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ABSTRACT

This study presents the fractional modified Atangana-Baleanu-Caputo
derivative for the solution of a non-homogeneous nonlinear coupled system of
hyperbolic partial differential equations. The system has also been solved in the
Atangana-Baleanu-Caputo derivative to prove that it is effective for these kinds
of problems. The system has been fractional in space-time, and it has been
demonstrated through research that the suggested approach is second-order
convergent in both space and time and conditionally stable. The numerical
method non-standard finite difference has been provided toward the conclusion
to compare the exact and numerical results to the problem. The stability of the
current system was explained by applying Von Neumann analysis. The
effectiveness and reliability of the theoretical estimations are demonstrated by
the numerical solutions.
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1. Introduction

Fractional differential equations have drawn a lot of
interest in applied mathematics and engineering over the
past 20 years. In addition to being a hot topic in
mathematics, fractional calculus has applications in a wide
range of other fields, including engineering, chemistry,
aerodynamics, control theory, physics, biology, continuum,
and statistical mechanics. This fraction may be seen as a
function in any variable, including time, space and other
variables. Therefore, fractional derivatives authors benefit
from displaying such unusual behaviors to explain various
processes. Such operators reveal the distinguished
characteristics of extended relationships, which the
criterion integer order differential equation can’t prove. The
solvability of boundary value problems (BVPs) for nonlinear
fractional differential equations has been investigated in
recent years, fixed point theorems are typically used in
these kinds of issues to explore the existence and
multiplicity of solutions [1]-[3]. The fractional order calculus
is a logical progression from the constant order calculus.
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Although literature now offers several definitions for
fraction derivatives, the most widely used are Riemann-
Liouville, Caputo, and Atangana-Baleanu derivatives, we
refer the reader to basic books [4]-[7]. Fractional
differentiation is always evolving to address practical
issues, and compared to integer-order derivatives,
fractional derivatives are more advantageous because they
may characterize memory and the inherited characteristics
of physical materials [8].

Differential equations can also be solved numerically
using the nonstandard finite difference technique
(NSFDM), numerous issues, including linear and non-linear
partial differential equations, have been resolved with its
help. This approach can be used for a region that contains
a variety of materials, problems with arious boundary
forms, and numerous kinds of boundary conditions [9]-[12].

One of these issues that draws in a lot of scientists is
the hyperbolic partial differential equations, which are very
useful in physics and mathematics and have numerous
applications. A review of numerical methods for non-linear
partial differential equations was given by Polyanin [13] and
Tadmor [14]. Nonlinear hyperbolic partial differential
equations have been applied in different fields, such as in
hypoelastic solids [15], astrophysics [16], electromagnetic
theory [17], propagation of heat waves [18], [19], and other
disciplines. Numerous authors in relevant domains like
biology, physics, electrical networks, fluid flows, and
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viscoelasticity attempt to model these occurrences as
coupled systems [20]-[23]. Furthermore, because coupled
systems of fractional differential equations are found in
many scientific applications, the study of these systems
has garnered a lot of attention (we refer to [24], [25], [26]).
With the use of the NSFDM and Taylor's expansion of
function, a numerical method for discretizing the modified
Atangana-Baleanu-Caputo derivative (MABC) derivative
has been created in this study. Regarding the solution of
the hyperbolic partial differential equation [27], consider the
following space-time fraction for the non-linear coupled
system. In recent years, mathematical systems could be
depicted suitability and more accurately by employing the
fractional order derivative. More recently, Atangana-
Baleanu-Caputo sense (ABC) defined a modified Caputo
fractional derivative by introducing generalized Mittag-

T T

Vit — Vyy
with initial and boundary conditions,
u(x,0) = f1(x)

u(x,0) = £ (x)
u(a,t) = f3(t)
v(a,t) = g3(t)

v(x,0) = g,(x),

ve(x,0 = go(x),
u(b,t) = fu(t),

v(b,t) = gu(t),

Leffler function as the non-local and non-singular kernel
[28], [29]. These new types of derivatives have been used
in the modeling of real-life applications in different fields.

The paper is organized In the following way: In Section
(1), the introduction, the model is presented together with
their fractional form. Section (2) contains the fraction
calculus definitions. The method for non-linear coupled
systems is described in Section (3), additionally, it explains
the fractional derivative schemes for ABC and MABC
derivatives. Section (4) presents truncation errors for the
proposed model. Section (5) presents stability
assessments and their conditions. Section (6) contains
numerical graphics and results. Section (7) conclusion.

1
U VU = f(x,t), t€[0,T]and x € [a, b],

—%vx —uwv, = g(x,t), te[0,T]and x € [a,b]. 1)

xela, b],

xela, b],
xela, b],

xela, b]. 2

Where u(x, t), v(x, t) are unknown functions. The time fraction of orders 1 < a <2 for the

equation (1) is given,

1
MABGD?‘ ug(xt) — MABGDE U, (x,t) —% u, (x,t) — vi(x, tu,(x,t) — f(x, t) = Ry,

MABCD®y, (x,1) — M""ECDEVH(}{, t) — %vx (x1t) — uxove(xt) — gxt)=R,. (3)

Where MABC p& and M45€ pFare the modified Atangana-Baleanu-Caputo MABC fractional

operator for time and space [28] for the same boundary and initial conditions.

2. Fractional Calculus Definitions

There are many definitions of fractional calculus of order a the most basic and relevant definitions are
discussed in this section (see [5], [31]), such as Riemann-Liouville’s definition, Caputo’s fractional
derivative, Atangana-Baleanu fractional derivative in Caputo sense and the modified ABC fractional

operator,

e The Riemann-Liouville fractional derivative of order a, 0 > a > 1 of a function f(t) is define as:

1 d”
Cr—a)dt”

LDE £(£) =

o (t—Drtf(n)d. (4)

e The Caputo-Fabrizio derivative with fractional order when f(x,t) be a function in
H'(a,b),b = aanda € C,0 = a < 1 see [32]-[34], will define as,
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CFDaf(t) _ 2 Bla@) f;[:f(x,t) — f(x, r)) e%dn 0O<a <1 (5)

tl o)
where, B(a)=1—a +ﬁ is normalization function such that B(0) = B(1) = 1

e The Atangana-Baleanu-Caputo fractional derivative [35] is defined as,

CEDEFO) = 55 = Jy B (e ) fdds, 0 <<, ©

r(
that presents the ideal properties of non-singularity, and non-locality of the kernel.

where Eqis Mittag-Leffler function where, E.p (K) = Z !‘—ﬁ it is a modified form of Caputo-Fabrizio

e The modified Atangana-Baleanu-Caputo MABC fractional operator in L!(0,T) in Caputo
sense [28] was defined as,

MABCDS £ (1) —(Bl“zl [F77() = Egepeer f17H0) — 1 Jy (€ = )77 Egp(—pig (£ —
5)%) fr1(s)ds].
)

Where pu, = _— The derivative is definedfor1 < @ < 2andn-1 < § < n,whered=a+n-1.The

MABC fractlonal operator leads to new solutions of several fractional differential equations and a
description of the dynamics of fractional processes.

3. The Method for Non-linear Coupled Systems
Let’s consider that the solution domain of our problem is x; = 0,x, = L and x; = ik such that
= 012...Nandh = dx =7 .Letty, =0, ty = tyg,Where j = 0,1.2,..,M, t; = jkand

k = dt =mexis divided into intervals having equal lengths h in the x direction and k for the t direction. The

values of the solutlon u] are given by u(x,,t;). Expand u(x,t;) using the Taylor's expansion around t; for
te (tj, tJ-H)to get the NSFDM approximations for the terms u, and v, as follows:
ey it ©
2¢(h) 2e(h)

Use the following equations to obtain the space-time discretization for the model (1) by the Atangana-
Baleanu-Caputo and the Modified Atangana-Baleanu-Caputo derivatives:

8 1 ( lj+l _ uj+l (uj+l _ uj+l .
ABCyu . +.) _ ABC T P i+t1 i-1 l i+1 i-1 = 7!
DRu(t) — okt - (Mg ) (M) - o
(MEVIEN _ g () '
ABCD&V(Xi,ti] _ ABCDEK [x,,t] m (W - u’i W = gL (9)
B [:lll+l o ll]+.1. (u]+l o ll]+.1.
MABCya e MAEBC i+1 _ gl i+1 |
D“u(x,,t]] D; u(x,,t) x,( 2¢1(h) ) VI( zq:(h) ) f:’
L () ()
MAREDE V() — MATDE () — o (%T B el 1 (10)

3.1 ABC Derivative Discretization

For getting the time fractional derivative scheme in ABC derivatives put n=2 in equation (6) and
1 < a < 2 for the function u(x;,t;) we will get,

4%¢pg u[:xz-,tj] = % frEa (—He(t—5)%) u'(xy 5:)ds,

where yi, = — and let M(a) = Bla)
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;+1 ko j —J.') £
43¢ pg ] M(a)(z som— 90 [ Eauglt—9) ds
0

-1 Ji—k_ -1k a
=M(ﬂ)(z %—Gﬂfz)) [(t = tx = D) Eqy(—pa(t =t — 1) ) = (t; — tz)

k=0
Eoy (—ta(t;— )]+ Ry fort>o. (11)

For getting the space fractional derivative scheme in ABC derivatives put n=2 in equation
(6) and 1 < g = 2 for the function u(x;,t;) we will get,

45¢ pf u(x,, t;) = % Eg(—pg(x— q)f) u'(qyt)dq,

ABCD ul ZM@)(Z [:Hz+12h¢(h)z 1- h] — $(h2) fo Eﬁ(—pv[x—q)ﬁ) d

= M[ﬁ)(z B Ziﬁv (h)z 1-1) — (MN[0 — %y, — 1Eg, (—pg(x; — x, — 1DF) —

(x; — %) Egy (—ag (% —x)F)] + Ry, forx > 0. (12)

Where M(f3) = % and R,,,

derive the discretization schemes for the system equations (9) to get the time-space fractional schemes as
follows:

R, are the truncation errors for the non-linear coupled system equations. To

_WZ o by = Dol e~ D) (5 0w (=) )]

1 [ i )
A fugy, U N Y S = —f-j _
x\ 2em i 260(h) i

M(ﬁ)(z ({H;;—c:::i_h\] — d(h®) [(x; — x,— 1)Eg, (—#5@' —xp — DF) — (x,— xp)Eg (_.u,c;(xf —x)F)] -
h=0

(13)

By taking the same steps for the equation v[:xi-,tj) in the coupled system, to get the time-space fractional
derivative schemes,

M(«)(z( ) (=t~ sl — = 1) = (5~ ) (o~ 2]
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2gp(h)
EY Kt g H i g
x] 2¢(h) 2ab(h)

3.2 MABC Derivative Discretization

For getting the time fractional derivative scheme in MABC derivatives put n=2 in equation (2) and
1 < a < 2 for the function u(x,,t;) we will get,

MABCDE ] = 2 [u (1 t;) = Bal—hat™ute(ut; lemo — e [5(6 = )% Eqa( =g (¢ = )" D (xe5;)ds| =

j_l_i"H.k ul 17k w1y ik
M(a) 0k~ Eal ot W) —pig [ [ ) M
k=0

O] (t — )" Egq(—tigt — $)¥)ds], fort> 0,
where w(x) is function,

M T i WPk ok
MABCDa 3] — M(a) 20”“ St — M(a)E,(—p t"Iw(x) — M(a) py o
k=0

k=0
[(t —ty) Eaa+1[: —uq(t I.']a) - (tj - tk+l)aEcr.a+l [:—Ha[:tj - tk+1)aﬂ + Ry

_M(ﬁ)(z (reaca=rlocn) ¢ (h*) [(x; — 2 — DEg y (—pp (s — % — DF) — (x; — %) Eg (—pap (s — x)F)] —

(14)

(15)

For getting the space fractional derivative scheme in MABC derivatives put n = 2 in equation (2) and
1 < B < 2 forthe function u(x;,t;) we will get,

M4 D ] = 2 Ty (xity) — By (g Yt Lemo — g [ G — )P~ Eg (g (e — )P u'(a.t;)ddq] =

i-1 i-1
w, —ul uJ:L _ —uJ:L_ B
M(B) E W — M(B)Eg(—upxP)w(t) — M(B) ug E W

h=0 h=0
[ — x)PEg s (—1p(x — %)) — (% — %y 1 )PEg gy 1 (—1p (% — %11 )F)] + R,
(16)
Where w(t) is function and R, R, are the truncation errors for the nonlinear coupled system equations. To
derive the discretization schemes for the system equations (10), for t; = jkand x; = ih,

j_lwrﬂ—k “; 1-k -1 u;+1—k_u;—1—k
e a _ MM
M(a) 2000 M(a)E (—p t“)w(x) — M(a) pu, 2000
k=0 k=0

[(fj - tk)aga.a+1(_ﬁa(tj - fk)a) - (tj - fk+1)aEa.a+1(—#a(fj - f.rzﬂ)a)] -

i—1 i—1
M ) “{+1—h_“{—1—h M )E ( B) ( ) M ) “{+1—h_“{—1—h
® 2o MBIE(—ppxfJw(t) — M(B) g 26

h=0 h=0

[(xi - xh)ﬁEﬁ.B+l(_ﬂﬁ(xi - xn)'ﬁ) — (x; — xn+1)'ﬁEB.ﬁ+1(—#ﬁ(xi - xn+1)'ﬁ)]

+1_jHL 1L
_ 1 u{H—uf -1 'Uij u_ir-l-l_u_:?—l _f_.f =R (17)
x;' 2¢(h) i 2¢(h) i 1
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By taking the same steps for the equation v[:xi-,tj) in the coupled system, to get the time-space fractional
derivative schemes,

-1 -1 .
VJ+1 k VJ 1-k v]-+1_k—v]-_1_k
M () Z W — M(a) Eq(—pat®)w(x) — M(a) pq z W

[(tj - tk)aEa.cHl(_UQ(tj —tk)a) - (tj - tk+1)aEa.a+1(—Ha(tj - tk+1)a)] -

i-1 ) i-1 )
z : Jo E : g
M(B) W — M(B)EB(_UBKB)W&) — M(B) pg 1+1—21:1)[h;—1—h
h=0 h=0

[(x; — Xh)BEB.B+1(_IJB(Xi —x,)P) — (x _xh+1)BEB.B+1(_I~lB(Xi —xp41)F)]

v v
xJ( 26(h) )_“i( 26(0) ) gl =Ro. (18)

i

For simplicity, we will write the system equation in the form:

-1
+1- k i +1-k i—1-k
A Z J ) - AlEa(_Uc:ta) —A HQZ('XJl in ) Sa
k=0 k=0

— i-1
—A; Z(Xiﬂ—h _xi—l—h) - A3EB(_UBKB) — A UBZ (Xiﬂ—h _xi—l—h)aﬂ
h=0 h=0

+1 +1
_XI(XJHl J1 ) —F=0G.

(19)

Where X, X1, F and G are square block matrices. Also, if the matrix X is invertible, then by writing this system
in a matrix form as follows:

1 v) -
X—(u)X B YO ) 0 Fe ff 0 G_(Rl 'D)
=\y) X = N il “=\lo R,/
0 SR 0 & :
20 (h)x;  24(h)
M(o) M(B)

A = M@w(x), A; = Az = M(B)w(t)

~ 20’ 24’

and

8 = [(tj _tk)aEu.u+1(_Ua(tj _tk)a) — (tj _tk+1)aEa.a+1(_l-'-ct(tj - tk+1)a)]-
8p = [(xi — xn)PEg gaq (—pp(xi —x1)P) — (% — xn41)PEg g1 (—1p(x; — xns1)P)].

Where R, and R are the estimated truncation errors for the system.
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4. Truncation Error

We will estimate the truncation error for the proposed numerical methods in (3.2) from the definition of
truncation error given by [37],

Ry = —M(@ X1 0k + A X2 0D ug [ (5= 5)" Eqa(—itat;—5) s + M(B) T, (0?) -

Ty

Ay Tyl O L3765 — P~ Egy (—up(ss — @)F)dg

= —M(@) T 0D + AT 0k?) 1o k[~ k— 1D Eqge 1 (et — tic + 1)) = ( —B* Eqqer (—pa(ty— 1) )] +
M(B) Z::U $(h?) - A, Z::U ¢(h?) hB[i—h—DPFEggy (—pplx;— 3, + DF) — (1 — )P Egg.y (—pglx; — x3)F)],

where A = M(au,and A" = M(B)ug, for the time step m = n let G, C and F are constants where t; = jk

and x; = ih are constants as defined,

R(1) = —M(a)Co— M(a)C; — AC; (1)%[( — D*Eqas (et — £1)" ) — (i — 2)%Eqe s (—a (t; — £2) )] —

G - z)aEa.aH. (—Ha [:tj - tz)a)] - M(ﬂ)cz —AC; (Z)G[G - Z)GEL‘LC{+1(_I‘[G (tj - tz)a) - E] - g)aEa.aﬂ. (—Hq (tj - tB]Q)] +-

MG - 2) - AC — 2D (@ Barrs (bl - &~ D)) (DBaars (el - = )]~ M@I(G— 1) = AG—
1(1)" [(1)aEa.a+l(_|-lct (tj _tj - 1)‘7‘)_ (O)GEC{.C{+1 (_“a[:tj - tj)a)]

+M(B)Fy + M(B)F; + A°F (DP[(i— DPEgg. (—pp(x; —x,)F) — (i — 2)PEg g,y (—pp(x; — x2)B)] + M(B)F, +
AF,(2)B[(i — 2)PEgg s (—np(x; —%2)F) — (1 — 3)PEggy (—pp(x; — xa)F)] + -
+M(B)(F;— 2) + AF;— 2(2)F[(2)PEg g1 (—1g(; — 3 — 2)B )~ (1PEgg.q (—pp(xi - x; — 1)F)]
+M(B)(F; — 1) + AF;— 1(1F[(1)PEg gy (—1p(xi — % — DDF)- (0)FEgps (—pp(x; - x)F)],
we can get the global truncation errors as follows,

Ry < CM()O(K?) — FM(B)$(h?), (20)
Since |Ry| = |R,]the space derivative of the first and second orders are approximated

as,
W/t -ultt 2 iy 2
Uy = W — (@), vy = W — (o)~
Which yields an accuracy of order
(0(k*) + 3 ¢(h?)). (21)

5. Stability

The stability of the schemes in (3.2) were examined using a technigue of Von-Neumann method (see
[38]) by considering Ry = R, = 0 which can be written in the form,

MABC na MABC 8 1 i _
Dt Uy — D.J.‘ ux.r_;u.r_vux_fi =0,
]
MABC pa MABC 1 j_
D v — Dy Uy T Uy — UV — g7 = 0, (22)
]

Let X, ¥, ¥, ,¥; and ¥, are square block matrices. Also, the matrix X is invertible, then By writing this system
in a matrix form as follows:

v, MAECDr X, — Y, MABCDE Xy B X, -V =0 (23)

10 10 &“”) 0 7 g
R R R LA RS ()
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_;-+1—J(_ i—1—k i-t JHI—k_i—1-k
¥ (M@ Z i —Mta}Ea(—par“:—wtx:-—Mtamaz o)

k=0
[(t _ta) Eaa+1( He( t; _tx.] )_[:t tk+1]a5aa+1[ ﬂa[ t;.+1] )])__

i— l i1 _ _
v, (M(ﬁ)z o) _ paig)y(—ngarpywee) —M(ﬁ)ﬂﬁz (trsnor)

h=0
[(xz _xh)ﬁ

X_J+l Jj+1
1 i-1
Egp+1 (—ﬂ,e (s — x,)F) — (o — xh+l)'GE,t?.,G’+l (—.Uw,c;(xs — 210D — W (712(‘?}(‘&)E ) - =0

By applying the mathematical required steps for the above system, we will get the form,

j-1 i i1 . j-1 i j-1 i i-1
N N N e, N e N )
20(k) 20(k) 20(k) 20(k) 2¢p(h)
k=0 k=0 k=0 k=0 h=0
i

i—1

( ; \] i—l( ; \] z'—l( ; ,j
* Eoa-wnl e i Hir1—n) * é Ka-nl . j+1 Jj+1
@ 2gp(h) d 2¢p(h) +d 2¢i(h) b H(XHJ. X ) P =0,
h=0 h=0

h=0

(24)
where a,b,c,d,a b *,¢ *,d *,H and P are constants where k = 1,2,...,j—1, h = 1,2,...,i—1,

a= Y;M(a), a* =Y, M(B), b=7Y, M(a)E,(—p tY)w(x), b* =Y, M(p )EE(—uﬁxﬁ)w[t),
c = [(tj —tk]aEi-erl:.(_uﬂ(tj_tk)“) - (tj_tk+l)aEa.ct+l [:_Ua(tj_tlwl)a)];
© = [ — x0)PEg e (—1p(x —xu)F) — (5 — Xy PEgges (—p(xs — xn41)F)],
Y3

d =acpy,, d* = a‘c* g, H=m, P=71,.

Applying the Von-Neumann stability analysis by assuming that X: = Ale™™ into the equations system (24) where

jti

I = y/—1 as follows. Divide the deduced equation by Ale™® and put every }LT = 1. Using the Euler formulas

(e —e~%) = 2isin(f) and (e'® + %) = cos(8) [38] and making some necessary arrangements we will have that,

. Zi—l (AR (141, q zi—l (A (1410, b zi—l e YRR giney I & Zi—l eIV ¥8 cogry k)
k=0 20(K) k=0 20(K) h=0 d(h) h=0 tih)

—b* — 21Hnsin(Yk)- P =0,
Therefore, given the conditions, schemes in (3.2) are stable if,

Inl = 1.
ji—1 i— ) i
1 J (UK _3-(1+10) {H}Z 1% — e~ Kb cog(Y k)
n=——|(a—d) ~b-a peo O gty
21 Hsin(Y k) 20(K) $(h)
k=0 h=0
— bl —pPl= 1.

(25)
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6. Numerical Discussion

In the following, NSFDM is introduced to study the fractional coupled hyperbolic system model (1), to illustrate the
efficiency of MABC derivative, we investigate the following example [36]. All values of the parameters are given in

tables (1)-(4) throughout this section we used &(h) = 0.5 sinh (?) and O(k) = 0.001(1 - e=99) at values of h = 0.2
and k = 0.2. Figures (1) show the numerical results for Ex (6) for the NSFDM to the functions u and v at

h = k = 0.1 using MABC derivative. Figures (2) show the error analysis for NSFDM at the same functions at h=k=0.1.
Figures (4) show the numerical results for Ex (6) for the NSFDM to the functions u and v at h = k = 0.1 using

ABC derivative. Figures (5) show the error analysis between the numerical results and the exact solution for the
same functions at h = k = 0.1. Figures (3), (6) show how the numerical solution for the function u and v are compatible
with the exact solution. Consider the coupled system of hyperbolic partial differential equation:
Example 1. Let us consider the exact solution for the functions u(x,t) = x?sin(t) and v(x,t) = x2 cos(t) of the non-
linear coupled system of hyperbolic PDEs (1), with the initial and boundary conditions [36] as follows:

u(x,0) =0 v(x,0) =x%, xe]0,1],

u,(x,0) = x? v,(x,0) =0, x€][0,1]

u(a,t)=10 u(l,t) = sin(t), =xe€ [0,1],
via,t) =0  v(L,t) = cos(t), xe€[0,1].
When

f(x,t) = —x*sin(t) — 2x*sin(t) cos(t) — 4 sin(t),
g(xt) = —xZcos(t) — 2x3sin(t) cos(t) — 4 cos(t).

Table 1: Comparison between numerical, exact solutions and their difference in error by using NSFDM and MABC
derivative for the function u at dx=dt=0.2.

at dx=dt=0.2, Numerical (CPU = 12.620 s) Exact Error
x=0 0 0 0
0.2 3.1175 x 1072 2.86942 x 1072 | 2.4813 x 1073
0.4 1.2105 x 107" 1.14776 x 1071 6.2771 x 1073
0.6 2.6086 x 107" 2.58248 x 10" 2.6166 x 1073
0.8 4.5932 x 101 4.59107 x 10™* 2.1951 x 10
1 7.1735 x 107! 7.17356 x 107" 0

Table 2: Comparison between numerical, exact solutions and their difference in error by using NSFDM and MABC

derivative for the function v at dx=dt=0.2.

at dx=dt=0.2, Numerical (CPU = 18.277 s) Exact Error
x=0 0 0 0
0.2 3.2394 x 1072 2.7868 x 1072 | 4.5266 x 1073
0.4 1.2130 x 107" 1.1147 x 10" 9.8318 x 1073
0.6 2.5275 x 107! 2.5081 x 10" 1.9401 x 1073
0.8 4.3685 x 107" 4.4589 x 1071 9.0358 x 1073
1 6.9670 x 10°* 6.9670 x 10°° 0
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Figure 1. The numerical analysis for EX.1 using MABC derivative for the functions u and v at h=0.1 and t=0.1
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Figure 2: The error analysis for Ex.1 using MABC derivative for the functions u and v at h=0.1 and t=0.1.
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Figure 3: Numerical and exact analysis for EX.1 using MABC derivative for the functions u and v at h=0.1 and t=0.1.

Table 3: Comparison between numerical solutions, the exact solution and their difference in error by using NSFDM
and ABC derivative for the function u at dx=dt=0.2.

for n=m=5, Numerical (CPU = 9.253 s) Exact Error
x=0 0 0 0
0.2 2.2610 x 1072 1.5576 x 1072 7.0337 x 1073
0.4 7.7378 x 1072 6.2306 x 1072 1.5072 x 1072
0.6 1.4147 x 107" 1.4019 x 10" 1.2893 x 1073
0.8 2.3799 x 107" 2.4922 x 107" 1.1232 x 1072
1 3.8941 x 10" 3.8941 x 10" 0
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Table 4: Comparison between numerical solutions, the exact solution and their difference in error by using NSFDM

and ABC derivative for the function v at dx=dt=0.2.

for n=m=5, Numerical (CPU = 15.911 s) Exact Error
x=0 0 0 0
0.2 6.8871 x 1072 3.6842 x 102 3.2029 x 102
0.4 2.1239 x 10" 1.4736 x 10" | 6.5029 x 1072
0.6 3.5324 x 10" 3.3158 x 107" | 2.1666 x 1072
0.8 5.5856 x 10~ 5.8947 x 10™" | 3.0917 x 1072
1 9.2106 x 10" 9.2106 x 10~ 0
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Figure 4: The numerical analysis for EX.1 using ABC derivative for the functions u and v at h=0.1 and t=0.1.
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Figure 5: The error analysis for Ex.1 using ABC derivative for the functions u and v at h=0.1 and t=0.1.
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Figure 6: Numerical and exact analysis for EX.1 using ABC derivative for the functions u and v at h=0.1 and t=0.1
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Conclusions

In this research, we formulated the numerical solutions
for the ABC and MABC operators successfully for the
suggested non-linear coupled system of hyperbolic partial
differential equation. The MABC operator was utilized to
fractionalize the coupled system. Theoretical analysis like
the non-standard finite difference method was confirmed by
numerical results, which were presented in diverse graphs
and tables. The following are the key conclusions:

e Numerical results showed that the NSFD fraction
method gives accurate results compared with the
exact solution to the proposed problem.

e By using the John Von Neumann stability analysis
approach, the constancy analysis of the referred-to
variable order was put to the test.

e The results in the tables and the numerical figures
display that the schemes attained from applying
the submitted numerical methods are compatible
with the exact solution.

e We can apply the MABC operator to an enormous
number of problems defined and encountered in
technology and science.

e Truncation errors were calculated.

e The results indicate by the comparison between
the ABC and MABC derivatives that the proposed
approach is highly accurate and very effective for
these kinds of problems.
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