/\)}_F()\+j)_ 1, ifj =0,
O T) A+ (A +j—1), ifjeN.

We obtain for the function u,(s) the following form

up(<) =§+§:%d} (s € 1), (9)
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where k := p+ 22 £ 0,—1,-2,--- . This function u,() is analytic in U (also refer
[12).

For 0 < ¢ < 1, the g-derivative operator for u,(s) is defined by:

0/4 i up(as) — up(s)
Dqup(s) q<+z 3/2);( ]_g(ql)
=1+) 3/20/4 i,q)d", (ce,
j=2
where
1_ 4 -1
b,q]zl_q—HZq, [0,q] := 0. (10)
=1

For 6 > —1 and 0 < ¢ < 1, define the function Ii:g(g) :U — C by:

+Z 3/26/4 5+[j1‘ﬂq] J, (sel. (11)

where ¢-shifted factorial for any non-negative integer j is given by

. , ifj=0
[J? q]! = . .
[1,4]12,q)...[i,q], ifjEN
and g-generalized Pochhammer symbol for s > 0 is defined by

1, ifj =0,
[s,q]; = . .
[s,q][s+1,q]...[s+j—1,q], ifjeN.

Remark 1. A simple computation shows that
I2:1() * Rys1() = Dqup(s),s € U.
where the function Rqs4+1(s) is given by

5+1q] 1]

, ceU).
T ( )

Rq,(i—‘,—l =q¢+ Z
=2
Now using idea of convolutions by El-Deeb and Bulboaca [I5], we define a linear

operator W;?Z :Q — Q0 as

Well(s) = T7(c) * —<+Z 3/26/4 5+[j1q1]] a;s’

:§+Zi9jajgj, (0>-1,0<¢g<landsel), (12)

where coefficients of {1);};Z, are given by

o e )
NCTON GRS R
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Remark 2. Taking different particular cases for the coefficients 9¥; we obtain the
next special cases for the operator Wg:g

1 i— D\ i, ql!
(i) ¥; = < +5:_fg )) B —l—[liqij] ,m € Z,5 > 0,u > 0, we obtain the
yqlj—1
operator W,fg = LT, studied by [26).
o (=)TITEe+1)  fhl! , S .
(i1) 95 = G600+ 17q]j71,C > 0, we obtain the operator Wy'¢ :=
’Hg’q studied by [15].

n+1\" [, q]! ) s
1) 95 = - ,a > 0,n >0, we obtain the operator W,>% :=
(##) 9, (nﬂ) [0 +1,q]j-1 "

Go< studied by [10].

. mt . 4] : 54 ._ g6m
(iv) 95 = G- 1)6 B+ q}j_17m > 0, we obtain the operator Wy'. = J;”
studied by [25)].

il
(v) ¥ = [5+[]71,q]q.]j_1’ we obtain the operator Wg:g =80 studied by [5].

Remark 3. From the definition relation (@, we can easily verify that the next
relations hold for all 1 € Q

(i) [6 + 1, gWydi(s) = [6, W, S 1) + *s DWW L1I(s), < € UL
y : 2 ! (=c/4)
(ii) M 1(s) = lim WOU) =¢+ 3 ai¢’, ¢ € U.
" g1 P =5 (6 +1)5-1 (3/2);(k);
Recently El-Deeb et al. [18] investigated geometric characteristics of new sub-
classes connected with a g-analogue derivative and obtained non-sharp estimates
on the first two Taylor-Maclaurin coefficients as well as Fekete—Szeg6 inequali-
ties. It was followed by such works as those by Srivastava and El-Deeb [32],
El-Deeb and Murugusunderamoorthy [17] and El-Deeb and Orhan [19] (see also
20 Bl 4, 21, 22 B3] 34]). Motivated by aforecited work, we introduce classes of

analytic bi-univalent functions using the operator ngg, as follows.

Definition 1.1. A function I(¢) € ¥ given by is said to be in the class
NE(W, v, w), if the following conditions are satisfies:

1 S (ngz[(<)>/

W1 | (= i) + we (WEH))

;1| <o (@)~ 1)

and

i w (W,fizg(w)> 1] =, (w(w) _ 1)7
VI (= o Wsg(w) + vu (W g(w))

,C

where 0 <v < 1,9 € C\ {0}, 0< g <1,¢€U and the function g is given by ().
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Remark 4. For ¢ — 17, a function [(¢) € ¥ given by is said to be in the class
Ns (Y, v, @), if the following conditions are satisfies:

1 < (W;Z,J(c))'

T (1= W 1(6) + v (W5 1(9))

P 1 <o (w(s) = 1)

and
/
| w (Wi e9w))
[ (1 =)W, g(w) +vw (W,fgg(w)>
where 0 < v < 1,9 € C\ {0}, € U and the function g is given by (6)).

7 1 <o (w(w) - 1)7

Remark 5. For v =0, a function l(¢) € ¥ given by is said to be in the class
Ns (v, @), if the following conditions are satisfies:

1 S (ng,c[(g))/
ARG L <o (w(s) = 1)

and /
1w (W)

m W}i)cg(w) -1 _<Q (w(w) - 1)7

where ¢ € C\ {0},¢ € U and the function g is given by (@

The well-known Carathéodory’s class P of analytic functions in U, normalized
with P(0) = 1, and having positive real part in U, that is ReP(¢) > 0 for all ¢ € U
[10]. To prove our results, we need the following lemma.

Lemma 1.1. [13] Ifp € P, then |cx| < 2, for each k > 1 and the inequality is sharp

for each n. In particular, equality holds for all n for the function p(s) = = =

1—¢
1+ > 2¢7.
i=1

Definition 1.2. A function () given by and ¢(s) and p(w) in P such that

P(¢) = 1+ d15 + dos® + ..., (14)

p(w) = 1+g01w+g02w2 + .., (15)

then [(s) is said to be in the class Ni(¢, 0,9, v,w), 0 < v < 1, ¢ € C\ {0},
0<qg<1,5eU, if the following conditions are satisfies:

[€ X and L ° (ngg[(g))l

F— L[ eo)  (16)
I\ = W) + v (W)
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and
1 w (W;fiig(w))/

%] (1= )Wpig(w) + vuw (Wi,cg(w))

7= 1] €p) (17)

where the function g is given by @
In this paper, we obtain the coefficient estimates for the functions of the classes

Ng(wvyaw) and Ngz(ﬁba%w,%w)-

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS N (¢, v, w@).

Unless otherwise mentioned, we assume throughout the paper that w is analytic
in¢ e Uand w(0) =1 and let

w(s) =1+ Bis+ Bas®> +..., By >0. (18)
and
Z(c) = Ao+ Ars + A + ... |2()| £ 1L,c € U. (19)
Theorem 2.1. Let (<) be given by belongs to the class N3 (i, v, @), then
0] < [¥[]Ao|B1vB1
V21ag B (1 — v)03 — {tagB3 (1 — v2) + (As — Ay)(1 — v)2} 93
and

[YA’BY | [vAi|By 1 Ao| By

(1-v)29%  2(1—v)d3 2(1 —v)ds3

where 0 <v <1, € C\ {0}, 0<¢<1,¢e€Uandd; j =123}, are given by
{73).

Proof. If | € N&(¢,v,w) then there exists analytic functions u,v: U — U with
u(0) =0(0) =0, |u| < 1, |v] < 1 such that

lag| <

1 S (sz’zik)),
o | -1 = 2@ -1 (20)
W = mpwsc) +vs (W)

and
1 w (Whtatw))
|| (1— V)Wg:zg(w) +vw (Wgcg(w))/

We set the functions §; and f; in P such that

fils) := T—rﬁg =1+ 516+ 5267 + -+
fa(w) 3:m=1+t1w+t2w2+'”

It follows that
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and

_fw) -1 _t _ e
o(w) = 2T = —|—(t2 1) T (23)

Using and together with and in right hands of the relations

and (21)), we obtain
1
E((@(u(<) = 1) = j4oBis1¢
1 1 52 1 2\ o
+ §A1B181 +§AOBl s2- 5 |+ 1A03281 Tt (24)
and
_ 1
SE(w)(w(v(w)) —1) = QAoBltlw
1 1 t2 1
+ <2A131t1 + 514031 (tz — 21) + 4140321*,%) w? + -
(25)
In light of and , we get
1—v)d AgBys
Q) _ Aoy .
2(1 — V)193a3 — (1 — 1/2)195(1% - A1B181 A()Bl S% AOB2 2
" = 5 + 5 52 > + 1 s1 (27)
and
1—v)Y AgBqt
_( 1/}) 2a2: 021 1’ (28)
2(1 — 1/)193(2(1% - CL3) — (1 - 1/2)193(1% AlBltl A()Bl t% A()BQ 2
= —— . (2
" 5 + 5 ta 9 + 1 t. (29)
Using and , we get
S1 = —tl (30)
and
8(1 —v)*03a3 = Y2 AFBY (7 +17) . (31)
Adding and , we get
4(1 — l/)'lgg — 2(1 - V2)19% a% _ AOBl(SZ + t2) + AO(A2 B Al)(sf + t%) ) (32)
(0 2 4
By using 7 and Lemma 1.1 in 7 we get
|Cl2|< |w”A0|B1VBl
T V20aoBi (1 - v)0s — {$agBY (1 — v2) + (A2 — A1) (1 —v)?} 93
Next, to find bound on |as|, by subtracting and , we obtain
4(1 — Z/)’l93 AoBl (82 — tg) AlBl(Sl — tl)
71/) (a3 - a%) = 5 + B . (33)
Using , and , we get
_ YARBI(st+1]) | YALBi(s1 —t1) | $AeBi(s2 — ta) (34)

Jas| 8(1 — v)293 8(1 —v)vs 8(1 —v)d;
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Applying Lemma 1.1 once again for the coefficients s1, t1, s2 and to, we get

[ Ao|* B |9 A1| By | Ao| By

(1—v)292  2(1—v)d; 2(1—v)ds

This completes the proof. ([l

las| <

If we take v = 0 in Theorem we obtain the following result
Corollary 2.5. If the function I(s) given by belongs to the class N&(¢, @),

then
‘a2‘< |¢||AO‘B1\/Bl
o \/211)@03%’193 — {waoB% -+ (AQ - Al)}’ﬁ%
and
2 2
o) < [PAPBY | ABs | 0B,

92 2193 2093
where p € C\ {0}, 0< g <1,¢c€U and;, j={2,3}, are given by (13).

3. GENERAL COEFFICIENT BOUNDS FOR THE FUNCTION CLASS
qu(¢7@qua I/,W).

We begin this section by finding the estimates on the coefficients |az| and |as|
for functions in the class N&(¢, v, 9, v, @).

Theorem 3.2. Let () given by belongs to the class N (¢, ¢, 1, v, @), then

|a|<min{\/|¢|2(|¢/(0)|2+|9"/(0)|2) ¢ 918" 0) + [ (O] }
B 8(1 —v)203 "\ a2 —v)ds — (1 —v2)93}

and

[P O + [/ O} | [¢[1¢"(0)] + " (O)]}

4(1 — v)292 8(1 —v)d; ’
where 0 <v <1, € C\{0},0<¢g<1,¢eUandd; j=1{23}, are given by
@
Proof. : We write the argument inequalities in and in their equivalent
forms as follows:

1 S (W/fjg[k))/

T (1 =Wl + s (wino)

las| <

-1 =9¢(c) (sl

and
i

1 w (ngg(w))
| (1 = )WPg(w) + v (W,‘E,Cg(w))

—1| =¢p(w) (wel),

where the function g is given by @ The functions ¢(s) and p(w) have the following
Taylor-Maclaurin series expensions:

B(s) = 1+ 16 + as® + ...

and
o(w) =1+ 1w + wow® + ...
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Now, upon equating the coefficients of

1 S (W;fi‘é[(@)/

— 1
/!
W = mwinc) + v (W)
with those of ¢(¢) and the coefficients of
!/
1 w (Wtg(w)) X
il -
= nwitg(w) +vw (W g(w))
with those of p(w), we get
1—v)
%c@ = ¢1, (35)
2(1 — V)’l93a3 — (1 — Uz)ﬂ%a%
= @9 (36)
Y
and a 9
—v
—72@ = 1, (37)
2(1 — v)¥3(2a2 — a3) — (1 — v?)9¥3a2
(=002} ) =1 =B _ 9
Using and , we get
¢1=—p1 (39)
and
8(1 —v)*05a3 = v* (1 + 1) (40)
Adding and , we get
4(1 —v)d5 — 2(1 — v?)V3
(L = )5 = 2 ) a3 = d2 + o (41)

(G

Therefore, we find from the equations and that
laf? < ¥ (121(0)1* + 11 (0)%)
2= 8(1 — v)202 '

and
(9] (192" (0)] + |5’ (0)])

21— v)0s — (1 — 123}

Next, in order to find the bound on the coefficient |as| , we subtract from

and upon using . We thus get

_ [wP{st + vt}

41— v)293

laz|* <

Y(p2 — ¢2)

HTTREA T

as

We thus find that

lag| < [LP{¢ O + [/ O} | [¢H1¢"(0)] + " (O)]}
5= 4(1 — v)292 8(1 — v)¥s '

This completes the proof.

If we take v = 0 in Theorem ([3.2)) we obtained following result
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Corollary 3.5. Let I(s) given by (!) belongs to the class N&(¢, ,, @), then
2 / 2 // 11
o] < min \/|w| (£ OP +1¢0) \/wl O+ 1))

802 4{205 — 02}

e WSO + 2 OF) | [9l{6”0)] + 10" (0)]}
2 2

jas| < 402 * 80, :

where ¢ € C\ {0}, 0< ¢ <1,ceU and;, j ={2,3}, are given by (13).

4. CONCLUDING REMARK

Throughout the paper, we used the definition of ¢-difference operator and Struve
functions to introduce the classes N (1, v, @) and N&(¢, ¢, ¥, v, w). Moreover, we
calculate the coeflicient estimates for functions belong to these classes.
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