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Abstract

This paper deals with characterization problem for some continuous dis-
tributions based on the conditional moments of the record values. We give
two theorems which will be used to characterize some arbitrary continuous
distribution based on the regression of records.

1 Introduction

Record values and associated statistics are. great importance in several
life problems involving weather, economic, sports data and etc. . .

The statistical study of record values started with Chandler (1952) and
has now spread in different direction. Feller (1966) gave some examples
of record values with respect to gambling problem. Properties of record
values of independent identically distributed random variables have been
extensively studied in the literature. See Ahsanullah (1988), Arnold, et zl.
{1992), Nagaraja (1988) and Nevzorove (1987).
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Some relation for single and product moments of upper record values
for specific continuous distributions are established by Balakrishnan and
Ahsanullah (1994, 1995), Balakrishnan €t al. (1993), Balakrishnan and
Sandha (1995) and.Balakrishnan and Chan (1993).

Gupta (1984) proved that for given pééitive integers k and ng, the se-
quences {E[XL ] = BlXz)}otn, characterized the distribution F up
. to a location parameter provided E{XP} < o for some p > 1, where the
sequence {Xp }5%, is the sequence of record values. Lin (1988) discussed
characterization of general continuous distribution via the expected spacing
of order statistics and via the moments of record values.

In this paper we prove two theorems which will be used to characterize -
some arbitrary continuous distributions based on the regression of records.

Let XU(,); Xi}(z), » Xy(n) be the first n upper record values from a
population whose p.d. f f(z) and c.d.f. F(z). Let F(z) = 1 — F(z) be the

survival function.

Let h(z) = £ and H(z) = — log[F(:c)] be the failure rate and hazard

1-F(z)
rate of function F. Then the p.d.f. of Xy(m), m=0,1,2,... is
H™(z)f(z),
m(z) = o (1.1
fule) = = N (RY

and the Jomt density of two upper records Xu(m) and Xy(n), m=0,1,2,...,
m<nis :

-1 m-—1 ] n-m=1 3
(m—1)(n—m— 1)!H (=)l (v) - H(z)| h(z)1 (v),

—o<zr<y<oo . : (1.2)

Fomal 5 U)

2 Main Results

Let Xy(), Xv(2), - -- be defined aS in the previous Section and let ¢ be
a real function such that P[#(X) = constant] = 0. We now give two
representative of survival funct:on in terms of the condmonal expectation
of two consecutive records.
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Theorem (1): Let g(z) be a real function. Then

E{¢{ Xy (41| Xv() = 2)} = g{z) (21)
if and only if "
F(z) = ce” fr'L")-ﬂ’l (2.2)

for some norming constant c.
Proof:

From (1.1) and (1.2}, it follows that the conditional probability density
of Xy(+1) given Xy(,) =z is

Srrplylz) = %(é—)), y>z. (2.3)

This implies that (2.1) is equivalent to

[7 e rtay = o(2)F(z).
Taking the derivative we get
#2)/(z) = f(2)a(2) - ¢ @F(2). (24)
In view of assumption that P(¢(X) = constant ) = 0 and X is a continuous

random variables, the zbove equation implies that ¢(z) # g(z) a.s.

Hence ()
J'(z
hi{z) = ——"—— a.s. . 2.5
®= - . .
This complete the proof.

Theorem 1 is an extension of Nagaraja (1977) result who studied the
caser =1,

N

Theorem (2.2): Let ¢ be as defined in Theorem (2.1). Then

E{&(Xu(:)) | Xu(r-1) = ¥)} = ov) (2.6)
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if and only if .
' = | o

Fly)=e™ " 7777, (2.7)
for someé norming constant c. '

Proof:-'

The conditional 'pi;obébility density of Xu(r) giv-en Xv(re1) =y is

B(@)| ™ ba)
H(y)] @)’ (2.8)

fepsa(zly) =7 [

Hence (2.6) is equivalent to

v
r /0 $(=)H™ (c)h(z)dz = H' (4)g(y)- (2.9)
Hence following same argument used to prove Theorem 1 we get
d
-f g\y

H(y) =ce  Tlo(y) — ()]

This complete the proof.

'3 Some Applications

Theorem 1 and Theorem 2 give representation of survival function in
terms of the functions ¢ and g. In general, it is not easy to compute the
integral appearing in (2.2) and (2.6). However the special choice of ¢ as
linear function of g leads to characterization of some well known probability
distributions. In the following we restate Theorem 1 and Theorem 2 for
these special cases. '

Corollary 1: Suppose that ¢(z) = A¢(z) + B for some real constants
A # 0 and B. Then (2.1) is satisfied if and only if one of the following
holds:

—é(x

(i) A=1and F(z) =ce o
or

(i) A% 1and F(z) = ci(4 - 1)o(z) + B] "5
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Corollary 2: Suppose that g{z) = A¢(z) + B for some real constants
A # 0 and B. Then (2.6) is satisfied if and only if one of the following
holds:

(i) A=1and F(I) = ve-—eg‘i{l’l

LA
(ii) 'A # 1 and F(z) - c—c[(A—1)¢(z)+5] T

The proof of two corollaries are straight forward and hence omitted.
Table 1 summarizes special cases of Corollary 1 with corresponding prob-
ability distribution. The corresponding results based on (2.6) are given in
Table 2. :
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- E{¢(Xv(r+1)| Xu() = 2)}

A B é(z) g(z) - F(z) Name
1 6 1 z%,a>0 z°+6,0>0 e~ /9 Weibull
1 |A20 1 az + bz? az +}z? + exp(=lezttzl} Linear
' L o ' exponential
ifg=2
exponential -
ifb=0,a=1
Rayleigh if
a=0;b=1,
=2
1 1/a | 67%,a>0 Inz® Inz® +1 (2)~= Pareto
1 -1 e~ In(a® - z%), | In(a® - 2z%) -1 1-(%)=¢ Power
. a>0 function
1/2] o —2a"° z"° 3z% (8)~° Pareto
1/2] 1/2 2a7° z° 3z°+3 1- (%) Power
: function
/21 1/2 2 l+‘e’ 2“4_;., +43 5= Logistié
12| o 2 s (1+e=)t = Half-
logistic
>1 1 c>0 z%,a>0 Az® +1 le(A - 1):" +1)~%=7, | Bur
zé‘(g—“—:-l)l/a. ml
‘<1 1 c>0 z%,a>0 Az® +1 le(A - l)z +1)77T, | -
: u[(u__-_x)x/c,oo]
12| 1/2 2 e 1™ 41 1-et Gumble
1/2 0 - 2 e %e"-' e extrem

value:l
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Table 2: g(z) = E{¢(Xv(n|Xv(r+1) = 2)}

A B [¢ $(z) 9(z) F(z) Name
1 |-/ 1 Inz l,~%,020 e Weibull
1 -1/r | 1 in(az - ",—L,) In{éz + %1) +1 e=*=* | Linear
. a,v>0 exponential
1 -1/r a In(in(Z)) In(in(2)) -1 . (2)~e, Pareto
3 ]l aLzL
1 —i/r | -1 | m(n{1=(%)°) | n(In(1=(E)*)) =1 | 1-(%)*, | Power
0<z<a function
1 1/r 1 e z+1 e~ Gumble
1 —1/r [ 20 | In(In(1+02z")) In(In(1 + 6z7)) (1+6zP)~¢ | Burr
1/2 0 | =2/8 z2r 1zor e, Weibull
a0 >0
1/2 0 -2 Az + ”gl)' 10z + ”23)' e~ | Linear
Ar>0 exponential
1/2 0 -2 In(2)°" {ln(ﬁ)‘" (f)"" Pareto
A0 | 2 [ G- | JGG- @ | T-(° | Pover
function
1/2 0 1/2 6 1= le-r= P Gumble
12 o |-172| (in(35=))"" L(in($5=))" 5= | Logistic
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