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The' ponoduction Cunctiph i & concept in physical and
biological science. However, it was largely developed and,
until recently, used mainly by economists. Estimating produc-
tion functions provides basic scientific knowledge. Soclety is
likely to invest in production function estimates as long as
economic criteria can be employed in putting them to use in
decisions which benefit producers and / or consumers. For this
reason several quantities, of great interest, are usually derived
from production functions. These quantities provide one of the
two sets of information needed for choice and decision - making
in the field of economic analysis. The other set of information
needed is price data or other quantities which serve as economic
criteria. The first set of physical quantities derived from
emperical production functions is under focus in this study,
while the second set is beyond the scope of this paper. The
estimation of the marginal physical productivity, the isoquants,
and the isoclines. and their use in the opecification of optimum
levels and combinations of resource inputs as well as the deter-
mination of the optimum production plans has been quite common
in ogricultural economics research. However, measures of reliabw-
ility for these quantities are not generally investigated. Since
conelusions and recommendations are stated on the bases of these
derived quantities, it is of great interest to have avialable
some measures of reliability for these estimates.

It is the purpose of this paper to compute confidence
regions for the marginal physical products, the isoquants
(product countors), and theisoclines derived. from & given type of
production functions, However, the procedure is quiete general
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and with little modification, can be applied to almost every
type of the production functions.
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Fuller (3) proposed a methodological framework for the
computations of the confidence intervals for the quantities
derived from the estimated production functions. This proposal
is used as a basic tool for the analysis to follow. He indicates
that the derived quantities can in general be exXpressed as fun-
ctions of the estimatedcoefficients of the production function.
Thus the statistical properties of these quantities are determined
by the statistical properties of the estimated production

function coefficients,

For the determination of the variances of our quantities
(i.e., variances of the marginal physical products, isoquants,
and isoclines) the following formulation are used. Given that
1t @1 ,f32 G At e T me are "m" variables distributed with varia-
nce-covariance matrix estimated unbiasedly by "G" Where Brs are
the production function's coefficients and, G = (X‘X)“l sa ,amJ
wnere (X'h)"l is the familier inverse of the sum of squares and
cross product matrix, and.s2 is the sum of squares residuals
devided by the degrees of freedom. And given that Hl 5 H2, sleid
, H, are "n'" variables defined by given functions of the ﬁ‘s
(i.e., the H's are the quantities derived from the emperical
production functions). That is the H's are functions of @‘S

O3 Hl = fl(pl,pé, o9 3 pm); H2 = f2 ({31,@2, eeeo 3 m),
eos y H, = ih <4 (Pl.’ p2 Frinie png‘ Then the variance-covari-

ance matrix of the quantities derived from the production function,



(which we derive at in this analysis) or in other words the-
variance~covariance matrix of the H's is estimated by
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If the H'sg. or.the quantities derived the production function are

linear distribution of the "@'s", then all the elements of "R"
are constants, and if all elements of "R" are constants, express-
ion (1) provides unbiased estimates of the variance convariance
natrix of the H's. For more complicated functions the estimates
of equatibn (1) are only asympototicallyIunbiased.
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In this study a land-fertilizer production function
where the output (corn production) is measured against the
change in both factors -of production namely land and fertilizer
is under focus. ‘This function is homogeneous of the first degree,
that is constant returnes to scale are assumed to exist. The
estimated landefertilizer'production function under consideration
in this study is of ‘the form:

y SRR e e SR e p R
. s z
ﬁh@re: X = -Corh yield din the U. 4. . Rs
A = LJLand,
P = Nitrogen fertilizer.

a,y bl’ and b2 = the productidn function coefficients

In the analysis tbrfoliow, the analytical procedure for
deriving confidence regions for : a) the marginal physical
‘products, b) isoquants , and C) the isoclines, are specified.
Then solving numeriéally for these findings, as a working
'example, fopllows.

a) Marginal physical productivity:

The marginal physical productivity of land and fertilizer

are:
9y 2 =2
MPPA = -ﬂ = a + b2 B A e e (’—I—)
2.0 3 -1
MPPF = 5T = bl - 2b2F A vo e ¢8)
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It is clear that thise marginal physical quantities are linear
functions of the coefficients of the original production func-
tion. Thus the estimate R G R will give an unbiased estimate
of the variznces and covariances of these quantities.

The "R" matrix of the marginal physical products are

given byt —
1 0 A
PR (6)
g lo 1 -2F o™t
and 4 G s (X'X)_l e

Hence the estimated variance-covariance matrix of the marginal
physical products of land and fertilizer is:

R G R
R R Y o I 0 2
I i S
AR 7 4% 2 A~
- S L 3
& A .
- 5 oo
X J F

Wherecgi is the estimated variance of the marginal physical
productivity of land, andorg is the estimated variance of the
marginal physical productivity of fertilizer, and &« is the
covariance between the two marginal productivities. Equations
(8) and (9) give the 95% confidence intervales for the marginal
physical productivity of land and fertilizer respectively.
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P[NIPPF . t'os d_ :’E'l =3 DJEPPF é‘,_ NIPPF + toos d-FJ = 95%
‘ . ‘ ' 00 0o (9)

% ;
Where ; MPP is the calculated marginal physical productivity,

(Ti andxf% are variances of MPEA and MPPF respectbively, and ©.is
the tabuler t at .05 probability level and the appropriate degrses

of freedom,

b) Isoguants

The Y = isoquant consists of tunose points for which
total product equals Y . Isoquants are oftenderived from the
emperically estimated production function by equalting the estima-
ted Y in terms of X's (inputs) with the fixed number Y and
solve for one X as a function of another.

" 'For the establishment of the confidence region for
an isoquant, from our land-fertilizer production functicn, the
following steps are carried out:

a) We start by finding the confidence in tervales

for a given ¥ -, at a given F 'and A . This be doen by the
same method as

PR Ik e SRR k1 21 | (10)
2 a ﬁ)bl 2 by

ad., Gm (RITYTE B ’ (12)
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and the variarnce of "Y' is uetermlned by RGR' Therefore the

limits on ¥ can be stated as: Yl< Y & Y2

b) By the use of the land-fertilizer production function,
the llmlts on Y can be translated into land . equlvelance. That is
— Tl it ]

knowing Y - Y1 = Y and using : I, = aAo + blF - b2 AO ’

therefore at the given@FJbaLAo can be solved for. Hence confi-

dence intervales for A as (E1< A< '32)-where: Ko 0 Kl

or Ko = KB - A can be determined. Repeating the same procedure
at different points gives a confidence interval around the
isoquant function.

¢) Isocline

The "K" isocline is defined as the locus of points
for which the marginal rates of substitution of fertilizer for
land (or : input (1) for input (2))is k. This trace in our
land~fertilizer production function is:

94 MPPp, :
MES T mmemes D e e NI o Lok
BFlap OF - TP
e e el by
5 2 __2 = K .o (l_?))
a + bZF A i
e L
ak + baK A = ’Eba F A - bl

1
2 2 2 2 e

e

Emaw%]‘ AR i)

To set the confidence intervale the variance of "A" can be
determined through the RGR' procedure as follows:
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Iy o R i R St R
a-a Qb %2} _ i Oca'l (15)

Solving for "R" quantities, we obtaine

Qﬂe)
o =
I

( K 52 [2(5@32 + DA = Do) ] —L e

D
e

1i

(-42) [2(ahK + Da-b,B)] 71 e AD)

E

24 _ (oap - KPP [2(aAK+bA-—bF)]-—l | (18)
9b2 B & 2 i
Phus the variance of A can be solved for. nence,ra confidence
interval for A at F = F_ and A = AO can be established as:
u-tYrd'A <A<A+tddﬂ§}=1---0<'

s his -_‘(19)

Where X represents the probability level. Solving for a ‘set
of A's a confidence intervale is determined for the isocline

Furnetion:
e

The application of the previous analysis to an
estimated land-fertilizer production function (1) follows:

The function is

2 4=l

¥ = 10,427 A + 2,312 F =~ 218 FroA. s &6
where Y = corn yield in ardab (in U.A.R., Alex.)

A = Tand in feddans.

F = Nitrogen fertilizer -in units of 15 Kgs:
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The marginal physical products for fertilizer and

land are:
MPPp = 2,312 - 436 F AT ek (21)
MPP, = 10.423 + .218 Fe A2 By (22)

and hence the "R" matrix of the marginal products is given by:
w1
0 1 —2FA e (23)

R =
Tk 0 FeA~2
and since the estimated variance-~convariance matrix of the

estimated production function (G) is given by:

.76190 - 46428 .059527%

a=(xrxy~1e%= | 46428 46428 ~.071428 5,324
.05952 - -.071428 .011904

R e Ty

then the estimated variance-covariance matrix of ME?Fand MPBA

ise (R) (6) (R)

ORI N\ el .76190 ~ . 46428 NoL:1e 1] o o R |

§ 5 22 L liesos .. 46428 -.071428| | 1 109 L%§4
. 05952 ~.071428  .011904||-2FA~ %jA:

Qfﬁﬁﬁgﬁ §53u¥%‘ w&&i)

" (9 e, NETQin;%Eh) e
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Now to investigate the marginal products at tne‘points:-F‘m-lﬁl
and A = 1, we substitute in equation (25) to obtain the wvariances
at these levels of the inputs. And given the assumption of nor-
mal errors, "t" statistic may be used to construct the confdence
intervales. Thus the 95% confidence intervale for the marginal
product of nitrogen at the point F = 1 (15 Kg,) and A = 1 (Feddan),
o ik ' e

P( -3.15680 & MPPy & + 6.92480) = 95% $¥a A

The similar confidence intervale for the marginal product of
land (A) at the ' same point F=l, A=l is:

P(5.28207 & WP, & 15.99993) = 95% stk B

b, Isoquants

The procedure for the determination of the confidence
itervales. around bhe isoquant functlon has been explained before.
The method was used and the estimated 70% confidence intervles
for an isoquant is plotted in figure (1), howevef, the proéedure
followed can be summarized as: .a) by applying the RGR' technique
the variance of Y was determined as: '

52 :%, F ~F2A"i]m°76190 —.46428  ,059523|] & ]
b ] : fl
. - 46428 46428 ~,071428|1 T \5'5“‘:)

.05952  -.071428 ,011904{|-FeA"Y
& | - -

e (28)

g2 = [(7619082 - 9285674 + 3452341

PRI O e N .0119043%‘”] (5.,‘524)

s 00 \ A
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Equation (30) shows the variance of the predicted Y as a
function of the values of F and A, b) we asign values for F
and A and solve for the equivelant(f% at these specfied values.
c) knowing this variance intervles around Y can be established,
d) given the land-fertilizer production function, and knowing
Y and F, we can solve for (A)., These A's are plotted in the land-
fertilizer isoquant diagram indicating the specified cconfidence
intervale.

¢) Isocline

The procedure for the determination of confidence intervle
around an isocline function is a direct one as specified before.
Sine "R" is a function of K, a,'bl, b,, F and A and we know all
of these constants but F and A, then we asign values for F and.
A and solve for the corresponding "R" and hence "RGRﬁ and there-
fore(fi at the asigned "F" and "A"™ Repeating this procedure a
set of the wvariances of "A" at a corresponding values of F and
A can be established. And assuming the normality criterion, a
(1 - o ) confidence intervale around the isocline curve is set
up. The confidence limits around an isocline which is an expan~
sion path, in the same time; iss plotted in the diagram.

In the diagram too, the intersection area between the
confidence limits around the expansion prath, and the confidence
intervles around the Y iéOquant (whereY indicates opbtimum
output level) gives a confidenice region (with probability level
less than either of the two areas) around the point of optimum

resource combinabtion.
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