THE EGYPTIAN STATSITICAL JOURNAL
ISSR, CAIRO UNIV,, VOL., 44 NO. 1, 2000

Multivector Stochastic Rearrangement Inequalities

G.GOPAL
University of Madras, Madras - 600 005, India.

Abstract

Chan, D’Abadie ‘and Proschan develop a unified theory for obtaining
stochastic rearrangement inequalities based on two vectors. We extend the
stochastic rearrangement inequalities for more than two vectors.

1. INTRODUCTION AND SUMMARY

Rearrangement inequalities compare the values of a function of vector ar-
guments with the value of the same function after the components of vec-
tors have been rearranged .The classical example of a rearrangement in-
equality involving a function of two vector arguments is the well known
inequality of Hardy,Littlewood and Polya(1952) for sums of products. For
a given vector £ = (z1,...,24) € R", we let z; = (z[nl,z["_“,...,zm)
and z} = (zlll,z[zl,...,z[,,l) be respectively the vectors with components
of z arranged in increasing and decreasing order and for any permutation
x=(m,...,7) of (1,2,...,n) let 2, = (Tx(1), .- »Zx(n)) - This inequality
states that

n n n
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Since the work of Hardy, Littlewood and Polya (1952) many papers on rear-
rangement inequalities on R™ have appeared. Jurkat and Ryser (1966) show
that if z; and y, are non-negative increasing components of n-tuples then
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and Minc (1971) shows that
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for all permutations x. The Marshall and Olkin (1978) book presents com-
prehensivly the study of deterministic rearrangement inequalities developed
by London (1970), Lorenz (1952) and others. Chan, D’Abadie and Proschan
(1987) develop a general theory for obtaining stochastic versions of inequalities
of this type involving inequalities of two vectors. However, when z;,Zs,..-,Zm
are m vectors, then some of the deterministic inequalities have generalisa-
tions. Ruderman (1952) has shown that, if z;7 = 1,...,m are m vectors
with positive components and if (zyy);, Z{2)5, - - - ,z[,,]]-) denotes decreasing re-

arrangement of z; then
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In this paper, we obtain stochastic version of rearrangement inequalities for the

deterministic inequalities of Ruderman (1952) and Minc(1971) which involve
more than two vectors. In section 2 we present some definitions and properties
of multivector rearrangement functions. In section 3, we present multivector
tochastic rearr: t inequalities.

2. DEFINITIONS AND BASIC PROPERTIES OF
MULTIVECTOR ARRANGEMNT INCREASING FUNCTIONS

Let S, be the group of all permutations of (1,2,... ,n).A member of Sy, is
denoted by x = (m1,72,...,7). Let z and #' be two members of S, such
that x' contains exactly one inversion of a pair of co-ordinates which occur
in the natural order in z. For example, = = (7r1,7rg,...,1r.-,...,7r,-,...,1|:..)
and ' = (X1,%2,..., M-, Mise .., ®n) where § < j and = < 7. We
say that x' is a simple transposition of x, written x >t x'. Let x and
x°* be two arbitrary elements in S,. We say that x* is a transposition of
= if there exists a finite number of elements mg,7y,... %z in S, satisfying
x=m >t x> ...> x, =x'. Thatis z' is obtained from x by finite
pumber of simple transpositions. In other words x isbetter arranged than #*.
Hollander, Proschan and Sethuraman (1977) use the terminology decreasing
in transposition. However, Marshall and Olkin (1979) use the terminology x

is better arranged than 7* and written x > x°.

DEFINITION 2.1

A function f:S, — R is said be Arrangement Increasing (Al) if = >°x*
implies f(x) > f(z') for x,x"€S, and f is said to be arrangement decreasing
(AD) if -f is arrangement increasing.

The concept of arrangement increasing can be extended to functions de-
fined on R", S, x R™ and R™ x R". For a detailed exposition, see Hollander,
Proschan and Sethuraman (1977). Note that they use the terminology De-
creasing in Transposition (DT), instead of Al

, Boland and Proschan (1988) extend the concept of arrangement increasing
function to vectors involving more than two vectors and call that a Multivari-
ate arrangement increasing function.

DEFINITION 2.2 (Boland and Proschan (1988))

Let f be a function from (R")™ — R. We say that f is Common Per-
mutation Invariant (CPI) if for any (z),7,...,Zm) € (R")™ and for any
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permutation & € S,

f(§1'1:£2'£> 9 Zm T ) f(zbzh ’Em)'
Extending the concept of better arranged to m vectors we have,
(z1,-++12Zm) *< (21,.--,2,) implies and is implied by that there exists a
finite number of elements (y3,y3,.--y>),...,(¥8,..., %) in (R")™! such
that
i) (21, r2Zm) = (217,935 -»9%) and

. (51; LR )ém) = (511’;22: 8 ¥ :an)

i1) for each 7 = 2,...,p there exists a pair of co-ordinate indices ! and &
(I < k) such that (z1,9,. ..,y’ )} may be obtained from (z”,y2 1,...,_y_in'1)
by mtercha.ngmg the | and k co-ordinates of any vector y’ such that

1
i t> yfk :
a
It is to be noted that < is a pre ordering on (R")™ and that if
a .

(z1,--+1Zm) < (21,---,2m) then the components of the vectors (zj,...,2m)
are relatively less similarly arranged than the components of the vectors
(21, 2m) M (21,21 Zm) = (g_l,...,gm) then the relative arrangement of

the components in the vectors zj,...,z,, is equivalent to that of the compo-
nents in 2y,...,2,,. For any (z,,...,2,) € (R")™ it follows that

a

a
(El) so 7;.171,) S (le) . mf) (Ill) Eml_)

DEFINITION 2.3 A function f from (R")™ — R is said to be Multivariate
Arrangement Increasing (MAI) if '

i) f is CPI
ii) f(z1,---Zm) 2 flz1s---,2m) Whenever (z;,...,Z,,) 2% (21,...2m)
DEFINITION 2.4 (Proschan (1989)) - '

A function f(A,zi,Zs,---,Zm) ¢ (R")™*! — R is said to be arrangement
increasing with respect to /\ if f is CPIl and

f(A;Ex:Qz:---:Eﬁ )> f(’\ Z1yZoye- 9§ —m)

where z; is obtained from z; by interchanging the j and k elements in z;

=

whenever z;; < z;; for 7 <k and A; < Ag.
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We may interpret A as a parameter vector and z;,f=1,2,...,m are ob-
servation vectors similarly arranged to A. One may have different parameter
vectors for each observation vector and hence the following definition.

DEFINITION 2.5 (Proschan (1989))

A function f(Ah_I: Am)_!.’_Zx l._m) Rn)m X (Rn)m — R is said to
be Paired Arrangement Increasing (PAI) if f is Al in each pair (Js,z;) for
fixed value of other vectors. )

It may be poted that if ¢ : R™ — R is increasing in each component and if
fi(),i=1,2,...,m, is Al then

(i) 9(Az1:Z2)-- - Za) = S(1{2sz1),-- ., fm(A2,)) is Al with respect to A
and

(ﬁ) h(A;,, 2 AmiZ1ye- Em) = Gb(fl(!lnil)yn v;fm(i.mim))
is PAI From the above deﬁnition it follows that if z,z;,...,Z,, aTe m
i.1.d. random samples from a distribution with parameter vector A,then
the joint density Hf(_,_, is MAI with respect to A. Analogously, if

i=1
Zy,Z3,---,%, are m independent random sa.mples with respective param-

then the joint density of H f(Xi,z) is PAL
=1

eter vector Aj d,,...,4,

2.6 Note.

It is to be understood that if

(T, T2y Epi Ty, T2y -+, L) aTe PAlon (R™)™x (R")™ then the func-
tion defined by

9T, Mg Emi 21020, Em) = flziaihs...,ZmBR!) is PAI on
(&Y.
EXAMPLE 2.7

‘Let f be a function from (B*)® x (R*)®> - R. Then,
71(2,4,5,3),(1,4,3,5),(2,5,6,4); (2,6,9,5), (3,2,4,5), (1,2,3,7))

= ,[(5741 2.,3)’(173,5)4)’ (2)57476); (9’61 2) 5)’ (31415’ 2)! (11 21 713)]

This property is common permutation invariance property .
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The PAI function satisfies the following inequalities
f[(z’ 4’ 5’ 3), (1, 4’ 3) 5)’ (27 5, 6’ 4); (2’ 6, g, 5)7 (3’ 2’ 4’ 5)’ (1’ 2’ 3) 7)]

> f((2,4,5,3),(1,4,3,5), (2,5,6,4); (6,2,9,5),(3,2,4,5),(1,2,3,7)]

> 11(2,4,5,3),(1,4,3,5),(2,5,6,4); (6,2,9,5),(3,2,4,5),(7,2,3,1)] -

> f1(2,4,5,3),(1,4,3,5),(2,5,6,4); (6,2,9,5), (5,2,4,3),(7,2,3,1)]
Also, the PAI satisfies this equation.

f1(2,4,5,3),(1,4,3,5),(2,5,6,4); (6,2,9, 5),(3,2,4,5),(1,2,3,7)]

~f1(2,4,5,3),(1,4,3,5),(2,5,6,4); (5,6,9,2),(3,2,4,5),(1,2,3,7)]
-11(2,4,5,3),(1,4,3,5),(2,5,6,4); (2,6,9,5),(3,2,4,5),(1,2,3, 7)|
+1(2,4,5,3), (1,4,3,5), (2,5,6,4); (5,6,9,2), (3,2,5,4), (1,2,3,7)] < 0

Here we make the transposition only on the first vector and next on the second
vector on the resulting function.

The following definitions are useful in the sequel. ¢

Let z! = (_;_{11,_::_{2],...,5{"1) be the decreasing'rearrangements of z =
(212225 - -3 Zn)-
DEFINITION 2.8

We say that the vector z majorizes z',written z > z' if

j

J
Zz[;] ZZ::{,-) forj=1,...,n-1

=1 =1

and IETEDS Z[i)

i=1 i=1
DEFINITION 2.9

The function g : R* — R is said to be Schur-convex (Schur-concave) if
z >™ z' implies g(z) > (<)g(z'). The Schur functions have plenty of appli-
cations in reliablity, statistics and inequalities. Some of the work in these areas
among others are : Pledger and Proschan (1971) obtain comparisons of the
reliablity function h.(p) for a k out of n system. Proschan and Sethuraman
(1976) extend work of Pledger and Proschan (1971). Barlow and Proschan

(1965) show that the mean life of serial system with IFR components exceeds
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the mean life of a similar system with exponential components. Gopal and
Rajalakshmi (1999) study the Schur property of L- superadditive functions.

DEFINITION 2.10

Let ¢ be a function on R™ — R. ¢ is said to be L-superadditive if ¢ is
a positive set function on each pair of the arguments zj,...,zn. That is, for
every pair (z,3;),

B(zi + 81,25 + 62) + b(zi — b1, 75 — 62) 2 b(zi + 81,25 — &2) + p(zi — b1, z; + 62),

for 51,51 > 0.
PROPOSITION 2.11

m
(i) Let f(A1, 22,0 AmiZy,- -, Zm) = 9()_ (N + Z3)).
i=1
Then f is PAlon (R™)™ x (R™)™ iff ¢ is Schur convex on R".

(if) Let f(A1, A2, AmiZ1, - Zm) = 9(D_(X ~ z;)). Then f is PAl on
i=1

(R™)™ x (R")™ iff g is Schur concave on R" .

(ul) Let I(AI)AZr s r’\m;ED iR yEm)

n
=3 B(A1is A26r e Ai Thiy oy« -y Trn)
i=1

Then f is PAlon (R")™ x (R")™ iff ¢ is L-superadditive.

Proof. (i) Let [ be PAI on (R™)™ x (R")™. Let zii = 1,2,...,m
be the vectors obtained by transposing the components of z;. There-
fore, f(A,d2,-,AmiZheiZm) 2 fQAnA0 0 AmiEl, .2, ) also
m n

DFz)>™ Z(A. + z}). By definition of ¢, it is Schur convex on R".
i=1

=1

The converse is immediate. Parts (ii) and (iii) can be proved on similar lines.
EXAMPLE 2.12

The function g : (R*)" — R* defined by g(z) = [[%, z; is Schur concave
and hence —g is Schur convex. By Proposition 2.11,

@) f(znza) = ]I

n m
Z z;; is arrangement decreasing.
i=1j=1
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(ii) The function min (z;) and — max (z;) are L-superadditive Hence,
1<i<n [1<i<n

min z;; is PAI and Zma.x z;; is PAD.
1’ i=1 7

F

1

iii) log lgiﬁgn(g) and —loglrg_a.(xn(g) are [-superadditive on ((0,c0)")™.

n n
Hence, H max z;; and H min z;; are respectively PAI and PAD.
i=1 7 i=1

Next we prove an important theorem.

THEOREM 2.13
Let h(zy,...,z,,) be MAI and f(A1,22,.-,Ani 21, -+, Z,,) be PAI then
the function g defined by
g(AI)Ah"':Am): / '-'/h(glx"')Em)f(AI)A2)'"rAm;Eh“'-')Em)
du(zy), .-, du(z,) is MALon (R™)™,

where p is a permutation invariant measure on R".

Proof.
Let Al,i=1,2,...,m be the vectors obtained by transposing the components
of ); .We have to show that
9, 1,4,) - 9(A1, 29, - . An) =

/ Wi Zm)[f (A A2s - Ami By ooy Zn)—

FA1, 22, Az, 2] db(zy) - di(z,,)

is non-negative. Breaking up the region of integration into 2™ partitions and
making a change of variables in the last 2™~1 partitions, we have,
9(d1, 22,1, Ap) — 9(A1, A3, . .. 1Am) =

h(zly"';.z_m)[f()_hi\.h-")Am;.z—la"'ygm)
Z1i<Z1; J 22i<Zyy Zmi<Zmj

—f(A1,2% s Mni Zpse v o Zm)]

+h(z1s s Zm)[f (A1 A2y A Zhy - Z00)

—fQAL A% ATy T

Th(z1, 22 - Zn) (A A2s - Api 20,20y Zm)

—fQALAY - A 21,2y -y Z) F

+h(l:.,1: cee :!:n)f(z\.uiz»- . -;L\.m;E’b--' ’-3-:1:)
~fALA% A 2, Zh)

dl‘(.El): sy d“(zm)'



ISSR, CAIRO UNIV., VOL., 44, NO. 1, 2000
-64-

=/ / / {Ter Tepyr o Tey (s 2m)}
21;<Z1; /T2 <ZB3; Zmi<Zmj

{TEM)Tz ' V

Zm-y? "

T, [fA 20, Ami 21 -+ Zm)

—f(A,l:AIZ) 4 )A’m.;il: . '1£m)]} d#(ﬁl)v- " !d“(EM)'

Where TL(¢(£1: EZ TR :Ern))
= ¢(£1;"')Eﬁy"~y£m) - ¢(£’1,~-~,§:',--~,£m)-

Since h and f are PAI on (R™)™ and (R")™ x (R™)™, the two factors of
the integrand are non-negative. Hence the theorem.

3. STOCHASTIC REARRANGEMENT INEQUALITIES

Next we define the concept of stochastically similarly arranged
vectors.Chan, D Abadie and Proschan (1987) introduce the concept of
stochastically similarly arranged pairs of random vectors.Extending this con-
cept to more than two vectors we have the following definition.

DEFINITION 3.1

We say that (z;,zs,...,z,) are stochastically similarly arranged if there
exists a joint density K(.) of (z;,z;,...,2,) With respect to a permutation

invariant measure such that K(z.x]!,z.x;?,... ,zx;t) is PAlon (R™)™.

If (zy,Z2,..-,%,,) are stochastically similarly arranged and is degenerate
at (21,22, +Zm) then (21 — 21}, (T2 = 225),- .-, (Tmi = Zm;) for all pairs
(¥,7) However if for at least one pair (not all)z; > z3j,¢ < j then the vec-

tor is not stochastically similarly arranged. Moreover if (z,z,,...,z,,) is
degenerate at (zy1Zs;...,Zm;) then (zy,...,z,) is stochastically similarly
arranged.

THEOREM 3.2

Let (z;,2;,..,Z,,) be stochastically similarly arranged, with respect to a
permutation invariant measure u If f is PAI then

E(f(Ze1:Zx2,- -1 Zem)] is PAI with respect to (T, oo )

Proof of this theorem is a direct consequence of Theorem 2.13.
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Using the above theorem we prove the generalised stochastic rearrangement

inequalities.

THEOREM 3.3

. Let (z3,Z3,...,Zm) be stochastically similarly arranged. Then the follow-
ing inequalities hold for all permutations x;,7x,,...,7,,

(i) —i i ... Typg

(i) ‘ﬁ;nﬁn(xu,...,zm;)
(i) ;ilmin(zl;,...,zmi)
(iv) émax(zu, ey Tmi)
v) f[l max (21 . ., Tmi)
(vi) f]l:(:cl,- oot Tmg)

Proof.

2

2

v

IA

IN

D Tir (i) B2ma(i) - - - Tmre ()
i=1

iIlHﬁn(Im(;), Tawa(i)s s = 1 Emmen(i))
émin(zln(,-), Zams(r- s Eraen)
il:lmax(zlm(s’); Zoxa(i)s- - xnurm(i))
i_flimax(rm(i), Taxali)s++ - s Emwmli))

H(fcm(e) + Tamy(i) + -+ - Zman )

=1

It follows that from Example 2.12 the following functions (i), (ii) and (iii)

* are PAI and (iv), (v) and (vi) are PAD.

n
) filznze - 2m) =) z0zs. .
i=1
n
(ll) fZ(El)EZ:"‘:Em) =i=llg}-isnmzu

(lii) f3(-§1) Z2y---

(iv) f4(£1:£2,~--:£m) =Z max zjj
: m

(V) fs(gl)EZ) ke ').:Em) = H lg}aéxmz“j

(vi) folziiz2,--n2m) =[] Z,,'.J.



ISSR, CAIRO UNIV,, VOL., 44, NO. 1, 2000

-66-

These inequalities are the generalizations of the inequalities obtained by Chan,
D' Abadie and Proschan (1987). In the case involving only two vectors, one
can obtain both the maximum and minimum for all the inequalities and in the
case of more than two vectors only the maximum for the first three inequalities
and minimum for the last three inequalities can be obtained.
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