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PROPERTIES OF A CERTAIN CLASS RELATED TO
Q-DIFFERENCE OPERATOR

AYA F. ELKHATIB, ADELA O. MOSTAFA AND MOHAMMED M. THARWAT

ABSTRACT. In this paper, using an analytic univalent function of the form
f(2) = 2+ 372, arz", that is defined in the open unit disk U = {2 : |2| < 1},
Aouf et al.[3] operator D;L,A and Jackson ¢- derivative, we define a class of func-
tions denoted by Rq(n, &, e, 8, ), which for different values of its parameters
many special new classes can be obtained from it. For this class of functions,
we obtained some of its properties such as coefficient estimates, neighborhood
of function and the modified Hadamard product of two functions in it and also
for function which its coefficients are the sum of the squares of the coefficients
of two functions. Key results demonstrate the influence of the Aouf et al.[3]
operator on the univalence, growth theorems and distortion properties for this
class of functions. Also we obtained analogue results of these results for each
of the subclasses obtained from this class.

1. Introduction

Denote the class of analytic univalent function
fe) =2+ apz" (1)
k=2
by A, z€ U ={z:]z] <1} and 7 C A such that
fe)=2-> az*  (ax >0). (2)
k=2

Using the Jackson g- derivative [5], Aouf et al. [3] defined
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the operator

+y [1 + ([k]q - 1) )\] ar?® (meNy=NU{0}), (3)
k=2
1—g* . .
where [k] =T which for ¢ — 17 reduces to Al-Oboudi operator [I]

and for ¢ — 17 and A = 1, we get Salagean operator [I1] , also for A =1,
we get the g-Saldgean operator [2].

For f (2) € 7, let Ry(n,&, o, B, ) be the class of functions satisfying

DDpI)
D;")\f(z)
22 2V B 2 Y () B I W
DZ],Af(z) q,,\f( z)

<¢<1, neNpand z € U.

1
< — <1
0 a<2§,0<ﬁ_

N | =

For different values of n, 3,&,a, A and ¢ — 1~, we have:

i) R(0,1 O7 1, A) = S* is precisely the class of starlike functions in U;

i) R(0,1, ,/\) is the class of starlike functions of order @ (0 < a < 1);
i , 2 ,0,,0) be the class studied by Lakshminarsimhan [7];

iv) R(0,¢&, «, 8,0)be the class studied by Kulkarni [6].

Also we have:

(i) Ry(n,1,0,1,0) = R (o, A) = {fET:Re{(g’\f(z))} >a};

Dy f(2)
(D)
D’I’L
(ii) Ry(n, 1, o, B,\) = Ry (o, B,A) =S feT: zaq(D%ijjgg) <B
D;)\’f(z) +1-2a
(iii) The class R4(0,&, 0, 8,A) = R*(§, @, B) =
200 f(2) 1
f(2)
fer: <p
BIE) I
iy w7V

2. Characterizations for the class R,(n,¢, o, 3, \)

Theorem 2.1. The function f € Ry(n,¢, o, B3, A) if and only if

S 1 (1, - 1) A" (4], - D1 - )+ 286 (K], - )] ax < 28601 - ). (5)
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Proof. Assume that is true. We have
‘Zaq(Dg,,\f(Z) - D;L,,\f(z)‘ -8 ‘25(2811 [Dg,xf(z)) - aD"Af( )}

Z [1+ (10, - 1) A]" (K], — Daxz*

k=2

2(1— a) — 2gi(mq —a) [1 n ([k]q - 1) A]” aj2*
k=2

+ i([k]q — 1) [1+ (1), — 1) A] "
k=2

— [204(DG A f(2)) — ][ =

—p

<

S 1+ (1, = 1) A [k, = 1 - B) + 2560, a)]ak—zﬁm—a)]m.

k=2

Hence, by the maximum modulus theorem, we have f € Rq(n,&, o, 8, \).
Conversely, let f € Ry(n,&, o, 8, A). Then

20,00, 1(2)
DZ,Af(Z)
BOLIE) DI
X Y o Y

5 [1 (1K, ~1)A] " (K], ~Dar =K

k=2

2{(1—a)—2§k§2([k]q—a) 1+([k],~1)A]" akz’“*1+k§2([k]q—1)[1+([k]q—1))\}”akz’°*1

< B.

Since Re(z) < |z| for all z, we obtain
5 [k, =)A)" (), ~Dar=t?
[

Re - = — < .
2¢(1—a)—2¢ z ([k],—e)[1+([k],—1)A] akzk*1+k§2([k]q71)[1+([k]q71)>\] apzh—1

Let z — 17 through real values, so we have ({5).

Corollary 2.1. For f € Ry(n,&, «, 5, A), we have
266(1 — a)
(K], = 1)1 = B) +28¢([k], — )] [1 + (K], = DA
The result is sharp for
Fz) =2 2p¢(1 — o) k
(K], = (1 = 8) + 28¢(1K], — )] [1 + (K], — DAI"

ap <

(k>2).  (6)

In the following theorem we prove the distortion results.

Theorem 2.2. Let f € Ry(n,§, o, B, ), then for [2| <r < 1and 0<i<mn,

we have
2 26¢(1 — a)
(L+ g\ |q(1 = B) +28¢([2], —

r—r




4 AYA F. ELKHATIB, ADELA O. MOSTAFA MOHAMMED M. THARWAT EJMAA-2025/13(1)

26¢(1— )
(14N [a(1 = B) +268¢(2], - )]

< |(Disf(2)] <r0?

Y

the above bounds are sharp.

Proof. Note that f € Ry(n,§, a, 8, ) if and only if
D; 1 f(2) € Ry(n —i,§,a, 8, \) and

Diaf(z) =2 =3 [1+ (1], — 1) ] apz,
k=2
By Theorem 2.1, we have

(140" (a1 = 8) +28¢(12), — )| 3 [1+ (1K, = 1) A] @

k=2

<3 [+ (0, — 1) 2] (81, = 11 - B) + 2868, )]
k=2

<264(1 - o),
then
- IR 28¢(1 — )
];2 [lJr ([Hq 1) )\} ar < T+ 2" [(1— B)g +25¢(1 _a)].
Hence . |
DiA @< Jal+ 1Y [+ (1K), — 1) A]
k=2
<r+4r? 266(1 — @)
[(J(l - B) +2B&([2], - a)} (14 Ag)n—
and

| Dysf(2)| 27 — rzi 1+ (11, ~ 1) )\Tak >
k=2

2 2p¢(1 — )
(1+ A [a(1 = B) +26¢([2], — )]
thus (8]) is true. The result is sharp for the function f (z) defined by
)=z 2t
a1 = 8) +28¢(12], — )]

For : = 0 in Theorem 2.2, we get:

rT—r

Corollary 2.2. Forf € R;(n,&, «, B, A), we have

. 2p¢(1 — ) 2
01— 8) +28¢(12), — )| (1 +rq)"
2B¢(1 — ) 2

< fEI<r+

ro.

|01 = 8) +28¢((2), = )| (1 + Ag)"



EJMAA-2025/13(1) Q-DIFFERENCE OPERATOR

Theorem 2.3. The set R,(n, &, o, 5, A) is convex set.

proof. Let fi(2) = 2 =%, axiz® (i =1,2) belong to R,(n, ¢, a, B, \)
and let g(2) = ¢1f1(2) + s2f2(2), with <1, 62 > 0and ¢; + ¢ =1,

we can write

9(2) = 2 =32, (S1an,1 + s2ap2) 2"
It is sufficient to show that g(z) € Ry(n, &, a, B, A), we have

o [1+ (18], = 1) 2] [, = DO = B) + 266(1K], - )] (181 + 201.2)
= i [1+ (10, = 1) 7] [(1K), = 1)1 = B) +28¢ (K], — )] ax.

o3 [1+ (18, - 1) A [(R), - 10 = ) + 26618, — )] ax.
k=2
<a 2861 — )] + 2 [2B¢(1 — )] = (1 +<2) [286(1 — )] = 25¢(1 — ).
Thus g(z) € Ry(n, &, a, B, A).
We obtained the extreme points in the following theorem.

Theorem 2.4. Let f1(z) =z and

_ 2ﬁ£(1_a) Zk (k > 2)7
1+ (1], — 1) A (8], = D1 = 8) + 28¢([K], - o)
then f(z) € Ry(n,§, a, B, N) if and only if it can be expressed in the form

fe(z)=2z—

f(z) = ki::l'ykfk(z), where 7, > 0 and 1231 v =1or vy + k§2'yk =1.
Proof. Let f(z) = ;—%1 Yk fr(z). Thus
- 2B¢(1 — a) k
f(Z) =z n Y2
2 (14 (14, = 1) 2] [k, — D1 - )+ 2686 ([K], - )]
thus
oo [1+ (1K), - 1) A" [(#], = 1)1 - 8) +25¢ (K], — )]
,;,2 266(1— ) .

_ 2B€(1 — )k
[ (1), = 1) A (K], = (1 = 8) +28¢ (K], — )]

M8

Ywe=1l-m<=<1

k=2
In view of Theorem 2.1, f(z) € Ry(n,§, «, B, A). Conversely suppose
f(2) € Ry(n, &, e, B, \), then

_ 2p€(1 — @)
[0+ (16, = 1) A (8], = (1= 8) + 28¢([K], - )]

ag <

(k>2).



6 AYA F. ELKHATIB, ADELA O. MOSTAFA MOHAMMED M. THARWAT EJMAA-2025/13(1)

Putting

[t (141, = 1) 2] [e1kl, = D1 = B) + 286([K), - )]
256(1 — a)

and y1 =1 — Y g, then we have f(2) =y f1(2) + > v fr(2).
k=2 k=2

Ve = (€27

3. Neighborhood and Hadamard product

Definition 3.1. For v > 0 Aouf et al. [2] defined the
k, q,~ neighborhood of function f (z) € 7 by (see [8, ©]):

Ny (f19) = {g €rig(z)=2-Y bpzand Y [k], |ax — x| <7 } 9)
k=2 k=2

and for e (2) = z,
Niq.y (€;9) = {g eET:g9(2)=2— Zbkzk and Z (K], [bk| < 'yq} . (10)
k=2 k=2

Note that when ¢ — 17 in Definition 3.1, we have the definition for
Goodman [4] and Ruscheweyh [10].

Now, we get some neighborhood results.

Theorem 3.1. Let
- 2[2], BE(1 - a)
CeN” [a( - 8) +26¢(2), - )]

then Ry(n,&, o, 3,A\) C Ny, ().
Proof. Let f € Ry(n,§, o, B, \), then we have

(1= B)a+28¢(2], - )] (1 + )
2

o0
n

(K], ak

q k=2

= i 1+ (v, 1) A}” (K], = 1)1 = ) +28¢([K], — )] o

< 2B¢(1 - a),
therefore,
S Mo < 22, ped — o) , (1)
= (1+g)" [(1 - B)g +266(2), — )]

then from , [ € Nip, (e).
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Theorem 3.2. Let g € Ry(n,§, o, 8,A) and ( =1 — Ja_g (n, &, a, B8, .

2],
Then Ny, (9) C Rq(n, &, a, B, A, (), where

(1+ a0 [(1 - B)g +266(2), — )]

d(na§7a757)‘) =

Proof. Let f € Ny, (g9). Then by @), we have

2o K], lak — bi| < 7. then 22, |ay — by < ﬁ
q

Since g € Ry(n, &, o, 5, A) , we have
2661 — o)
(14" [(1 - Bg +286(12], — )]

re2br <

)

f(z) _ 1| < E=alor—bi
9(2) tkzate

IN

e (14gM\)" [(1 — B)a+26¢(12], _a)}
2o \ 1+ g0 [(1 = B)a + 26¢(2), — )] — 26601 - )

" —1_
= ﬁd(n,f,mﬁ,)\) =1 Cv

then f S Rq(n?§7a767)‘7g)'
In the next theorem, we get some Hadamard product results.

Theorem 3.3. Let f(z) and g(z) € R;(n,&, a, B, A) such that
f(2) =2 -2, arz® and g (2) = 2 =, b2,
then the Hadamard product (f * g) (z) is defined by
(f *9) (2) = 2 =325 aby2"

is in the subclass Ry(n,§, 0,8, A), where

g6p(1 — @) '
(a0 [a(1 - 8) +286(12), ~ )] — 4822 (1~ a)?
Proof. Employing the method of Sehild and Silverman [I2], we have
[t (0, = 1) ] (181, = 1) (1 = B) + 288([8], — )]

28¢(1 — o)

c=1-—

[es}
k=

ak§1

and

o[ (=) A (w1, - 1) (- 8) + 286018, - o)
=2 286(1 - a)

br < 1.

(1L+ g [(1 = B)a+28¢(12], — )] — 28601 — ).
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We have only to find the largest o such that

o[ (=) A (1, 1) - ) + 286, - )]
b= 26¢(1 - o)

Now, by Cauchy-Schwarz inequality, we obtain

o[ (=) A (w1, - 1) (- 8) + 28601k, - o)

=2 28¢(1 — a)

we need only to show that

1+ (16, - 1) A" (18], — 1) (1 = ) + 266 (1K), — )]

arbr < 1. (13)

akbk S 1, (14)

266 (1—0) b
1+ (K], — 1) A" [ (1R, — 1) (1 - 8) +28& (K], — )
NEIORE N -
equivalently,
: 26¢ (1 - o)
S T (W) (- 1) (=50 + 2008, )]
[+ (111, - 1) 2] (1), — 1) (1 - B) + 286 (1K), — )]
26¢(1—a) ’
then
S < (1-0) [([k]q - 1) (1 - B) +2B¢([k], — a)} (k> 2)
apbr < =)

(1= a) (1K), = 1) (1 - B) + 28¢([k], - )]
But from , we have

agby < 7 2681 —a) .
Vo =) ] [(i =1) 1=+ 260, o]
Consequently, we need to prove that
2B¢(1 — @)
[t (18, = 1) A" [(18], - 1) (1 = ) + 266 (K], — )]

_ 0= [(1m,—1) (- 5) + 266, — )]

T (—a) [(18], — 1) (1= 8) + 286(K), — )]
Or, equivalently, that

(k>2).

oc<1-

1k, — 1) €801 — )
(14 (181, 1) A" (14, 1) (- 8) + 286K, — )] — 48262 (1 —0)®
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O (k) =1-

(k1 — 1) €801 — )
(14 (11, 1) A" [(81, 1) (L= B) +288((K], — )] 4522 (1~ )
is an increasing function of k& (k > 2), letting k = 2 in , we obtain
s B (@) =1 g6f(1 — a)? i
(L+qN)" [q(1 = 8) +28¢(12), — )| —45%€> (1 - a)®

)

Theorem 3.4. Let f(z) € Ry(n,&,a, 5, A) and ¢ > —1 be real number,
then the function

c+1 z
z) = []q/ s (8) dys, ¢ > —1,
z€ 0
also belongs to Rq(n,&, o, B, \).
Proof. By virtue of G(z) it follows from (2)) that

c+1
G(z)=2z—-72, ({c::—_k}q> apz®.

But

e (=) A (W, - 1) = 8+ 2668, - )] (e 1),

h=2 2B¢(1 — ) ([c+ k] > % = 1,
[c+1],
[c+ K],

Theorem 3.5. Let f(2)eRy(n,§, «, B, ) and

since <1 and by Theorem 2.1, so the proof is completed.

Fu = -wetu [ P wzo zew)

Then Fu(z) € Ry(n, &, o, B, if 0 < p < [Q]q.
Proof. Let f defined by , then

25— apsk
Fu(z) = (1-wz+p [ (H) dys = 2 2y P ara®.
0 s [k}q

By Theorem 2.1 and since (L < 1), we have

2],
[ (e ()0,
[l 266(1 — a) <Wq> "

2B£(1 — a) 2],

<2, [ (19, = 1) A [(18, = 1) (- 8) + 281k, — o) (ﬁ ) ar <1,
then Fu(z) € Rq(n, &, o, B, N).

q
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Theorem 3.6. If f;(z) € Ry(n,{, o, 8,)\) (j=1,2). Then

oo

h(z)=z— Z (ai,l + aig) 2

k=2
belongs to the class R,(n,&, 3, 5, A), where

48¢q(1 = 0)*(1 — )
) |
[1+aA]" [a(1 - B) +286(12), — @)] — 88%€2(1 - a)?

Proof. By virtue of Theorem 2.1, we obtain

d=1-

o {[H (i#,-1) A" [([k]q1)(15)+2ﬂ£([k]qa)]] )
ay

s 2p¢(1 — )
<[w P+(Mq—OAr“%L—Dﬂ—ﬂ%+wﬂ%b—aﬂ%]
B k=2 28¢(1 — ) J

2

aj

»J

[1+ (k1 = 1) 2] [(14], = D1 = B) + 286 (1K), - )]
26¢(1 - a)

WK

It follows that

2n 2
co 1 [1+ (1], — 1) Al (1K), = D1 - B) + 286 (K], — )]
,;2 2 46762 (1 — a)?

Therefore, we need to find the largest 1 such that

(K], = 1)(1 = B) +28¢([K], — )]
<
1—9 -

(ai,l + ai,z) <1

14 (1, - 1) A" [, - D@ - 8) + 286, — o)
;[ ( )] [266(1—a)2 } =2

that is,

9 <1—

4E(1 — 0)2(H, ~ (1~ B)
(14 (11, 1) A" [(18], D - B) + 286(1K], — )] — 85221 — 2

Since

(k>2).

(k) =1-
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18¢(1 — )2 (K], - (1 - B)
(14 (11, 1) A" [(18], D@~ B) + 286 (K], — )] — 882621 — 2

is an increasing function of k& (k > 2), setting k = 2, we readily have

)

4p€q(1 — a)?(1 - B)
5 .
1+ gA" [a(1 - B) +2B€([2], — o] — 882€2(1 — )’
The functions f; (z) given by , give the sharpness.

I<p(2)=1-

Remark 1. For different values of n, &, a, 8 and A in our results,
we have results for the special classes defined in the introduction.
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