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GENERALIZED SOFT b -METRIC SPACES AND SOME OF ITS

FIXED SOFT POINT RESULTS

SK. NAZMUL, UTPAL BADYAKAR

Abstract. Our main aim is to develop the xed point results of b -Metric

Spaces in a soft set setting. To accomplish this, we rst redened Wadkar

et al.’s soft b -Metric Space, renaming it Generalized soft b -Metric Space

with soft real number b̃ ( ≥̃ 1 ) and demonstrating a non-trivial example.

Afterward, some basic concepts in generalized soft b -Metric Spaces such as

Cauchy sequence, convergence, completeness etc. are redened and justied

with proper examples. Finally, we established some important xed soft point

results using soft mapping in generalized soft b -Metric Spaces.

1. Introduction

The concept of soft set, introduced by Molodtsov [18] as an alternative way of
handling uncertainties adhering to real life situations, unlocked broad areas for the
researchers. As a result, researchers have started to formalize dierent mathemat-
ical structures viz. group, ring, eld, vector space, metric space, normed linear
space, topology etc. in this setting, and it has progressed very fast.

In metric space, the theory of xed point is a momentous area and is used
in dierent branches of applied mathematics. Naturally, several researchers have
tried to develop this theory in metric space [6, 9] and its generalized spaces such
as 2-metric [10], D-metric [6], G-metric [19], D*-metric [22], S-metric [23], b-metric
[7, 8, 14, 17], Bipolar metric [20] etc.

The concept of soft real numbers, or soft metric, was introduced by Das and
Samanta [5] and they also studied some of its properties. After that, some xed
point results on soft metric spaces have been discussed in [1, 2, 3, 11, 12, 13, 26].
Recently, some generalizations of soft metric spaces have been discussed by various
researchers.
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In 2017, Wadkar et al. [24, 25] introduced soft b -Metric Spaces and some xed
point results are discussed. It is noted that in condition (4) of the denition of soft
b -Metric Space (Denition 2.7), they consider constant soft real number (s), and
this constant is always greater than or equal to 1. So, we have tried to develop the
theory of xed point in soft b -Metric Spaces by replacing an arbitrary soft real

number b ≥ 1 instead of the constant soft real number s ≥ 1 in the denition of
soft b -Metric Space.

In 2019, Abbas et al. [1] proved a result (Theorem 6.3) on Soft b -Metric Spaces
by using a nite set of parameters, but in the proof there is no use of the niteness
property, although they showed the importance of the niteness property by an
example.

Accordingly, in the present paper, we have shown the importance of niteness in
the proof. For this reason, we modied the soft b -Metric Space denition, renamed
it Generalized Soft b -Metric Spaces, and veried it with a non-trivial example.
Afterwards, in this metric space, some basic characteristics of the Cauchy sequence
and its completeness with proper examples are investigated. Finally, using soft
mapping, some celebrated xed soft point results are established in generalized soft
b -Metric Spaces. Theorem 6.3 of [1] can be proved by using generalized soft b
-metric spaces.

2. Preliminaries

Following [4, 5, 15, 16, 18, 21, 24, 25], we provide certain denitions and prelim-
inary results in our form, which are essential for the main discussions.

Denition 2.1. Let F : A → P (X ) be a mapping, where P (X ) be the power
set of a set X (6= φ) and A (6= φ) ⊆ E , the set of parameters. Then (F , A ) is
named a soft set over X .

Denition 2.2. The soft set (F , A ) over X , is said to be

(1) an absolute soft set if F (a) = X , ∀ a ∈ A and it is denoted by X .
(2) a soft point if F (a) ∈ X and F (b) = φ, ∀ b 6= a. If F (a) = x, then the

corresponding soft point is denoted by P x
a .

Denition 2.3. A soft real set is a mapping F : A → B(R), where B(R) is the
collection of all non-empty bounded subsets of R, the set of all real numbers.

A soft real set is called soft real number if F (a) ∈ R. r is denoted by a soft real
number where r(a) is an element of R, ∀ a ∈ A and r is a special type of soft real
number where r(a) = r, ∀ a ∈ A .

Denition 2.4. Two soft points P x
a and P y

b in X are said to be unequal if either
x 6= y or a 6= b.

Denition 2.5. For any soft real numbers r, s in (R, A ), we say r ≤
<


s or

equivalently s ≥
>


r if r(a) ≤


<


s(a), ∀ a ∈ A .

Denition 2.6. Let S(X ,A ) and S(Y ,B) be the families of all soft sets over X
and Y respectively. The mapping fϕ : S(X ,A ) → S(Y ,B) is called soft mapping
from X to Y ; where f : X → Y and ϕ : A → B are two mappings such that
the image of a soft set (F , A ) ∈ S(X ,A ) under the mapping fϕ is denoted by
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fϕ(F ,A ) = (fϕ(F ),B) and is dened by,

[fϕ(F )](β) =

{⋃
α∈ϕ−1(β)[f(F (α))], if ϕ−1(β) 6= φ

φ, otherwise.

Denition 2.7. Let SP ( X ) be the collection of all soft points of X and R(A )∗ be

the set of all non-negative soft real numbers. A mapping ρ : SP ( X ) × SP ( X ) →
R(A )∗, satisfying the following conditions, ∀ P x

λ∗
1
, P y

λ∗
2
, P z

λ∗
3
∈ SP ( X ) and s ≥ 1,

(1) ρ(P x
λ∗
1
, P y

λ∗
2
) ≥ 0,

(2) ρ(P x
λ∗
1
, P y

λ∗
2
) = 0 if and only if P x

λ∗
1
= P y

λ∗
2
,

(3) ρ(P x
λ∗
1
, P y

λ∗
2
) = ρ(P y

λ∗
2
, P x

λ∗
1
),

(4) ρ(P x
λ∗
1
, P y

λ∗
2
) ≤ s ρ(P x

λ∗
1
, P z

λ∗
3
) + ρ(P z

λ∗
3
, P y

λ∗
2
),

is called a soft b -metric on X and ( X , ρ, A ) is a soft b -Metric Space.

3. Generalized Soft b -Metric Spaces (gsbms)

In this section, we introduced generalized soft b -Metric Spaces and few basic
properties are discussed. Also, some xed point results have been established. Let
R∗ be the family of all non-negative soft real numbers over A .

Denition 3.8. Let ζ : SP ( X ) × SP ( X ) → R∗, be a mapping. Then ζ is

called a generalized soft b - metric with soft real number b on X and consequently

( X , ζ, A ) is a generalized soft b - Metric Space (gsbms) if for any soft points

P x
λ∗
1
, P y

λ∗
2
, P z

λ∗
3
of SP ( X ), the following conditions are satised.

(1) ζ(P x
λ∗
1
, P y

λ∗
2
) ≥ 0,

(2) ζ(P x
λ∗
1
, P y

λ∗
2
) = 0 if and only if P x

λ∗
1
= P y

λ∗
2
,

(3) ζ(P x
λ∗
1
, P y

λ∗
2
) = ζ(P y

λ∗
2
, P x

λ∗
1
),

(4) ζ(P x
λ∗
1
, P y

λ∗
2
) ≤ b ζ(P x

λ∗
1
, P z

λ∗
3
) + ζ(P z

λ∗
3
, P y

λ∗
2
), for some soft real number

b ≥ 1.

Example 1. Let X = R and A = x ∈ R : x ≥ 1.
For any α ∈ A , dene ζ : SP ( X )× SP ( X ) → R∗ by,

[ζ(P x
λ∗
1
, P y

λ∗
2
)](α) =


 x− y  +  λ∗

1 − λ∗
2 

α
, ∀ P x

λ∗
1
, P y

λ∗
2

∈ SP ( X ).

Then clearly ζ satises the conditions (1), (2) and (3) of Denition 3.8. Now for
condition (4), we have

[ζ(P x
λ∗
1
, P y

λ∗
2
)](α) =


 x− y  +  λ∗

1 − λ∗
2 

α

≤

 x− z  +  z − y  +  λ∗

1 − λ∗
3  +  λ∗

3 − λ∗
2 

α

≤ 2α−1


 x− z  +  λ∗

1 − λ∗
3 

α
+


 z − y  +  λ∗

3 − λ∗
2 

α

,

since α ∈ A , α ≥ 1

= b(α)

[ζ(P x

λ∗
1
, P z

λ∗
3
)](α) + [ζ(P z

λ∗
3
, P y

λ∗
2
)](α)



⇒ ζ(P x
λ∗
1
, P y

λ∗
2
) ≤ b

ζ(P x
λ∗
1
, P z

λ∗
3
) + ζ(P z

λ∗
3
, P y

λ∗
2
)

, since α(∈ A ) is an arbitrary.
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Therefore, ( X , ζ, A ) is a gsbms with soft real number b, where
b(α) = 2α−1, ∀ α ∈ A .

Remark 1. It is clear that every soft metric is a generalized soft b -metric with

soft real number b = 1 and every soft b - metric on X is a generalized soft b -metric

with soft real number b ≥ b, where b ≥ 1.
Also, if the parameter set is nite or X is bounded, then for every soft real

number b, ∃ r ∈ R, such that b ≤ r and hence in this case every generalized soft b

-metric on X with soft real number b, is a soft b -metric on X .

Denition 3.9. Let ( X , ζ, A ) be a gsbms and xn = P xn

λ∗
1n
n be a sequence of

soft points in ( X , ζ, A ). Then

(i) xnn converges to x (= P x
λ∗
1
) ∈ SP ( X ), if for any  > 0 and for any

α ∈ E, ∃ Nα ∈ N, such that [ζ (xn, x)](α) < (α), ∀ n ≥ Nα .
(ii) xn is said to be a Cauchy sequence, if for every  > 0 and for every

α ∈ E, ∃ Nα ∈ N, such that [ζ ( xi, xj)](α) < (α), ∀ i, j ≥ Nα i.e.,

if ζ ( xi, xj) → 0, as i, j → ∞.

Example 2. Let X = R and A = x ∈ R : x ≥ 1. The function ζ, dene by

[ζ(P x
λ∗
1
, P y

λ∗
2
)](α) =


 x− y  +  λ∗

1 − λ∗
2 

α
, ∀ α ∈ A is a generalized soft b -

metric with soft real number b, where b(α) = 2α−1, ∀ α ∈ A .

Let


xn = P

1
n+1
n+1
n

}

n

be a sequence in ( X , ζ, A ).

Now for any α ∈ A ,

[ζ(xn, P 0
1 )](α) =

∣∣∣∣
1

n+ 1
− 0

∣∣∣∣ +

∣∣∣∣
n+ 1

n
− 1

∣∣∣∣
α

=


1

(n+ 1)
+

1

n

α

→ 0, as n → ∞
Since this is true for all α ∈ A , and hence ζ(xn, P 0

1 ) → 0, as n → ∞.
Therefore, xnn converges to P 0

1 .
Again, for any α ∈ A ,

[ζ( xi, xj)](α) =
[∣∣∣1

i
− 1

j

∣∣∣ +
∣∣∣ i+ 1

i
− j + 1

j

∣∣∣
]α

=
[
2
∣∣1
i

− 1

j

∣∣
]α

→ 0, as i, j → ∞
Since this is true for all α ∈ A , and hence ζ( xi, xj) → 0, as i, j → ∞.

Therefore, xnn is a Cauchy sequence in ( X , ζ, A ).

Denition 3.10. A gsbms ( X , ζ, A ) is called complete if for each Cauchy se-

quence in X is converges to some soft point in X .

Example 3. Let X = R+ = A and for any α ∈ A dene
ζ : SP ( X )× SP ( X ) → R∗ by,

[ζ(P x
λ∗
1
, P y

λ∗
2
)](α) =


 x− y  +  λ∗

1 − λ∗
2 

α
, ∀ P x

λ∗
1
, P y

λ∗
2
∈ SP ( X ).
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Then ( X , ζ, A ) is a gsbms with soft real number b, where b(α) = 2α−1, ∀ α ∈ A .

Let us consider an arbitrary Cauchy sequence xn = P xn

λ∗
1n
n in ( X , ζ, A ) and

an arbitrary soft real number  > 0.
Since xnn be Cauchy sequence, then for each α ∈ A , ∃ Nα ∈ N such that,

[ζ (xn, xm)](α) < (α), ∀ n, m ≥ Nα .

⇒

 xn − xm  +  λ∗

1n − λ∗
1m 

α
< (α), ∀ n, m ≥ Nα .

Thus, for each α ∈ A ,

 xn − xm  <
((α)

2

) 1
α

and  λ∗
1n − λ∗

1m  <
((α)

2

) 1
α

, ∀ n, m ≥ Nα .

Hence, xnn and λ∗
1nn are Cauchy sequence in R+.

Since R+ is complete, ∃ x,λ∗
1 ∈ R+ such that xn → x and λ∗

1n → λ∗
1.

Choose x = P x
λ∗
1
∈ SP ( X ). Now we have to show that xn → x.

For this let δ > 0 be any arbitrary soft real number and α ∈ A .

Since xn → x and λ∗
1n → λ∗

1. Then for δ(α) > 0, we can nd a natural number Nδα

such that  xn − x  <
(

δ̃(α)
2

) 1
α

and  λ∗
1n − λ∗

1  <
(

δ̃(α)
2

) 1
α

, ∀ n > Nδα .

That is for each α ∈ A , [ζ(P xn

λ∗
1n
, P x

λ∗
1
)](α) < δ(α), ∀ n > Nδα and hence,

[ζ(P xn

λ∗
1n
, P x

λ∗
1
)](α) → 0, as n → ∞.

Since this is true for all α ∈ A , so ζ(P xn

λ∗
1n
, P x

λ∗
1
) → 0, as n → ∞.

Hence, ( X , ζ, A ) is a complete gsbms.

Theorem 3.1. Let us consider two sequences xnn and ynn of soft points in

a gsbms ( X , ζ, A ) with soft real number b. If xnn and ynn converges to the

soft points P x
λ∗
1
and P y

λ∗
2
respectively, then ζ(xn, yn) converges to b2 ζ(P x

λ∗
1
, P y

λ∗
2
).

Proof. Since xnn and ynn converges to the soft points P x
λ∗
1
and P y

λ∗
2
respectively,

then ζ(xn, P x
λ∗
1
) → 0 and ζ(yn, P y

λ∗
2
) → 0, as n → ∞. Now,

ζ(xn, yn) ≤ b [ζ(xn, P x
λ∗
1
) + ζ(P x

λ∗
1
, yn)]

≤ b ζ(xn, P x
λ∗
1
)

+ b2 [ζ(P x
λ∗
1
, P y

λ∗
2
) + ζ(P y

λ∗
2
, yn)]

⇒  ζ(xn, yn)−b2 ζ(P x
λ∗
1
, P y

λ∗
2
)  ≤  b ζ(xn, P x

λ∗
1
)  +  b2 ζ(yn, P y

λ∗
2
) 

→ 0, as n → ∞.

Therefore, ζ(xn, yn) converges to b2 ζ(P x
λ∗
1
, P y

λ∗
2
). 

Corollary 3.1. Let xnn be a sequences of soft points in a gsbms ( X , ζ, A )

with soft real number b. If P y
λ∗
2
be a xed soft point in ( X , A ) and xnn converges

to P x
λ∗
1
, then ζ(xn, P y

λ∗
2
) converges to b2 ζ(P x

λ∗
1
, P y

λ∗
2
).
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Theorem 3.2. Let ( X , ζ, A ), a complete gsbms with soft real number b and A

be a nite set of parameters. Let fϕ and gψ be two soft mapping on ( X , ζ, A )
satisfying the following conditions,

ζ(fϕ(P x
λ∗
1
), gψ(P

y
λ∗
2
)) ≤ r

ζ(P x
λ∗
1
, fϕ(P

x
λ∗
1
))

+ s

ζ(P y
λ∗
2
, gψ(P

y
λ∗
2
))

,

∀ P x
λ∗
1
, P y

λ∗
2

∈ SP ( X ),

where 0 ≤ r, s < 1
2 . Then fϕ and gψ have unique common xed soft point in

( X , ζ, A ).

Proof. Let x0 = P x
λ∗
1
be any arbitrary member of SP ( X ).

Dene a sequence xn in SP ( X ) by

x1 = fϕ(x0), x2 = gψ(x1), . . . , x̃2k+1 = fϕ(x̃2k), x̃2k+2 = gψ(x̃2k+1), k =
0, 1, 2, . . .

Now, ζ(x̃2k+1, x̃2k+2) = ζ(fϕ(x̃2k), gψ(x̃2k+1))

≤ r
ζ(x̃2k, x̃2k+1)] + s [ζ(x̃2k+1, x̃2k+2)



≤ a1
ζ(x̃2k, x̃2k+1)] + a2 [ζ(x̃2k+1, x̃2k+2)


(since A is nite

∃ a1 , a2 ∈ R such that,
1

2
> a1 ≥ r, 1

2
> a2 ≥ s.)

≤ a1
ζ(x̃2k, x̃2k+1)] + a1 [ζ(x̃2k+1, x̃2k+2)


(a1 ≥ a2 (say))

⇒ ζ(x̃2k+1, x̃2k+2) ≤ a1

1− a1
ζ(x̃2k, x̃2k+1) (1)

Again, ζ(x̃2k+2, x̃2k+3) = ζ(fϕ(x̃2k+1), gψ(x̃2k+2))

≤ a1
ζ(x̃2k+1, x̃2k+2) + ζ(x̃2k+2, x̃2k+3)



⇒ ζ(x̃2k+2, x̃2k+3) ≤ a1

1− a1
ζ(x̃2k+1, x̃2k+2) (2)

Let l = a1

1−a1
. Then l = a1

1−a1
and clearly 0 ≤ l < 1, as 0 ≤ a1 < 1

2 .

So, from (1) and (2) we have,

ζ(x̃2k+2, x̃2k+3) ≤ lζ(x̃2k+1, x̃2k+2)

≤ l
2ζ(x̃2k , x̃2k+1); k = 0, 1, 2, · · ·

And hence for any n ∈ N, ζ(xn, xn+1) ≤ lζ(xn−1, xn)

≤ l
2ζ(xn−2, xn−1)

...

≤ l
nζ(x0, x1) (3)

Since ( X , ζ, A ) be a gsbms with soft constant b and A be nite, ∃ c ∈ R such

that ζ(xu, xv) ≤ c [ζ(xu, xw) + ζ(xw, xv)], where c ≥ b and (1 − cl)(α) 6=
0(α), ∀ α ∈ A .
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Thus, for any m, n ∈ N with m ≥ n, we have

ζ(xn, xm) ≤ c ζ(xn, xn+1) + c2 ζ(xn+1, xn+2) +

c3 ζ(xn+2, xn+3) + · · ·+ cm−n ζ(x̃m−1, xm)

≤ c ζ(xn, xn+1) + c2 ζ(xn+1, xn+2) + c3 ζ(xn+2, xn+3) + · · ·
≤ c l

n ζ(x0, x1) + c2 l
n+1 ζ(x0, x1) + c3 l

n+2 ζ(x0, x1) + · · ·
= cl

n
(1 + cl + c2l

2
+ · · · )ζ(x0, x1)

=
cl

n

1− cl
ζ(x0, x1)

⇒ ζ(xn, xm) → 0, as n → ∞ [since, 0 ≤ l < 1 and (1− cl)(α) 6= 0(α), ∀ α ∈ A ]

So, xn, a Cauchy sequence in ( X , ζ, A ). As ( X , ζ, A ) is complete, ∃ P y
λ∗
2

∈ SP ( X )

such that lim
n→∞

xn = P y
λ∗
2
.

Now, ζ(fϕ(P y
λ∗
2
), x̃2n) = ζ(fϕ(P y

λ∗
2
), gψ(x̃2n−1))

≤ a1
ζ(P y

λ∗
2
, fϕ(P

y
λ∗
2
)) + ζ(x̃2n−1, gψ (x̃2n−1)



= a1
ζ(P y

λ∗
2
, fϕ(P

y
λ∗
2
)) + ζ(x̃2n−1, x̃2n)



Taking n → ∞ we get,

b2 ζ(fϕ(P y
λ∗
2
), P y

λ∗
2
) ≤ a1

ζ(P y
λ∗
2
, fϕ(P

y
λ∗
2
)) + b2 ζ(P y

λ∗
2
, P y

λ∗
2
)

, from Theorem 3.1

⇒ b2 ζ(fϕ(P y
λ∗
2
), P y

λ∗
2
) ≤ a1 ζ(P y

λ∗
2
, fϕ(P

y
λ∗
2
))

⇒ fϕ(P
y
λ∗
2
) = P y

λ∗
2
, since 0 ≤ a1 < 1

2
and b > 0.

Similarly we can prove that gψ(P
y
λ∗
2
) = P y

λ∗
2
.

Therefore, in ( X , ζ, A ), fϕ and gψ have common xed soft point.

To prove uniqueness, let P z
λ∗
3
∈ SP ( X ) be another xed soft point in ( X , ζ, A ).

Then, ζ(P y
λ∗
2
, P z

λ∗
3
) = ζ(fϕ(P y

λ∗
2
), gψ(P

z
λ∗
3
))

≤ a1
ζ(P y

λ∗
2
, fϕ(P

y
λ∗
2
)) + ζ(P z

λ∗
3
, gψ(P

z
λ∗
3
))


= a1
ζ(P y

λ∗
2
, P y

λ∗
2
) + ζ(P z

λ∗
3
, P z

λ∗
3
)

= 0

⇒ ζ(P y
λ∗
2
, P z

λ∗
3
) = 0 and hence P y

λ∗
2
= P z

λ∗
3
.

Therefore, in ( X , ζ, A ), fϕ and gψ have unique common xed soft point. 

Theorem 3.3. Let ( X , ζ, A ), a complete gsbms with soft real number b and A

be a nite set of parameters. Let us consider a soft mapping hγ on ( X , ζ, A )
satisfying the following conditions,

ζ(hγ(P
x
λ∗
1
), hγ(P

y
λ∗
2
)) ≤ r

[
ζ(P x

λ∗
1
, hγ(P

x
λ∗
1
)
]
+ s

[
ζ(P y

λ∗
2
, hγ(P

y
λ∗
2
))
]
,

∀ P x
λ∗
1
, P y

λ∗
2

∈ SP ( X ),

where 0 ≤ r, s < 1
2 . Then hγ has unique xed soft point in ( X , ζ, A ).
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Proof. The results follows from Theorem 3.2 by setting fϕ = hγ = gψ. 

Theorem 3.4. Let ( X , ζ, A ) be a complete gsbms with soft real number b and

A be a nite set of parameters. Let fϕ and gψ be two soft mapping on ( X , ζ, A )
satisfying the following conditions,

ζ(fϕ(P x
λ∗
1
), gψ(P

y
λ∗
2
)) ≤ r ζ(P x

λ∗
1
, P y

λ∗
2
) + s

ζ(P y
λ∗
2
, fϕ(P

x
λ∗
1
)) + ζ(P x

λ∗
1
, gψ(P

y
λ∗
2
))

,

∀ P x
λ∗
1
, P y

λ∗
2

∈ SP ( X ),

where r ≥ 0, s ≥ 0 and r + 2 s b < 1.

Then fϕ and gψ have unique common xed soft point in ( X , ζ, A ).

Proof. Let x0 = P x
λ∗
1
be any arbitrary member of SP ( X ).

Dene a sequence xn in SP ( X ) by x1 = fϕ(x0), x2 = gψ(x1), · · · ,
x̃2k+1 = fϕ(x̃2k), x̃2k+2 = gψ(x̃2k+1), k = 0, 1, 2, · · ·

Now, ζ(x̃2k+1, x̃2k+2) = ζ(fϕ(x̃2k), gψ(x̃2k+1))

≤ r ζ(x̃2k, x̃2k+1) + s
ζ(x̃2k+1, x̃2k+1) + ζ(x̃2k, x̃2k+2)



⇒ ζ(x̃2k+1, x̃2k+2) ≤ r ζ(x̃2k, x̃2k+1) + sb
ζ(x̃2k, x̃2k+1) + ζ(x̃2k+1, x̃2k+2)



⇒ ζ(x̃2k+1, x̃2k+2) ≤ a1 ζ(x̃2k, x̃2k+1) + a2 a3
ζ(x̃2k, x̃2k+1) + ζ(x̃2k+1, x̃2k+2)


,

(since A is nite ∃ a1, a2, a3 ∈ R such that, 0 ≤ r ≤ a1,

0 ≤ s ≤ a2, 0 ≤ b ≤ a3, and a1 + 2 a2 a3 < 1)

⇒ ζ(x̃2k+1, x̃2k+2) ≤ a1 + a2 a3

1− a2 a3
ζ(x̃2k, x̃2k+1) (1)

Similarly, ζ(x̃2k+2, x̃2k+3) = ζ(fϕ(x̃2k+1), gψ(x̃2k+2))

≤ a1 ζ(x̃2k+1, x̃2k+2)

+a2
ζ(x̃2k+2, x̃2k+2) + ζ(x̃2k+1, x̃2k+3)



⇒ ζ(x̃2k+2, x̃2k+3) ≤ a1 ζ(x̃2k+1, x̃2k+2)

+ a2 a3
ζ(x̃2k+1, x̃2k+2) + ζ(x̃2k+2, x̃2k+3)



⇒ ζ(x̃2k+2, x̃2k+3) ≤ a1 + a2 a3

1− a2 a3
ζ(x̃2k+1, x̃2k+2) (2)

Let l = a1+a2 a3

1−a2 a3
. Then 0 ≤ l < 1, as a1 ≥ 0, a2 ≥ 0 and a1 + 2 a2 a3 < 1.

So, from (1) and (2) we have,

ζ(x̃2k+2, x̃2k+3) ≤ l ζ(x̃2k+1, x̃2k+2)

≤ l
2ζ(x̃2k , x̃2k+1); k = 0, 1, 2, · · ·

And hence for any n ∈ N, ζ(xn, xn+1) ≤ l ζ(xn−1, xn)

≤ l
2ζ(xn−2, xn−1)

...

≤ l
nζ(x0, x1) (3)
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Since ( X , ζ, A ) is a gsbms with soft constant b and A is nite, so ∃ c ∈ R
such that ζ(xu, xv) ≤ c [ζ(xu, xw) + ζ(xw, xv)], where c ≥ b and (1− cl)(α) 6=
0(α), ∀ α ∈ A .

Thus, for any m, n ∈ N with m ≥ n, we have

ζ(xn, xm) ≤ c ζ(xn, xn+1) + c2 ζ(xn+1, xn+2) +

c3 ζ(xn+2, xn+3) + · · ·+ cm−n ζ(x̃m−1, xm)

≤ c ζ(xn, xn+1) + c2 ζ(xn+1, xn+2) + c3 ζ(xn+2, xn+3) + · · ·
≤ c l

n ζ(x0, x1) + c2 l
n+1 ζ(x0, x1) + c3 l

n+2 ζ(x0, x1) + · · ·
= c l

n
(1 + c l + c2l

2
+ · · · ) ζ(x0, x1)

=
c l

n

1− c l
ζ(x0, x1)

⇒ ζ(xn, xm) → 0, as n → ∞ [since, 0 ≤ l < 1 and (1− cl)(α) 6= 0(α), ∀ α ∈ A ]

So, xn, a Cauchy sequence in ( X , ζ, A ). As ( X , ζ, A ) is complete, ∃ P y
λ∗
2

∈ SP ( X )

such that lim
n→∞

xn = P y
λ∗
2
.

Now, ζ(fϕ(P y
λ∗
2
), x̃2n) = ζ(fϕ(P y

λ∗
2
), gψ(x̃2n−1))

≤ a1 ζ(P y
λ∗
2
, x̃2n−1)) + a2

ζ(x̃2n−1, fϕ(P
y
λ∗
2
)) + ζ(P y

λ∗
2
, x̃2n)



Taking n → ∞ we get,

b2 ζ(fϕ(P y
λ∗
2
), P y

λ∗
2
) ≤ a1 b2 ζ(P y

λ∗
2
, P y

λ∗
2
))

+ a2 b2
ζ(P y

λ∗
2
, fϕ(P

y
λ∗
2
)) + ζ(P y

λ∗
2
, P y

λ∗
2
)

,

from Theorem 3.1

⇒ b2 ζ(fϕ(P y
λ∗
2
), P y

λ∗
2
) ≤ a2 b2 ζ(P y

λ∗
2
, fϕ(P

y
λ∗
2
))

⇒ b2 (1− a2) ζ(fϕ(P y
λ∗
2
), P y

λ∗
2
) ≤ 0

⇒ fϕ(P
y
λ∗
2
) = P y

λ∗
2
, since a2 ≥ 0 and b > 0.

Similarly, we can prove that gψ(P
y
λ∗
2
) = P y

λ∗
2
.

Therefore, fϕ and gψ have common xed soft point in ( X , ζ, A ).

To prove uniqueness, let P z
λ∗
3
∈ SP ( X ) be another xed soft point in ( X , ζ, A ).

Then, ζ(P y
λ∗
2
, P z

λ∗
3
) = ζ(fϕ(P y

λ∗
2
), gψ(P

z
λ∗
3
))

≤ a1 ζ(P y
λ∗
2
, P z

λ∗
3
)) + a2

ζ(P z
λ∗
3
, fϕ(P

y
λ∗
2
)) + ζ(P y

λ∗
2
, gψ(P

z
λ∗
3
))


⇒ ζ(P y
λ∗
2
, P z

λ∗
3
) ≤ a1 ζ(P y

λ∗
2
, P z

λ∗
3
)) + a2

ζ(P z
λ∗
3
, P y

λ∗
2
) + ζ(P y

λ∗
2
, P z

λ∗
3
)


⇒ ζ(P y
λ∗
2
, P z

λ∗
3
) = 0 and hence P y

λ∗
2
= P z

λ∗
3
.

Therefore, fϕ and gψ have unique common xed soft point in ( X , ζ, A ). 

Theorem 3.5. Let ( X , ζ, A ) be a complete gsbms with soft real number b and

A be a nite set of parameters. Let us consider hγ , a soft mapping on ( X , ζ, A )
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satisfying the following conditions,

ζ(hγ(P
x
λ∗
1
), hγ(P

y
λ∗
2
)) ≤ r ζ(P x

λ∗
1
, P y

λ∗
2
) + s

 ζ(P y
λ∗
2
, hγ(P

x
λ∗
1
)) + ζ(P x

λ∗
1
, hγ(P

y
λ∗
2
))

,

∀ P x
λ∗
1
, P y

λ∗
2

∈ SP ( X ),

where r ≥ 0, s ≥ 0 and r + 2 s b < 1.

Then hγ has unique xed soft point in ( X , ζ, A ).

Proof. The results follows from Theorem 3.4 by setting fϕ = hγ = gψ. 

4. Conclusion

In the present paper, we have introduced the generalized soft b -Metric Space
and some of its basic properties are discussed. Also, we have established some
signicant xed point results in this setting. Our prospect is that this investigation
has great weight and will support the researchers in cultivating new concepts in the
eld of soft xed point results.
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