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Introductions:

Program Evaluation and Review Technigue (PERT) is a modern
planning Tool which was developed by the Americsns Go help
managers better control their projects. It gives management
the clue as to what should be done in order Lo accomplish.
program objectives on time., It pinpoints the areas of the
project that require attention so that management can prepare
for it in advance. It also indicates the project requirements
of men, equipment and capital and gives management a broader
view of what should be expected from the project. The main
factor in carrying out PERT computations is the time factor
which is used as the common denominator to reflect planned
resource application and performance specifications.

Arrow Diagram:

The first step in constructing a PERT model is to draw
the arrow diagram of the project. This is affected by dividing
the project into a definite number of jobs. Hach Jjob consists
of an activity and two end events and requires a certain time
to complele it. This time can be estimaved in advance. In
terms of the arrow diagrem, an activity is represented by an
arrow whose two end points represent the events of the activity.
These events represent points in time which indicate the
termination of one or more asctivities and the beginning of
new ones.

Figure (1) shows an activity A with two end events i, and j
respectively. It means that activity A can't start unfil
event i is completed while event J indicates the completion of
A. The arrow indicates that the direction of progress goes
from event 1 to event j. It should be noted that the length
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Figure (1)

of the arrow may not be drawn to scale to represent the
actual time of the activity. :

With the above concept in mind, the whole project can be
divided into a number of activities and events which will
then give an arrow network showing the precedence relationship
between the different activities. In constructing such a
network, it will help, at each event, to ask the following
questions in order to ensure the proper precedeney relationship:-

l, What immediately precedes this activity?
2. What immediately follows this activity?
3, What can be accomplished concurrently?

Example:

Consider a project consisting of the following activities:

Activity Time units
A 10
B 2
c 4
D 3
B i

The network defining this project is given in Figure (2).

Figure (2)
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This diagram shows that activities C ad D can't start until
activity A is completed and that activity E can't start until
activities C and B are completed. Activity D can start
immediately after activity A is completed. Note that the
numbering of the events is such that the number of tail event
is less than the number of the head event for any activity.
This is mandatory especially when computers sre used to solve

the problem.

Dummy Activities;

It is necessary for the arrow diagram to be correct that
each activity be identified by two end events uniquely. This
means that if two activities are started and are completed
together, then the arrow diagram must still identify each
uniguely. This is usually accomplished by the use of a dummy
activity which is represented by a detted line with the time
associated with it equal to zero. Figure (3) shows the case
where the two activities A and B having the same start and end
can be represented in the arrow diagram. In this case activity

;
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Figure (3)

A is defined by events (1,2) while activity B is defined by -
events (1,3). The dummy activity (2,3) is introduced, at zero
time, only for convenience. :

Critical Path Concept:

After the arrow diagram is completed the next step is to
compute the longest path in the network. This longest path
is known as the critical path.
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The jobs lying on the ¢ritical path (known as critical jobs)
are the jobs that should be completed in time if the project is
to be completed as scheduled. Otaer jobs will have free slack
time which allowsithe delay in their stvart within limits to be
determined from the computations of the network.

The critical path indicates the jobs that require special
attention since, as mentioned before They must be completed

One method for determining the critical path consists of
establishing the earliest and latest times that each event can
occur and then applying simpleﬁtests to see if an activity lies
on the critical path.

Determination of Event Occurrence Time

A project consisting of ten activities (including lead time) is
shown below. Included is the duration for each activity.

Figure (4)

To deGermine the earliest possible occurrence of each event,
work from project start to completion, considering each event
in turpn, and comparing parallel paths to the event. For
example:

1. Activity (0,1) is a lead time activity and for this net-
work is assumed to be zero. [ (not indicated for simplicity)

2. The time from event (:) to event (:) is one day. The
only path from (:) to (:) is that one activity. Thus, the



earliest that event (:) can occur 1is one day after project
start.

3. The time from (:) to (:) is five days. Also, (E) nay
not occur until activities (1,2) and (2,3) waich require four
days, are completed. LIhe earliest that (:) can occur, then,
is five days.

4, The time from @ to @ is two days. However, @ may
not occur until activity (3,4) which requires six days, is
completed. Thus, the earliest that event (:) can occur is
eleven days (5 + 6) after project start.

5. The time from (:) to (:) is five days. However, (:)
may not occur until activity (4,5), which takes one day, is
completed. Thus, the earliest that event (:) can occur is
twelve days (11 + 1) after project start.

6. The time from (:) to (:) is three days. However, (:)
may not occur until activity (4,6) is completed. Thus, the
earliest that cvent(:) can occur is sixteen days (11 + 5) after
project start.

These earliest possible event occurrences are shown in the
diagram below in the squares beside each event.

Figure (5)
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fhe latest permissible completion for each activity is deter-
mined by finding the latest occurrence for each event, starting
with project completion and working back to project start.

The latest occurrence for each event is found by comparing the
gstart time requirements for all activities starting at that
event. Latest event occurrence times are shown on the network
model in a trianglee.

- For example, continuing the above project:

1l. The latest occurrence for event (:) is predetermined to

be sixteen days. i Eﬂ
- 2t - [d a6

figure (6)
2., The only activity dependent upon completion of event (E)
is (5,6) with a duration of three days. Thus, the latest
occurrence for event (:) is thirteen days (16 minus 3) after

project start.

)
: § AL
Figure (7)

5. Two sctivities, (4,6) and (4,5), originate at event (&) .
Activity (4,5), having a duration of one day, must start no later
than the twelfth day (13 minus 1). However, (4,6), with a dura-
tion of five days, must start no later than the eleventh day
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(16 minus 5). Thus, tne latest permissible occurrence for

N s 3 e
event (4) dis the eleventi day.

Siguve (8) ,

4, Two activities, (3,4) =and (3,5), originate at cvent (:)a
Activity (3,5), having a durction of five days, wust start no
later than the eighth day (13 minus 5). However, (3,4), with
a duration of six days, must sbart no later Ghon The fifth day

(11 minus 6). Thus, the latest occurrence for event (:) is
the fifth day.

e 3
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#igure (9)
5, Two activities, (2,4) and (2,3), origlnate at event (ED :
Activity (2,4), with & duration of two days, must stert no
later than the ninth day (11 minus 2); activity (2,3), with
a duration of three days, must start no later than the second
day (5 minus 3). Thus, the latest permissible occurrence £Or
evensy (:) is the second day.



Figu-s (10)
6. Iwo activities, (1,2) and (1,3), originate in event
(:) . Activity (1,2), with a duration of one day, must start
no later than the end of the first day (2 minus 1); activity
(1;5), with a duration of five days, must start no later than
tne beginning of the first day (5 minus 5). Thus, the latest
permlssible occurrence for event (i) is the start of the first

aay (or day 0).
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Figuze (11)
Determining the Critical Path

Once the earliest possible and latest permissible occurrence
times are found, activities lying on the critical path can be
readily determined by two simple tests.

l. If the earliest occurrence time ([:]) equals the latest
occurrence time ( A) at the head of the arrow and the earliest
occurrence time ([:]) equals the latest occurrence time ( A )
at the tail of the arrow, the activity possibly lies on the
eritical path. This is a necessary condition ui 4 eritical
sactivity.
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2. If the above condition is met, and the difference between
the time at the head of the arrow and the time at the tall of
the arrow equals the activity duration, then that activity is
eritical and lies on the critical path. This is a sufficient
condition for a critical activity.

Using these criteria, it is now possible to determine the
critical path for the sample project. Activities may be tested
in any convenlient sequence.

1. Activity (1,2) does not satisfy the first condition
because, at the head of the arrow, the earliest time does not
equal the latest tilue, £ B .

2, Activity (1,3) satisfies the first condition, [0 = &
and @ =Z_\5 , and the second condition, E /N0
= 5, (the activity duration). Thus, (1,3) lies on the critical
path. '

3, Activity (2,4) does not satisfy the first condition
because, at the tail of the arrow, the earliest time does not
equal the latest completion time, £ A2 -

4, Activity (2,3) is excluded for the same reason as in 3,

above.,

5, Activity (3,4) satisfies the first condition, =/\5
and = All , and the second, 5 = 6 (the

sctivity duration). Thus, (3,4) lies on the critical path.

6. Activity (3,5) cannot meet the first test because, at
the head of the arrow, the earliest time does not equal the

latest time, (2 #AL3 .

9, Activity (4,5) is excluded for the same reason as in ©,

above.
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8. Activity (4,6) meets the first tess, [ =All =ana
E =A16 , and the second test; EE:] =SNG 5
(the activity duration). Thus, (4,6) lies on the critical patna.

9. Activity (5,6) cannot meet the first test because, ab
the tail of the arrow, the earliest tiwe does not equal the

latest time, E % NG

With the critical activities defined, the critical path for the
project may be depicted, using heavier lines for the critical

activities: .j ) 11
. ?. , =

Figure (12)

The sample project has only one critical path; sactual proj-cccs
may have several.

The arrow diagram above shows the critical path with a fixea

et of parameters, that is, the activity durations are consider=—"

ed to be unchanging. If one or more durations were to chan:c,
the critical path could change. '

FLOAT :
Critical activities have been defined as those which, if deloved,
will cause_a corresponding delay in project completion. Conver-—
sely, non-critical activities may experience limited amounts of
delay or acceleration in start and completion time witho



affecting project completion. The amount of time latitude
permissible is referred Go as float. If float Gime limits are
exceeded, some non-critical activitics can ilmmediately become
cricical. For analysis purposes there are three kinds of
float. |

Total Float — is the maximum time available o complete an
sctivity less the duration of that activity.

Free Float - is the viame available To complete an activity

sssuming all activities in a project stort, and are coupleted,
as early as possible.

Scheduled Float — is bhe weighted float -available to an activiity.
If used it will not affect any other activity and will permit

the project to be complebed on scledule.™ " -

Bech of Lhese concepts has particular significence in the control
of projects. Total float provides an upper limit which cannot
be exceeded if Ghe project is to be completed on schedule.

Free float has vhe effect of pushing all avallable float as far
into the fubure as possible. The logic behind this concept is
thet unavoidable delays undoublbedly occur in sny long term
project and it would be desirable to have float allocated to
the future to counteract these delays. '

Scheduled float is determined by ailocating the float available
in the network to the non-critical activitiss based on a priority
weighing factor determined by the user. ‘Thus, if an activity 1is
non-critical, it will have more float assigned ©O it for each
increase in its priority weighting factor. FPriority welghting

factors can vary from 1 Go 9.
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Use of the Imformetion Obtained from Critical Psth Computations:

After the previous computations are performed on the network,
one can use the obtained information to set up the time schedule
of the project. This is usually in done by the use of & "bar chart"
where the lengths represent the actual time of the activities
(to scale). Example of this bar chart is given in Figure (13)

4

AcGivitiLes

eae]

Figure (13) Tine
The critical jobs will be shown on the bar Chart tight on schedule
while the non-critical jobs have some slack so that tihey can be
completed any time between the egarliest start and the latest
completion of the Jjob.

Input data:

The input of the program are ordered as follows:

1. HNumber of activities (FORMAT I4).
2. eventa i and j and duration for each activity
(FORUAT 2 T4, F4.2 ).

The card number 2 should be repeated with one card for each
activity.

It should be noted that for any activity it is necessary
that 1< j. '
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Flow Diagram Pert-Llime Problem:

A Fortran program is given for compubting the critical
path of & given network. (see 22: o, o) The flow
dicgram is shown i Figure ( 14)

/" Read input data:
events ™=
durations

4

Compute earliest
start for each

event

Compute latest
Completion for
each event

No For eech activity
W with end events Yes
, Are all a—| 1 & j, 1s ecarliest .
| Jobs % o) start time equal

finished? earliest compléfien

& time?

= No Is(ecarliest stagt
) itimej — earliest .
'ﬁp‘““'“_“start time i) = Dur-
ation of the event

Yes

Yes

I , £l
Note the activity
bedgon critical path

No ,

] Prgnt output |—»{Is this last pwblein
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Example

Refering to the above example:

Figure (15)

Input datva will be as follows:

90 Lo w2b et Ao e it 8. 9 10

Card 1 ?
.

A i 2 1

A - . : :

Caxrd C 2 3 3

2 B 2 4 2

15 3 4 6

F 3 5 5

4 5 1

H 4 6 5

\I 5 1 | A 2
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The limitation on +the number of activities to be handled by the
program is given by the DIMENSION Stateaent of the program and
should be changed accordingly if necessary.

Output of the Program:

The output of the prozram gives a listing of each sctivity

defined by its end events 1 & j together with its duration. The
program gives the following information cbout each activity

ES
EC

IC
LS

TF
FF

Earliest start of the activity.

Barliest compl@tien of the activity

ES + DURATION

latest completion of the activity.

lastest start of the activity.

IC - DURATION,

total float = IC - ES - DUR,

free float which is the time available to complete
an activity assuming all activities in a project
start, and are completed as early as possible.

The program also gives the total project duration in time units.
The critical path activites will be indicated in the output

by corresponding asterisks.
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FORTRAN PROGRAN FOR THE BROBL.

C 3|igg§$QH 5?$O%ERT{151E SCH%%QLING BY CPM
U U
100 FORMAT (213, Fh, o; i )’SL(IOQ)’D(jOG)
102 FORMAT(2 CHPERT~TIME. SCHEDULIII®
103 FORMAT{//{1SHPPOJECT DURATION =,E15,3)
106 FORMAT(214,2XF5,1,2X2F5,1, 2X2F50 1 2x F541)
107 FORMAT(ZIM 2XF5,.1,2X2F5,1 zx2Fb 1 zx F5.1, 2H *)
108 FORMAT (//zx 8HACTIVITY 2x 3HDUR, by zHEs 3x. 2HEC sx 2HLS, 3X 2HLC

1 5X 2HTF)

INITIALIZATIOM
7 DO 2 K , 100

(g}

C READ [NPUT
READ IUU M

DORS I
5 READ IUU I(K) J(K),D(K)

c COMPUTE EARLIFST-STAPT TIMES

9 po 10 N=1,M
K1=N
lF(J(N)—KZ)IO so 10
50 K3=1 7
.pKL= (K1)
T=SE(KL)+D(K1) .
FiSE(KZ)-T)Sl,IOIIO
51 SE(K2)=T et e
O CONTINUE
IF(K3)11,20,11
11 K2=K2+1..
K3=0 .
SE(K2)=0
GO TO 9
C COMPUTE LATEST=~START TIMES
20 K2=K2=2
NUM=K 2+1
SL(NUM)=SE(NUM)
14 SL(K2)=SL(NUM)
DO 15 Kl=1
!F(I(K1)—K5) 15 30 15

o
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2

15 PONTI”UE
IF(Kz=1) oU UO 16

16 KZ=K2=1
GO TO 1%k

C. EINALESRESULTS

6O PRINT 102
PRINT 103,SE(NUM)
PR! T 106

LE (SL(Kl) - SE&V )g TSI
71 IF (SL(K2) - SE(K2) HO.S 72
72 AR=SL(K1)=SL(K2)=-D(NZ)
IF (AR) 70, 73, 70 .
73 PRINT 107 KZ,u] D(NZ) SE(K2YSCESCL SSIAKTY - TE
GO TO 65
70 PRINT 106 SR 06 D(NZ) SE(K2) ;CE,CL,SLIKT),TF
65 COMTINUE :
C START NEY PROBLEM
GO TO 7
END
TURM SW 1 ON FOR SYMBOL TABLE, PRESS START
END OF PASS |



lllustrative Solved Examples

To illustrave how the computer gives the final results of the

problem, we give hereunder the computer output for the above example?

PERT=TIHE SCHEDULING

PPOJECT DURATION = 16000, 000E-03

NSTIVITY \DUR - ES  EC fisie (e TF

B R0 00 1,0 020 L0
520 500 0.0 5.0 H00EEI0  Load
T o e NV e

i R LR AR £ o e T e
Gl 6.0 B0 0.0 S5L0N.0 s 0s0 4

e 5.0 500100 8,000 u.p
W5 100 11,0 1205471250718, 020021 ,0
L 5,0 10 1650 SN0 6.0 0,0
e .0 12,0 5.8 80 0. 1.0

Note : Asterisks .ndicate: critical activities.
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