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GENERALIZED SOFT b -METRIC SPACES AND SOME OF ITS
FIXED SOFT POINT RESULTS

SK. NAZMUL, UTPAL BADYAKAR

ABSTRACT. Our main aim is to develop the fixed point results of b -Metric
Spaces in a soft set setting. To accomplish this, we first redefined Wadkar
et al.’s soft b -Metric Space, renaming it “Generalized soft b -Metric Space
with soft real number b ( >1 )” and demonstrating a non-trivial example.
Afterward, some basic concepts in generalized soft b -Metric Spaces such as
Cauchy sequence, convergence, completeness etc. are redefined and justified
with proper examples. Finally, we established some important fixed soft point
results using soft mapping in generalized soft b -Metric Spaces.

1. INTRODUCTION

The concept of soft set, introduced by Molodtsov [18] as an alternative way of
handling uncertainties adhering to real life situations, unlocked broad areas for the
researchers. As a result, researchers have started to formalize different mathemat-
ical structures viz. group, ring, field, vector space, metric space, normed linear
space, topology etc. in this setting, and it has progressed very fast.

In metric space, the theory of fixed point is a momentous area and is used
in different branches of applied mathematics. Naturally, several researchers have
tried to develop this theory in metric space [6, 9] and its generalized spaces such
as 2-metric [10], D-metric [6], G-metric [19], D*-metric [22], S-metric [23], b-metric
[7, 8, 14, 17], Bipolar metric [20] etc.

The concept of soft real numbers, or soft metric, was introduced by Das and
Samanta [5] and they also studied some of its properties. After that, some fixed
point results on soft metric spaces have been discussed in [1, 2, 3, 11, 12, 13, 26].
Recently, some generalizations of soft metric spaces have been discussed by various
researchers.

2020 Mathematics Subject Classification. 47TH10, 54E50, 06D72.

Key words and phrases. Soft Set, Soft Point, Soft Mapping, Generalized Soft b -Metric Space,
Fixed Soft Point.

Submitted Feb. 27, 2024. Revised July 19, 2024.

1



2 SK. NAZMUL, UTPAL BADYAKAR EJMAA-2025/13(1)

In 2017, Wadkar et al. [24, 25] introduced soft b -Metric Spaces and some fixed
point results are discussed. It is noted that in condition (4) of the definition of soft
b -Metric Space (Definition 2.7), they consider constant soft real number (5), and
this constant is always greater than or equal to 1. So, we have tried to develop the
theory of fixed point in soft b -Metric Spaces by replacing an arbitrary soft real
number b 2 1 instead of the constant soft real number 3 E T in the definition of
soft b -Metric Space.

In 2019, Abbas et al. [1] proved a result (Theorem 6.3) on Soft b -Metric Spaces
by using a finite set of parameters, but in the proof there is no use of the finiteness
property, although they showed the importance of the finiteness property by an
example.

Accordingly, in the present paper, we have shown the importance of finiteness in
the proof. For this reason, we modified the soft b -Metric Space definition, renamed
it “Generalized Soft b -Metric Spaces”, and verified it with a non-trivial example.
Afterwards, in this metric space, some basic characteristics of the Cauchy sequence
and its completeness with proper examples are investigated. Finally, using soft
mapping, some celebrated fixed soft point results are established in generalized soft
b -Metric Spaces. Theorem 6.3 of [1] can be proved by using generalized soft b
-metric spaces.

2. PRELIMINARIES

Following [4, 5, 15, 16, 18, 21, 24, 25], we provide certain definitions and prelim-
inary results in our form, which are essential for the main discussions.

Definition 2.1. Let &% : &/ — P(Z) be a mapping, where P(Z") be the power
set of a set ' (# ¢) and o (# ¢) C &, the set of parameters. Then (F, o) is
named a soft set over Z .

Definition 2.2. The soft set (F, o) over &, is said to be

(1) an absolute soft set if F(a) = X, V a € & and it is denoted by Z.
(2) a soft point if F(a) € X and F(b) = ¢, V b # a. If F(a) = {x}, then the
corresponding soft point is denoted by Pr.

Definition 2.3. A soft real set is a mapping .7 : o/ — B(R), where B(R) is the
collection of all non-empty bounded subsets of R, the set of all real numbers.

A soft real set is called soft real number if F(a) € R. 7 is denoted by a soft real
number where 7(a) is an element of R, ¥ a € & and T is a special type of soft real
number where 7(a) =r, ¥V a € &7

Definition 2.4. Two soft points P¥ and P} in X are said to be unequal if either
x#£yora#hb.

Definition 2.5. For any soft real numbers 7,5 in (R, &), we say 7 < (2) s or
equivalently 3 > (>) 7ifr(a) < (<)s(a), Vae o.

Definition 2.6. Let S(2", <) and S(% ,B) be the families of all soft sets over X
and % respectively. The mapping f, : S(Z°, /) = S(¥, B) is called soft mapping
from X to ¥ ; where f: X — % and ¢ : o — B are two mappings such that
the image of a soft set (F, o) € S(Z, ) under the mapping f, is denoted by
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Jo(F, ) = (fo(F), B) and is defined by,

Uaep-1alf(Z ()], if o7H(B) # ¢

o, otherwise.

[fo(F)](B) = {

Definition 2.7. Let SP(%) be the collection of all soft points of Z and R(sz) be
the set of all non-negative soft real numbers. A mapping p : SP(E&”) X SP(%)
R()*, satisfying the following conditions, ¥ PfT, P)?{;, Pfg € SP(Z ) ands > 1T,
(1) AP, PL) 20,
(2) p(Pgs, Pf\’) =0 if and only if P = PA*,
(3 PA;v Pf;)*P(Pg;v PA*)
(4) B(PL, PL) 25 (PG, Pi) +A(PL, PL)b,
is called a soft b -metric on 2 and (3&”, p, ) is a soft b -Metric Space.

U™
AV

)
)
) A(
) B

3. GENERALIZED SOFT b -METRIC SPACES (gsbms)

In this section, we introduced generalized soft b -Metric Spaces and few basic
properties are discussed. Also, some fixed point results have been established. Let
R* be the family of all non-negative soft real numbers over <.

Definition 3.8. Let Z : SP(ﬁ??) X SP(%A;) — R*, be a mapping. Then E 18
called a generalized soft b - metric with soft real number bon % and consequently
(% (, o) is a generalized soft b - Metric Space (gsbms) if for any soft points
P, P}\’*, P3. of SP(Z), the following conditions are satisfied.
D P PY) 20,
2) (P)\I7 P;\/) =0 if and only if Py, = P)m
3) AP PY) = PG PR,
y y

4) (P)\*, P/\*) b {¢ (P/\*, P)\*) + C(P)\*, P/\;)}, for some soft real number

b > 1.

Example 1. Let 2" =R and o/ = {x € R:z > 1}.
For any a € o, define C : SP(%) x SP(Z) = R* by,

(
(
(
(

C(PL. PL@) = [le—yl + [AT -5 1]% ¥ PL, P, € SP(Z).

Then clearly E satisfies the conditions (1), (2) and (8) of Definition 3.8. Now for
condition (4), we have

CPE, PLN@) = [lz—y] + [X -]

< fle—zl + Jz—yl + A =21+ [\ -A1]"
< 227 =z AN+ [lz—yl + 15 -21]"
since v € A, a>1
= o) {COPE, PLI@) + (PR, PLl(@)}
= Z(Pff;, Pi’;) < b {Z(Pf;, PL) + g(Pf;, P;\’;)}, since a(€ &) is an arbitrary.
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Therefore, (,%A;, E, ) is a gsbms with soft real number g, where
ba) =271, Vae .

Remark 1. It is clear that every soft metric is a _generalized soft b -metric with
soft real number b=T1 and every soft b - metric on Zisa generalized soft b -metric
with soft real number b> b, where b > 1.

Also, _if the parameter set is ﬁmte or 2 is bounded, then for every soft real
number b 3 r €R, such that b < 7 and hence in this case every generalized soft b
-metric on X with soft real number b is a soft b -metric on Z.

Definition 3.9. Let (%, ¢, o) be a gsbms and {z, = P;\”;” tn be a sequence of
soft points in (f%f;/7 Z, o). Then
(i) {xn}tn converges to T (= Pf;) € SP(% ), if for any € > 0 and for any
ac€E, 3N, €N, such that [ (T, T)](a) < &a), Vn > N,
(ii) {xn} s sazd to be a Cauchy sequence, if for every € > 0 and for every
a€E, 3N, € N, such that [Q (@, 2)|(a) < €a), Vi, j > N, ie.,
if ¢ (%3, ;) — 0, asi, j — oo.
Example 2. Let 2" =R and &/ = {x € R : x > 1}. The function z, define by
[P, P;f;)](a) = [la—y| + | X=X |]%, Vae isageneralized soft b -
metric with soft real number b, where E(a) =221 Vaed.
Let {5:\; = PE} be a sequence in (5?, Z, o).
Now for any o € 42?,

C@m PO)(a) [nil—o‘ N ”:1_1r
B [min H
— 0, asn — o0

Since this is true for all a € o, and hence C(Zn, P?) — 0, asn — oo.
Therefore, {Tp }» converges to PY.
Again, for any o € o,

C(F, 3))(a) = H%—%) . ‘z—iz—l_]JLl}
11
= [21; - 3”

— 0, asi, j >
Since this is true for all o € o, and hence C(%, z;) — 0, as i, j — oo.
Therefore, {x,}n is a Cauchy sequence in (2, ¢, ).
Definition 3.10. A gsbms (3?, 5, &) is called complete if for each Cauchy se-
quence in 2 is converges to some soft point in Z .
Example 3. Let % R* = .o and for any o € & define
C: SP(Z )XSP( )—>R* by,
CPL, P = [lo—y| + [ A=A |]% ¥ P, P € SP(Z).
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Then (3&,7, Z, ) is a gsbms with soft real number g, where Z(oz) =271 Vaeca.
Let us consider an arbitrary Cauchy sequence {x, = Pf\? o in (27, ¢, &) and

an arbitrary soft real number € > 0.
Since {xn}n be Cauchy sequence, then for each o € o/, 3 N, € N such that,

[€ (Zn, Tm)](a) < €a), Vn, m > N_.

j[‘xn_xwﬂ + |an_ Tm”a < g(a),Vn, m > Ne,.
Thus, for each o € <,

1

Q=

™

| Zp, — @ | < (@)a and | A, — A%, | < ((;)> , Vn, m>N,,.

Hence, {x,}n and {\}, }n are Cauchy sequence in R .
Since Rt is complete, 3 x, A} € RT such that x,, — x and A}, — A}.

Choose T = Py € SP(Z). Now we have to show that {z,} — T.

For this let 5 > 0 be any arbitrary soft real number and o € o
Since ©, — x and A\},, — A]. Then for 6(a) > 0, we can find a natural number Ny,

1 1
such that | x, — x| < <¥) and | X}, — A7 | < <@> , VY n> Ns,_.

That is for each o € o, [C(Pfl" ; Pl(e) < 6(a), YV m > Ns, and hence,

[C(P;fl", Pil(a) = 0, as n — oo.

Since this is true for all a € o, so C(Pffl , P/{”T) — 0, as n — oo.
Hence, (%f\;, z, ) is a complete gsbms.

Theorem 3.1. Let us consider two sequences {T,}n and {yn}tn of soft points in
a gsbms (2, ¢, o) with soft real number b. If {x,}n and {yn}n converges to the
soft points PA“} and P;f; respectively, then ((Z,, yYn) converges to b? C(Pff, Pf\’;)

Proof. Since {x,}, and {y, }, converges to the soft points ij} and P)@\’; respectively,

then ((zn, PX:) — 0 and ¢(yn, Pf;) — 0, as n — oo. Now,

(@ 7)) < D@, PR + C(PE. )]
< b (@, PL)
+ 0% [C(PS:, PYy) + (P o))

= | {(@n, Yn) =0 (P, PL) | < 10 C(@n, PG|+ [0 ¢y PYy) |
— 0, as n — oo.
Therefore, Z(frvn, Yn) converges to b2 Z(pr P}\/S)' a

Corollary 3.1. Let {&,}, be a sequences of soft points in a gsbms (,%’”v7 ¢, o)
with soft real number b. If Pfg be a fized soft point in (2, o) and {xy}, converges

to Pf{? then {(xy, P;\/;) converges to b? ((Pfiﬂ, P)Z\’;)
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Theorem 3.2. Let (3?, E, ), a complete gsbms with soft real number b and <f

be a finite set of parameters. Let f, and gy be two soft mapping on (1%7, Z, )
satisfying the following conditions,

Cfo(PE)s gu(PL) < T [CPE, fo(PE] +5 [C(PY, gu(PE))],
¥ Py, Pl € SP(Z),

ol

where 0 < 7, § <
(2, ¢, o).
Proof. Let g = Pf{ be any arbitrary member of SP(%.
Define a sequence {x,} in SP(%A;) by

Then f, and gy have unique common fized soft point in

1 = fo(@0), T2 = gyp(@1), ... Takr1 = fo(T2k), Takte = gy(Tat1), k =
0,1,2,...
Now, C(Tans1, Tonze) = C(fo(@an)s 9u(T2er1))
< 7 [C(@ak, Tong1)] + 5 [((T2nt1s Torgo)]
< a1 [((@an, Tang1)] + @2 [C(Tang1, Tanga)](since o is finite
T. -~ _ 71 ~
Jay ,as € R such that, §>a_12r 3 >ap > 3.)
< a1 [C(@ak, Tani1)] + T [C(@ans1, T2ng2)] (@ = 3 (say))
~ ~ a1 ~  —~—
= ((Tort1, Topt2) < T la_ C(x2k, zary1) (1)
— W1
Again, C(Tons2, T2irs) = C(fo(Tans1), 9u(Tania))

!

@1 [C(Taks1, Tony) + C(Tons2, Tonis)]

- - T e

= ((@ak12, Tokys) < T C(Tort1, Tont2) (2)
— W1

Let [ = L and clearly 0<1<T1,as0<ay

So, from (1 ) and (2) we have

A
L\JI»—A'

C(Tonto, Tongs) < ZE(:?Q_;E, Tonio)
<1 C(ﬁCZk Topr1); k=0,1,2,---

IA

(701, Tn)
27, —~

U((Tn=2, Tn-1)

And hence for any n € N, ((Zn, Zny1)

AR

2 cee

< T'¢(@o, @) (3)
Since (%, ¢, ) be a gsbms with soft constant b and <7 be finite, 3 ¢ € R such

that ((Zy, To) < € [((Tu, Zw) + ((Tw, Ty)], where € = b and (T — @)(a) #
0(a), Va € .
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Thus, for any m, n € N with m > n, we have

Z(-%NTH j\T/n) g c C(xna anrl) +C <($n+1’ xn+2) +

63 C(xn+2a xn+3) + - +Em " C(l‘m 1, mm)
g c C(xm xn-i-l) +¢ C(mn-i-la Ln 2) +c (5;:27 x/v_t\-&_-/?)) +ee
< el (@, m)+@ T (@, @)+ T (@, @)+

A T+d+e +--)C(To, 71)
do.
= —— ((zg,
T ((zo, 21)
= ((Zn, ©m) — 0, asn — oo [since, 0 <1< Tand (TI—a)(a) £0(a), Va € |
So, {Z,, }, a Cauchy sequence in (5&”, C, o). As (3&”, ¢, o) is complete, ﬂPy; gSP(Ez‘?)

such that lim z, = P;\J*.
n— o0

Now, C(fo(PL), @) = C(fo(PL.)s gy(T2n-1))
i [C(P,, fo(PL)) + C(@an 1, g0 (@an1)]
ay [C(P,‘%’ fso(Pf;))+5(@—/1, @;)]

IAR

Taking n — co we get,

P C(fe(PL). PL)
= b? z(fw(Pil;%P)l{;)

= fo(P;)

Similarly we can prove that gy (Pf) = P/‘(’*.

IAR

ar [C( )\*,fip(Pi’*)) + b Z(Pi’*,P )] from Theorem 3.1

ay C(ngyfw(P)l\/;))

IAR
=

P)Z\’;, since 0 < a7 < — and b > 0.

\V]

Therefore, in (‘%7, E , @), f, and gy have common fixed soft point.
To prove uniqueness, let P5, € SP(% ) be another fixed soft point in (% C, o).

Then, (P, P%) = C(fo(PL), g6(P5;)
< @ [C(PL, o (PL)) + C(Py 90 (P3))]
= @ [((PY, PY)+ (P, P =0
= ((PY Y., P%;) = 0and hence Py, = P5..

—

—_

Therefore, in (35 , C , @), f, and gy have unique common fixed soft point. O

Theorem 3.3. Let (3?, E, ), a complete gsbms with soft real number b and <

be a finite set of parameters. Let us consider a soft mapping h~ on (% C, )
satisfying the following conditions,

(P, hy(PY)) 27 [P, ha(PE)| +5 [CPY,, R (PY))]
¥ Py, Py, € SP(Z),

where 0 < 7, § < g Then h has unique fized soft point in (5?, Z, ).
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Proof. The results follows from Theorem 3.2 by setting f, = h, = gy. O

Theorem 3.4. Let (3,&7 Z, ) be a complete gsbms with soft real number b and

o be a finite set of parameters. Let f, and gy be two soft mapping on (% (, )
satisfying the following conditions,

C(fo(P), gy(PL)) < FUPY, PL) + 5 [APL, fo(PR) + C(PY, gu(PY))],
¥ Py, PLLE SP(Z),

where?%ﬁ,ggﬁand%“—&—?ggZT. o

Then f, and g, have unique common fized soft point in (X', ¢, ).

Proof. Let xg = P/{E be any arbitrary member of SP(,%/7).
Define a sequence {z,} in SP(EZ;) by z1 = f,(z0), z2 = gy (T1), -+,
Toptr1 = fo(Tar), Tokt2 = gy(Tort1), k=0,1,2,---

C(fo(@an), gy (T2611))

Now, {(Takt1, Tahte)

< 7 (@, Tan1) + 5 [((@2er1, Tanga) + C(@om, Tange)]

= C('/I/‘/Q_;_E) x2k)+2) % FC(EI; 1/12—]::1-/1) +’§b[<(ma ‘;2_’:_-&:) +C(x/2_/:_-‘y:a x2k¢+2)]

= ((Takr1, Tons2) < @1 C(T2k, Tong1) + 82 @3 [C(Taks Toer) + C(Tant1s Targa)],
(since <7 is finite 3 a1, ag, as € R such that, 0 < 7 < ag,
0<5<a;, 0<b<as, andar+2azas < 1)

~ o~ ~ ai;+azaz ~

= ((Tort1, Tokt2) < =——— ((z2k, Tant1) (1)
1-— ag asg

Similarly, ((Zaxt2, Tants) = C(fo(T2r11), gy (Tani2))

!

< @ ((Tari1s Tanta)

+@ [C(@ant2, Tanrz) + C(T2kr1, Toirs)]

= C($2k+273¢/'2—1?+/3) < ar 4(523?5, 372_1:3)
+ @2 @3 [((Tont1, Tonge) + C(T2ns2, Tanys)]
- -~ @G +a;az ~ o
= C(@okt2, Tongs) < —=———— ((Tort1, Tany2) (2)
1-— ag ag

Let [ = THE2E Then 0 <1 < T,asa@ >0, a3 > 0 and @1 +2 a3 a3 < 1.
So, from (1) and (2) we have,

C(@anr2, Tonya) < 1 C(UC%H, )

i C(ka 752—.1:_-1—/1) k*051727'
And hence for any n € N, 6(5771, Tnr1) < Zf(x/,;/l, Tn)

~ 2

S l C(xn—Q’ xn—l)

~ on

< 1@, 7)) (3)
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Since (5&7, Z, /) is a gsbms with soft constant b and « is finite, so 3 ¢ € R
such that ((Zo, Ty) < € [((Tn, Tw) + ((Tw, Ty)], where @ > b and (I —¢l)(a) #

0(a), Va € .
Thus, for any m, n € N with m > n, we have
((@ns @) < 2 C(@ny Tat1) + ((@at1, Tara) +
@ ((Tny2s Tnys) + o+ (@1, Tim)
< (@, Ton) + 7 §($n+17 Tpia) + 0 Z(f?r?:% Tpta) +
< el" {@, m)+ 1" (@, )+ T (@, 71) + -

¢l
1

(I+El+52l + ) C(@o, 71)

[
i-21 ((zo, 1)

= ((Zn, Tm) — 0, asn — oo [since, 0 <1< Tand (T—d)(a) £0(a), Va € |

So, {x, }, a Cauchy sequence in (%A;, ¢, ). As (3?, ¢, o) is complete, EIPy; € SP(3?)

such that lim z, = P}\’*.
n— 00

Now, ((fo(PYy): @3n) = C(fo(PYy)s gu(@2n=1))
< @ (P, 2an1)) + @ [C(@an 1, fo(PL)) +C(PYs, 730)]

Taking n — oo we get,

B ((fo(PL), PL) < @ b2 {(PY,, PLL)
+a@ b [P, fo(PL) + C(PY, PL),
from Theorem 3.1
= 0 C(fo(PL), PY) < @b ((PL, fo(PL))
S B (- m) ), Py 2O
= fs(,(P)z\’;) = P}\’E, sincedz >0and b >0

Similarly, we can prove that gy, (P;;) = Pf;.
Therefore, f, and gy have common fixed soft point in (3&7, Z , o).
To prove uniqueness, let Pz§ € SP(Z") be another fixed soft point in (27, ¢, ).

Then, S(PY, PE) = C(fa(PL), 9u(P5,))
< @ (P, P+ [C(PS, fo(PL)) + (P gu(FS,))]
= UPLLPL) 2 @ O(PY. PR))+as (PG, PY)+C(PY, PR
= E(ng, P§;) = 0andhence PY, = P%..
Therefore, f, and gy have unique common fixed soft point in (%7, 6 , o). O

Theorem 3.5. Let (%A;, E, ) be a complete gsbms with soft real number b and
of be a finite set of parameters. Let us consider h~, a soft mapping on (£, (, &)
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satisfying the following conditions,
S (PR, hy(PL)) 2 7 (PR PL)+5 [C(PY. ha(PE) +C(PE. ho(PL))]:

V Pf., PY.€ SP(Z),

where™ >0, 3> 0and 7+235b < 1. o
Then h., has unique fized soft point in (X, ¢, ).

Proof. The results follows from Theorem 3.4 by setting f, = hy = gy. (]

4. CONCLUSION

In the present paper, we have introduced the generalized soft b -Metric Space
and some of its basic properties are discussed. Also, we have established some
significant fixed point results in this setting. Our prospect is that this investigation
has great weight and will support the researchers in cultivating new concepts in the
field of soft fixed point results.
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