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Abstract

In this paper, the exponentiated generalized general class of distributions is introduced. Bayes
estimators for the parameters, reliability and hazard rate functions are derived based on dual generalized
order statistics. As a special model from exponentiated generalized general class distributions, Bayesian
estimation for the unknown parameters, reliability and hazard rate functions of exponentiated generalized
xgamma distribution based on dual generalized order statistics are considered. All results are specialized
to lower records, also a numerical study is given to illustrate the theoretical procedures.
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1. Introduction

The statistical literature contains many classes of distributions that have been constructed by
extending the common families of continuous distributions providing more flexibility as far as
applications is concerned. These new families have been used for modeling data in many applied
areas such as engineering, economics, biological studies, environmental sciences lifetime
analysis, finance and insurance. These generalized (G) distributions give more flexibility by
adding new parameters to the baseline mode! and are useful in obtaining general results that
could be applied to special cases to obtain new results.[Alzaatreh et al. (2013) and Alizadeh et
al, (2017)].

There are several ways to generate new distributions, such as adding a positive parameter to a
general survival function by Marshall and Olkin (1997). Also, Gupta et al. (1998) introduced the
exponentiated (E) exponential distribution; by exponentiating a cumulative distribution function
with a positive real number, beta generalized-G family by Eugene ef al. (2002), G gamma
generated distributions by Zografos and Balakrishnan (2009). Cordeiro and de Castro (2011)
presented a class of Kumaraswamy G distribution and Alzaatreh et al. (2013) introduced a new
method for generating families of continuous distributions. - .

Many authors focused on the E distributions and its applications; for example, Nadarajah and

Kotz (2006), Ali et al. (2007), Silva et al. {2010), Lemonte et al. (2013), Elgarhy and Shawki
(2017) and Rather and Subramanian (2018).
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Cordeiro et al. (2013) proposed a class of distributions as an extension of the E type
distribution which has greater flexibility of its tails and can be widely applied in many areas of
biology and engineering. Given a non-negative continuous random variable X, the cumulative

distribution function (cdf) of the Exponentiated Generalized (EG) general class of distribution is
defined by

Ft;a,f)=[1-(1-G60x)*¥ , ap>0, (1)

where a and g are additional shape parameters, the corresponding probability density function
(pdf) for (1) is given by

fOaB) = afg(®(1-6E))* [1 - (1 -G, B8 >0. @)

By setting @ = 1 in (1) the E type distributions is derived by Gupta et al. (1998); further
the E exponential and E gamma distributions can be obtained if G(x) is the exponential or
gamma cumulative distributions, respectively. For §# = 1 in (1) and if G(x) is the Gumbel or
Fréhet cumulative distributions, then, one can get the E Gumbel and E Fréchet distributions,

respectively, as defined by Nadarajah and Kotz (2006). Thus, the class of distributions (1)
extends both E type distributions.

General class of distributions is important to obtain a general result that could be applied
to special cases in obtaining new results. It is more flexible in dealing with statistical problems.
Many authors focused on the G and EG distributions and its applications; for example,

Oguntunde ez al. (2014), Yousof et al. (2015), De Andrade et al. (2016), Mustafa et al. (2016)
and Sindi et al, (2017).

AL-Hussaini (1999) introduced a general class of distributions with positive domain to
be the underlying population model. This class of distributions includes, the Weibull, Pareto
Type [, beta Type I, Gompertz and Compound Gompertz distribution, among others.

Gi(x|8) = 1— exp[-A(x)], x>0, (3)

where A(x) = A(x, 8) is a non-negative continuous function of x such that A(x, 8) -
Oasx - 0% and A(x, 8) » wasx =0, and 8 = (61,6,...,0).

In this paper the new exponentiated generalized general class (EGGC) of distributions
will be introduced; using (1) and (3), the cdf and pdf can be derived as follows:

Fl;a,f) =[1- exp[—ar,l(x)]]JB , x>0, a,f >0, | 4

and
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flxaB)= aﬁi(x)exp[—-al(x)][l - e:xp[—ml(x)]]ﬁ_1 x>0, a,f>0, 5)
where A(x) is the derivative of A(x) with respect to x.

The reliability function (tf), hazard rate function (hrf) and reversed hazard rate function (rhrf)
are given, respectively, by

R@) =1~ [1-expl~aa@)]]’ . af.x >0, (©)
f(x) a:.t?‘l(x)f-'xp[—otil(x)][1—ex19[—ﬂfﬂt(ﬂ=)]]ﬁ"1
hy(x) = = >0; af>0, 7
1(%) R(x) 1-[1—exp[—a:1(x)]]ﬂ x af (
and
ho() = £2 = aplxyexpl-ad()][1 - expl-aal " x>0 af>0. ®)

Burkschat ef al. (2003) studied the dual generalized order statistics (dgos) that enables a
common approach to descending ordered random variables as reversed ordered order statistics,
lower record models and lower Pfeifer records.

Let X1 nmicy X@nmiy - Xnnmi be n dgos from an absolutely cdf with corresponding
pdf. Then, the joint pdf has the form

f X (1.n.m,k)'x amir Xinnmbe (x(l)’ v X(n)) =
m k-1
k(i) M (i) Fro)} (F () fGa) ©)

where F71(1) = x(p) . 2 Xy 2 F 20}, EN, k21, My, vy My =M,
m € R is the parameters such thaty, =k + (n —r)(m + N=1,foralll<r=n

This paper is organized as follows: in Section 2, Bayes estimators for the parameters, rf
and hrf of EGGC of distributions based on dgos under squared error (SE) and linear exponential
(LINEX) loss functions are derived. The exponentiated generalized xgamma (EG-Xg)
distribution is studied in details as an application for this general class in Section 3. Finally a
numerical study is presented in Section 4, to illustrate the application procedures of the various
results developed in this paper. o
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2. Bayesian Estimation Based on Dual Generalized Order Statistics

This section is devoted to estimate the parameters, rf and hrf based on dgos using Bayesian
approach, under SE and LINEX loss functions. Also the credible intervals are obtained.

Suppose that X¢y nm iy X2nmicyr - Xnnmiy are n dgos from EGGC distribution, the
likelihood function can be obtained by substituting (4) and (5) in (9) as follows:

n-1 n n et

L(Cx, ﬁ; E) =k [—[yj aﬂﬁn nicxl) exp [_“zl(xi)] 1—[[1 . exp[—aﬂ.(xi)]]ﬂ(mﬂ)_l
j=1 i=1 i=1 i=1

X [1 = expl-aa e )" (10)

Assuming that the parameters a and 8 of EGGC distributions are random variables with a
joint bivariate prior density function that was used by AL-Hussaini and Jaheen (1992) as

9(a, B) = g1(Bladgz(a) , (11)
T+l —af
where g,(Bla) = Wﬁfe W, t>-1 ,waf>0, (12)

and the prior of ¢ is
4

ac—l _
gﬂa:):we B, a,b,c>0, : (13)

which is the gamma (¢, b) density.

The joint prior pdf of & and g, will be obtained by substituting (12) and (13) in (11) and it’s
given by;

1.8
g{a, B) x a”’ﬁ’e'“(ﬁ , c.hw>0,1 > -1 (14)

The joint posterior of « and B can be derived by using (10) and (14) as follows:
(e, Blx) o L{a, f1x)g(a, B)

Tl'(a. B |£) o« an+t+c'ﬁn+'re—a[%+2?=1 1(251)]8-3[%—(m+ DI inw—kInug) Hn (ui)_l:
i=1

where w; = [1 - exp[—al(xi)]] andu, = [1 - exp[—al(xn)]], (15)
Hence, thie joint posterior distribution of & and g is given by;' |

1 & -1
atThegniT~algtiing Al Bl -t ST nukInunl . y-1

Fn+t+1) @ ' (16)

(e, Blx) =
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w0 q+ereg O I ACDI R ()

where @ = [ e da. (17

0 [E-(n+1) BP Inu—kinug]

2.1 Point estimation

In this subsection the Bayes estimators for the parametets, rf and hrf based on dgos under SE
and LINEX loss functions of the EGGC distribution are obtained.

a. Bayesian estimation of the parameters, rf and hrf under squared error
loss function

Under SE loss function the Bayes estimators of the parameters « and 8 are given by their
marginal posterior expectations using (16) as shown below

asey = E(alx)
f°° 1
0 @[o - (m+ 1) T  Inu; ~ kinwy]

(18)
and
Bisey = E(Blx)
o (n+r+1)a"+‘+ce_a[%+z?=1 Al M,
=l —0 - S da. (19)
7. (W—(m+1) Z{‘mi Inu;—kin un]) :
The Bayes estimators of the rf and hrf under SE loss function are as follows:
Risey() = E(R()]x)
—1— J,m un+t+ce-a[%+2?=11(xi)] T )™t - da (20)
0o (E-m+) £ ny—kinup—n u)wt
and
Ry sy (%) = E(h(®)]x) =
J_m J_m @ THCRLENATHLY () xp [~ oA ()] uP 2 e"“[‘]’}+2?=1 l(xi)le-ﬂt%—(mﬂ) Ly lnu-kinun) T, ()™ dadp
0 Jo (1-uP)r(n+t+1) @ '
21
where u = [1 — exp[—al(x)]]. (22)

and u; and u,, are given by (15).
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To obtain the Bayes estimates of the parameters, rf and hrf, the Equations (18) - (21) should be

solved numerically.

b. Bayesian estimation of the parameters, rf and hrf under linear

exponential loss function

Under the LINEX loss function, the Bayes estimators for the shape parameters a and § are

given, respectively, by

* -1 -
aanxy =5 InE(e™*|x),
where

—a[o4F+3R, 2 -
ahttc, a[9+5+Ek, 20x)] T, (u)™

ﬂa‘x) fn = ' ntt+l da’

qo[—— (m+ DXy ~ kinw,)

and
Bl =5 InE(e™|z),
where

_ ntecg Al Al [t
(19+-—(m+ DEFn u,—kln un])

Also, the Bayes estimator for rf based on dgos can be obtained as follows:

where

E(e—aR(x)lx) —

. J-w J- an+r+r.'ﬁ7l+1' —9(1—w)f —a[-5+2‘,,_1}.(xi)] ﬁ[——(m'*‘l)z —inw—kinu,) T, (u 1)~
n+t+D e

and the Bayes estimators for hrfand rhrf based on dgos can be derived as given below:

hinxn(x) = --ln E (e_ﬂhlcx”x)

where

(23)

(24)

@25)

(26)

@7

dadp,

28)

(29)
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(e~ M@ |x) =

2B 106 exp~aA ([l '1] -
oo g T ﬁ"’"‘re_a[-_g;T[u]?l_— e‘-“[%"'z?:l Azl —f = (m+D) £t

J':’ '[0 Fin+1+1) @ O Dl dadf, (30)
and
hyanxy(x) = %ln E(e~%"@|x) . (31)
where
E(g-ﬁ-‘lz@il) =
s oo T g ~HlepAexpl-aicalu?] ool +E g M~ - (k) st inuyktnnl pn_ )= dadp. 32)
0 70 F(+T+1) @

To obtain the Bayes estimators of the parameters, rf and hrf, the Equations (23) - (32) should be
solved numerically.

2.2 Credible intervals

In this subsection the Bayesian analog to the confidence interval which is called a credible
intervals are introduced. In general, (L(x), U(x)) is 100(1 — w)% credibie interval of & if

PIL(x) <8 < U] = D n(glr) dg =1 - - (33)
Since, the posterior distribution is given by (16), then a 100 (1- @) % credible interval for a

s (1), 0(),

where

Ple> L@l = [y —

(=1 u;[%—(m+ NIt Iny—kinin)

grere el Al

n+r+l

da=1- %, (34)

and

arteregmalft I AG]

Pla > U(x)|x] = [ o da = 2. (35)
[a (—) lz] J’U(&) Cpﬂ?=1 ul["fv—(m"'l)z}l:—f' lnui—klnun] +1+1 2
Also, 100 (1- w) % credible interval for 8 is (L(x), U(x)),
where

P8 > L(x)|x]

J-oo I an+t+cﬁn+-;e—a[%+2?=l l(x[)]e—ﬁ[ﬁ—(m-t-l)z?___? Inu;—kinty) H?=1 ui)_1 dadp
B L(i) 0 . . (pl"(n+1:+1) ] B
=1-2 (36)
2!
and
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1. on o n—~1
i - an+r+c5n+fe'“[3+zi=1 A(x{)]e-'ﬁi-‘;,—(m+1)2i=1 In =k In tn] T, Cup)
P[ B> U(&)lﬁ] - J.U(g) Io o T'{n+t+1) dedp
=%

4 )

3. Exponentiated Generalized Xgamma Distribution Based on Dual
Generalized Order Statistics

Sen et al. (2016) introduced the xgamma (xg) distribution which is generated as a special
finite mixture of exponential(f) and gamma(3,8) distributions with mixing proportion

8 N .
Mm=rpandm =1-m = ﬁ. The cdf and pdf of the xgamma distribution are, respectively

8+9x+8%
Feg(x:0) = 1 —5+—+1:;—2e~9x , x>0, 6>0, (38)
and
2
fag(:0) = = (1425 e x>0, 8>0. 39)

Yadav et al. (2018) studied the generalized xgamma (G-xg) distribution by adding power
shape parameter to the cdf; some statistical properties of this G-xg are discussed. They used
many methods of estimation to estimate the rf and hrf of the G-xg distribution.

Assuming that X is a random variable distribution with EG-xg distribution with shape
parameters, &, 8 > 0 and scale parameter 8 > 0 denoted by X~EGxg (a, 8, 6),
hence the pdf and cdf are given, respectively, by

B

(1+6+9x+§-z—"i)a —ab
Forg(x; 00, 8,8) = |1 = ———2 " p~afx

(1+8)« x>0, a,6,0 >0, (40)

and

-1

g2 -alx fx? f2x2 24
feoxg(x: @, B,6) =%—-(1+%) (1+6+6x+25)

B-1

aZx2\%
(rorome® ) _
e e x>0, a,8,06>0.

(2+0)%

(41)

The rf, hrf and rhrf are, respectively, given by
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(1+9+9x+§3£3a f :
REGxg(x; a, Br 9) =1—i1- (1+6)"‘2 e—aex ] x> 0; a, ﬁl 6> 0 ] (42)
hlEGxg(x; a,f,0)
2,2\% p-1
aﬁgze—aax Ox2 92x2 a-1 (1 +8+6x+ 7 L atx
4 ﬁ .

2,20 %
1+9+9x+92x)
—-a8x

1=11- L € ‘

x>0, ap88>0,43)
and

2,~00x 2z 2.2\
hagexg(X; @, B, 6) =£‘%&"(1+9§—) (1+9+B:!&:+9_:c )

-1
2.2+
(1+9+9x+“—"—
L I A

x|1- (1+9)a2 ) e~%?*| |, xa,B,8>0.

(44)

Plots of the pdf, hrf and rhrf of EG-xg are, respectively, given in Figures 1-3. The
plots, in Figure 1 indicate the behavior of the density function and explain the flexibility of the
model graphically with its sub-families. From Figure 1, one can observe that the curves of the
pdf are monotone decreasing, increasing and bathtub, with different values of shape and scale
parameters. In Figure 2, the curves of the hrf are increasing, decreasing and monotone decreasing
with different values of shape and scale parameters. The curves of the thrf at the all values are
decreasing and then constant in Figure 3.
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Figure 1

Plots of the probability density function
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Figure 2

Plots of the hazard rate function
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Figure 3

Plots of the reversed hazard rate function
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3.1 Bayesian estimation for exponentiated generalized xgamma distribution
This section derived the estimation of the parameters, 1f and hrf based on dgos using
Bayesian approach. Also the credible intervals of the parameters, rf and hrf are obtained.

Suppose that Xy nmky X@nmiy Xnnme e R dgos from EG-Xg distribution, the
likelihood function can be derived by substituting (40) and (41) in {9) as follows:

n-1 - n . n 2
anﬁnezne o8 Bi=1 %i Brx," a-1

Lsaxg(“-ﬁ: 6;x) =k HT’J' (1 + 6)n* 1—[ 1+ b

j=1 i=1

, Bm+1)-1 PERY: Bi-1
-1 8 \" _a8x [ 2r) B
x iz [1 ~“\wa) © : I] [1 (1+9)) ¢ ] ’ 45)
2.2

Whereé'i=(1+9+8x[+£2—:i)and6n=(1+9+8xn+—-8:" : (46)

3.1.1 Point estimation

In this subsection, the Bayesian approach is considered under SE and LINEX loss functions
to estimate the parameters, rf and hrf of the EG-xg distribution based on dgos. Also credible
intervals for the paramsters are obtained.

Let %, = a, 9, = p and 93 = B are independent random variables with gamma priot distribution

with the pdf as follows:
Wi
n(®) = :{c )19].“1‘13-41191, 9;,dj, ¢ >0, j =123, where ¢;, dj are the hyper parameters.
§

A joint prior density function of 8 = (91,92 #3)' is then given by
3
n(g) o | Joy e
j=1

x acl—1602—1963-1e—[d1a+dzﬁ+d39]_ (47)
The likelihood function given by (45) can be rewritten as
_ anﬂnezne—ﬁﬁz?=1xi
Legeg(@ 8,0:2) = k (=1 v1) — gy =t

@ s P 1P, @)

where u; = [1 - ((_3-9_) * e—aex{]' uy = [1 - -(TS-‘:?)' . e—aexn] and p; = (1 + _9_;_%_) aia-l.

The joint posterior density can be derived by using (47) and (48) as follows:
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n'E'Gxg (ﬁl?ﬁ)
= T(afr*n-1gc +n—-19c3+2n—1)e—a(d1+8 T, xptnin(i+e))

% g=Bldz=(m+1) EF n(uf)~kinup)) e~9ds nn o, W)t (49)
[=1

I=

where T is the normalizing constant defined by
T—l

03 fsa) n
= f f (ac1+n—19c3+2n—1e—a(d1+9 X I TEN I ETEEY)) e~9d3 I I ) (u:) —1)
0 Yo (=1

1

o0
x [f ﬁcz+n—1e—ﬁ[dz—(m+1) Tt ln(u{)—kln(u;‘t)]dﬁ] dado.
0

[+ 4] =] T
— F(Cz + n)f f (ac1+n-—13c3+2n—1 e—a(d1+92?=1xi+nln(1+9)) e—9d3 | | P, (u:) --1)
0 [} =1

1
X dadf
[[dz —(m+ DI n(y) - kln(uﬂ)]c’-“]
Let
=] - -] "
* G1PR=1g0y+2n~1 g=ald;+0 T, xpnin(148)) ,—6d; oy -1
L L J; (a 3 e I e l_L=1P‘ ) )

1 |
8 [[dz T+ D3 i) — kiG] 24

Hence, the joint posterior distribution of &, § and # given x can be written as;

ng‘axg (a» 8,6 |£) =

n--1 ", hd
(af1+n-1peatn—1gcatan-1) e~ (A1 +0 B xpinin(146)) ,-gds T, o, (u)) 1 e-.ﬂ[dz—(mﬂ)?.i:l tn(up) klﬂ(un)]

,(50)

@* Tcp+m)

a. Bayesian estimation of the parameters, rf and hrf under squared error

loss function

Under SE loss function the Bayes estimators of the parameters a, § and 8 are given
by their marginal posterior expectations using (50) as shown below

a(seysexg = E{alx)

oo ] oa B 1 n -
= f _—___(ac1+nﬁcz+n—1ec3+2n--1)e—a(d,1+9 T xptnin(1+8)
0 J(; J;} (P* F(Cz + n)

ed " *y =1 ,—=Bdz~(m+1) TR in(uf)-kin(us)]
xe 0h [T p (u) ~tepltamreD L nGu)-n0)] gpagaa,
i=1
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) lrn J,m (a€1+n 9c3+2n-1) e—a(¢11+92‘,1‘,1x5+nm(1+9)) 6043 1—-[11 o (ui') 1 4oda,
¢*ld, — (m + D TS In(u) ~ kin(up)]le™ i=1 )

ﬁESE)EGxg = E(BIJ_C.) i
= " [ m __,,_,_1_ (acl-t-n—-l Bcz+"963+2n—1) e—a(d1+6£‘.?=1xl+nln(1+a)) e—9ds n P, ) -1
0 Jo Jo @ Tl2+n) =1

o o~ Pldz=Cm+1) 15 tn(u])~tein ()] dpdado

B J‘ (Cz + n) (a01+ﬂ"1 9¢3+2n) e-ﬂ(d1+9):;_1 xg+nin(1+6)) e—edg H?—i o, (u:) -1 tadb
h o 0 [d; — (m+ ) Xt in(up) — kin(up)]2™+
(52)
and
Ofseypexg = E(6]x)
_ J.m jco foo (aC1+n—1 Bcz+n-19c3+2n) -a(d1+3 Z’[‘=1xz+nln(1+9)) e—ﬂ-‘ia 1—[11 N (uz) 1
@*T(c; +n) =1
% e—B[dg—(m+1) Zn-'l ln(ul) kln(un)} dﬁdad&
0 noo (ac1+n— 963+2n) e—a(d1+92‘,i-1x +nin(1+0)) e —ads H % .0, (u?) -1 ed
B J j o*[d, — m+ DX () - kin(u )]t
(53)

The Bayes estimators of the rf, hrf and rhrf under SE loss function can be obtained using (42),
(43) and (50} as follows:

Rispyeexg(x) = E (Regrg()|x) =1 - J-_g_ ()P Tf'EGxg(ﬁlE) dd

—_ ~1 2n-1 n
J‘ J' J' (ﬂc1+n 1 ﬁcz+n Gca+ i ) -a(d1+92;_1xi+nin(1+9)) e-—edg H , (uz) -1

x g~Bld2—(n+1) 2?511 ln( My—klnfup) ~nw’ | dpdede,
0 pto (ac1+n-1 96‘3+2n—-1) e—a(d1+9 TR xitnin(1+6)) o043 H?—-l o, (uf) -1

déda,
o' ldy - (m + D Tt in(y) — kinup) — Inuw}2™®
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i,

(54)
* = L gx
where u* = [1“('(73)) e? ]
and
h;(SE)EGx‘g (x) = E(h1 EGxg (x)li)
= || s saag (0Imkoug (2l5) a2, (55)

To obtain the Bayes estimators of the parameters, rf, hrf and thrf, the Equations (51) - (55)
should be solved numerically.

b. Bayesian estimation of the parameters, rf and hrf under linear
exponential loss function

Under the LINEX loss function, the Bayes estimators for the shape parameters a, § and § are
given, respectively, by

* -1 —
A(nxysexg = - INE (e77x), (56)
where
E(e™|x)
= fm fmfm., 1 (ac:1+n—lﬁcz+n—13c3+Zn—l)e—a(d1+8 Ty xpnin(uee)+v) ,-0ds
o Jo Jo @T(c;+n)
n
% H p, () =t e=Flta—tm+ VIS inu)-kintwi)] gpapda,
i=1

[mfm (acl-i-n-igc3+2n—-1)e—a(d1+8Z?=1x¢+nln(1+a)+v) e—fds
0 Jo

n "ot
¢1d; ~ Gn+ D T In() — kln(up) e [ [ o doda,

and

Binxyecxg = -Tlln E(e™"#lx), (57

where
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E(e"|x)

* -1 -1gcz+2n-1
= f J‘m IW(aq n BCZ+n gestan-1y -a(d1+92’{‘=1x¢+nln(1+e)) =643 ﬂn N (u;) o
0o Jo Jo @' T(c; + 1) .

x = Blrda-(mr DT n(u)-kinti)]  gpdade,

_ f fm (c2 +n)(ac1+ﬂ—1ec3+2n)e—a(¢i1+9EI_Ixx+nln(1+8)) P l.I 0 (u’f‘) -1 da d9,
@*[vrdy-(m+1) T} tnuf }-kein(u n)]c2+n s

Also

Binx)EGrg = _Tlln E(e™]x), (58)

where

E(e?|x)

_ jm J-oo J-co (ac1+n—1ﬁc2+n—19c3+2n-—1)e—a(d1+9E b xpenin(iee)) e—e(d3+v)ﬂ ( *) _
= . P Yy
{=

@ T(c, +n)
x e—Flaa—ms DTS in(u))-kinwR)] gpdade,

J- J- (ac1+n-19c3+2n—1)e—a(d1+9 T xptnin(1+6) e—e(d3+v)

n e ~1 -
[dz —(m+1) zn—l ln(u = kln(‘uﬂ)]cz"'“ ni:lpl (‘U-L) dadf

Also, the Bayes estimator for rf based on dgos can be obtained as follows:

Riunxygaxg(X) = :\,i InE(e~"Reoxs®|x)
where
E(e™®lx) =

J_m j_m J,m (acl+n—1ﬁ62+n-16c3+2n—1)e—a(d1+6 B 1 2pnin(146)) g—0d3— v(l-(u‘)ﬂ) —ﬁ[dz--(m-l-l) 2?__11 In(uz)-kln(u;)—-lnu'] %
e =

@* [{gz+n)
My, () " dpdoda,

and the Bayes estimator for hrf and rhrf based on dgos can be derived as follows:

* -1 -
by nxyEeg (%) = TlnE ("' vnl(x)l’_‘l) .
where

E (e_Vh“@‘E) = fom f(:o -J-om e_vhl(x)n;:axg (a, B 915) dpdéda.

9

(60)
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3.1.2 Credible interval _
Since, the posterior distribution is given by (51), then a 100 (1- w) % credible interval for «

is (1(x), U(x)),

where '

s> K =

(a:c1+n—19‘3“'2“‘ ) e~ a(d1H0 Ty xihain(140)) o~Bd

e Ty p, () ~* déda |

@*[dz—(m+ 1) L2 n(u]) —kein(u)

and
cq+n—1 BC3+2n—1) e-a(d1+92 1 xpEnin(1+8)) ,—~dy -1
Plagee, > U(x)|x] = il ® o, @) doda |
[ Eny '(E) lz] fu('_) fO ® [dg—(m—i-l) Z -1 ln(ui) kln(un)]c2+n nf—l pg_ (.u,,) ‘
==, (62) '
Also, 100 (1- w) % credible interval for g is (L(g), i (E)),
where |

P[ﬁEGxg > L(—)l ]

o - -1 n— |
= f J' f ? (qetnmigeatnmiglatinTly g—a(di+8 Bl xy+nin(1+6)) g—0ds g=Bldz~(m+1) BE infuf)-kin(un)]
L{x) !

I'(c; +n) @*
n
X 1_L=1pi () ~* dad8dp
=1-2, (63)

and t
P[ﬁEGxg > U(—)' ] [
i

f f J’ (afrfnoipeatn-igitin-iy o=@y 0 T, xptnin(140)) p=8ds g—Bldz—(m+1) B! tn(uf)—kin(us
v(x) /o (e, + n) @

X n._ p, () "' daddp = — | (64)

Also, 100 (1- w) % credible interval for 8 is (L(x), U(x)),
P[B6xg > L(2)|2]
joo J ( gfitn-1 9¢3+2n—1) e—a(d1+9 Ty xtnin(1+6)) p—8ds
L(x)

1) dad8
(p [dz (m + 1) 1 ln(u') kln(un)]cz+n l—li p{ (u' ) 14
B (65)

and
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af1+1 903+2u—1) e—a(d1+82‘,’i"=1xi+nln(l+9)) o3
Pl0gees > U] = [ e
[ EGxg (—-)'—] fU(;) Io ‘P'[dz—(m'l'l)Z?:-ll [n(uf)—k!n(u;)]cz+n
w

3 (66)

Mhip, @) ™ dadd

4. Numerical Results

This section aims to illustrate the theoretical results of Bayesian estimation under SE and
LINEX loss functions. Numerical results are presented for EG-xg distribution based on lower
record values through a simulation study and some applications.

4.1 Simulation study

The lower record values can be obtained as a special case from dogs by setting m = —1,
k = 1; the estimation results obtained in Sections 2 and 3 can be specialized to lower records.
The Bayes estimates of a, 8,6, rf and hrf and their average estimates, estimated risks (ERs) are
computed based on lower record values through Monte Carlo simulation study according to the
following steps:

a. To generate random number from EG-xg with shape  parameters
a , B and scale parameter 8, the following steps may be used.

o Specified the values a, 8, 8 and n.

e Generate U; from uniform (0, 1) distribution (i = 1,2,3, ..., n).
o Generate V; from gamma (1,6) distribution(i = 1,2,3, s T,

e Generate W, from gamma (3,0) distribution (i = 1,2,3, ..., n).

o IfU;< -1:;9, set X; = V; ,otherwise set X; = Wj.

b. For each sample size n, consider the first observation is the first lower record value
x, denote it by R, and the second observation x; denote it by R, ; which is smaller than
the maximum (x, > x,) record and if x; < x, ignore it and repeat until you get sample
of record values (Rv) records.

¢. At the number of the surviving units, the population parameter values «,f,6 and the
hyper parameters of the prior distribution, the Bayes estimates of the parameters, rf and
hrf under SE and LINEX loss functions are computed. The computations are performed
using R programming langnage. )

d. Tables 1 and 2 present the Bayes estimates under SE and LINEX loss functions of the
parameters and their ERs, relative absolute biases (RAB) and credible intervals based on
lower record values for different population parameter values for o = (0.2,2), § =
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(1.3,3) and 6 = (0.9,0.3), based on size of records Rv=5, 7, 9 and replications NR =
10000.

e. Table 3 displays the Bayes averages and 95% confidence intervals of the rf and hrf
atty = 0.5,1,1.5 from EG-xg distribution based on lower record values for different
sample size of records Rv= 5,9, and replications NR = 10000.

4.2Applications

In this subsection, the application to real data set is provided to illustrate the impoitance of
the EG-xg distribution based on lower records. Table 4 displays Bayes estimates of rf, hrf and
standard deviation (sd) from EG-xg distribution for the rea! data based on lower records. Bayes
estimates of the parameters, sds and ERs for the real data based on lower records in Table 5.

To check the validity of the fitted model, Kolmogorov-Smirnov goodness of fit test is
performed for each data set. The p values are given, respectively, 0.35 and 0.204. The p values in
each case indicate that the model fits the data very well.

I.  The application is the vinyl chloride data obtained from clean upgrading, monitoring
wells in mg/L; this data set was used for Bhaumik et al. (2009). The data are: 5.1, 1.2,
1.3, 0.6,05,24,05, 1.1, 8.0, 0.8, 04, 0.6, 0.9,04,2.0,05,53,3.2,2.7,29,25,23,
1.0,0.2,0.1,0.1, 1.8,0.9,2.0,4.0,6.8,1.2,0.4,0.2.

II.  The second data set are service times of 63 aircraft windshield from Tahir et al. (2015).
The data are: 0.046, 1.436, 2.592, 0.140, 1.492, 2.600, 0.150, 1.580, 2.670, 0.248, 1,719,
2.717, 0.280, 1.794, 2.819, 0.313, 1.915, 2.820, 0.389, 1.920, 2.878, 0.487, 1.963, 2.950,
0.622,1.978, 3.003, 0.900, 2.053, 3.102, 0.952, 2.065, 3.304, 0.996, 2.117, 3.483, 1.003,
2,137, 3.500,1.010, 2.141, 3.622, 1.085, 2.163, 3.665, 1.092, 2.183, 3.695, 1.152, 2.240,
4.015,1.183, 2.341, 4.628, 1.244, 2.435, 4,806, 1.249, 2.464, 4.881, 1.262, 2.543, 5.140.

4.3 Concluding remarks

o It is clear from Tables 1-3 that the ERs of the Bayes estimates of the parameters, rf and
hrf performs better and the length of the credible intervals get shorter when the sample
size of Rv increases.

o One can notice that the ERs for the estimates of the parameters, rf and hrf under LINEX
loss function have the less values than the corresponding ERs-of the estimates under SE
loss function.

o The results obtained in this paper can be modified to obtain special results for sub-models
of EG-xg distribution as follows:
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i.  The exponentiated xgamma distribution, if & = 1.
ji. The xgamma distribution, if @ = 1 and f = 1.
fii.
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Table 1
Bayes averages of the parameters and their estimated risks, relative absolute biases and credible
intervals based on lower records (¢ = 2,5 = 1.3,6 = 0.9,v = 0.5 and NR = 10000 )

1.9968

0.0024 1.2967 1.3003 0.0033

5 g 0.9021 5.38e-06 0.0009 0.8999 0.9037 0.0037

a’ 2.0010 2.57e-06 0.0005 1.99%4 2.0032 0.0037

LINEX B 1.3007 1.08e-06 0.0017 1.2992 1.3019 0.0027

e* 0.9016 331e-06 0.0006 0.8995 0.9028 0.0033

a' 1.99%6 1.23e-06 0.0002 1.9978 2.0008 0.0029

SE B’ 1.3010 1.00e-06 0.0008 1.2996 1.3019 0.0023

7 e 0.9004 1.08e-06 0.0005 0.8990 0.9011 0.0021

o 2.0006 7.56e-07 0.0003 1.9992 2.0015 0.0023

LINEX B* 1.2996 533807 0.0003 1.2982 1.3006 0.0025

6* 0.8995 5.17e-07 0.0005 0.8984 0.9004 0.0020

a' 2.0003 6.50e-07 0.0001 1.9990 2.0014 0.0023

SE B’ 1.2997 1.66e-07 0.0002 1.2989 1.3004 0.0014

9 g* 0.8997 3.30e-07 0.0003 0.8987 0.9007 0.0019
a* 1.9999 3.03e-07 4.52¢-035 1.9986 2.0009 0.0022 |

LINEX B* 1.3001 2.56e-07 5.48e-03 1.2988 1.3007 0.0019
8" 0.8999 1.54-07 9.09e-05 0.8988 0.9005 0.00 174\
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Table 2

Bayes averages for the parameters, their estimated risks, relative absolute biases and credible
intervals based on lower records (@ = 0.2, = 3,6 = 0.3,v = 0.5, NR = 10000 )

0.1985 3.78e-06 0.0071 0.2004 0.0042
SE B 2.9992 1.41e-06 0.0002 2.9971 3.0002 0.0031
S o* 0.3011 3.79¢-06  0.0036 0.2985 0.3036 0.0051
a 0.1979 4.75e-06 0.0101 0.1962 0.1990 0.0027
LINEX B 3.0021 5.90e-06 0.0007 2.9996 3.0040 0.0044
o 0.2979 5.17e-06 0.0068 0.2964 0.2998 0.0034
a* 0.2008 1.13e-06 441e03  0.1996 0.2018 0.0021
SE B 2.9997 3.09e-07 8.23e-05  2.9985 3.0004 0.0019
7 9* 0.2993 767e-07  2.18¢-03 02981 0.3002 0.0021
o 0.1985 2.42e-06 0.0073 0.1975 0.1996 0.0021
LINEX g 2.9990 1.10e-06 0.0003 29975 2.9998 0.0022
e 0.2995 4,52e-07 0.0015 0.2980 0.3001 0.0021
a* 0.1992 7.99¢-07 3.84e-03 0.1980 0.1999 0.0019
SE g’ 2.9998 127e-07  6.11e-05 2.9988 3.0003 0.0014
9 9* 0.3006 5.59e-07 2.06e-03  0.2996 03013 0.0015 B
a 0.2002 3.76e-07 0.0013 0.1992 0.2011 0.0019
LINEX B 2.9995 4.15e-07 0.0001 2.9983 3.0005 0.0021
a* 0.30008 2.35e-07 0.0002 0.2988 0.30077 0.0019
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_ Table 3

Bayes averages, their estimated risks, relative absolute biases and credible intervals of the rf and
hrf at ty = 0.5, 1,1.5 from EG-xg distribution based on SE and LENIX loss functions for

different sample size of records Rv, and repetitions NR = 10000

REgxg(ta) 163e-06  0.0010

05  SE gyt 03315 45806 00057 03297

LINEX  Rpgy(to) 06254  183e06  0.0019 06239 0.6262 0.0023
Wiporg(ts) 03327  2.07e:06 00022 03304 03342 0.0038

SE REgxg(to) 0.5425 6.52e-06 0.0039 05399 05446  0.0046

5 Migeg(ty) 02351 87307 0.0021 02334 02368 00033
LINEX  Rigeg(ta) 05467  557e-06  0.0039 05439 05478  0.0039
Miporg(te) 0239 405607 00014 02334 02352 0.0018
SE Riceg(to) 04894 12406 0.0020 04883 04903  0.0020
L5 Rigaxg(te) 02054 40307 0.0001 02036 02063  0.0026
LINEX  Rigeg (o) 04881  847¢:07  0.0007 04850 04891  0.0032
Misoeg(ts) 02040 384206 0.0063 02013 02061  0.0049
SE Ricrg(te) 06242  1.54e07 73905 06234 06249  0.0015
0.5

Wipeeg(ts) 03326 100e06  2.59-03 03316 03332 0.0016

TINEX  Riorg(fo) 06235 500607 00010 — 06228 0.6240 9.6011
Kpm(ty) 03337 36307 00009 03326 03345 00019

SE Rige () 0542 340007 00006 05430 03451 0.6021

9 1  Ripeglte) 02351 802007 00019 02339 02367  0.0027
LINEX  Rigg(ig) 0549 39607 00006 — 05436 03458 0.0022

Koty 0247  307e07 00002 02334 02355 00021

15 SE Rig,(t;) 04886 287607 43504 04874 04894  0.0019
Kigoeg(to) 02053  817e:08  329¢05 02045 02057 00012 |

LINEX  Rpgro(to) 04891  892e:07 89207 0.4878  0.4899 0.0020}

Bipeg(ty) 02056 264007 26407 02048 02064  0.0015
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Table 5
Bayes estimates of the parameters, rf, hrf and standard error
from EG-xg distribution for the real data based on lower records

Rigrg(to)  0.0017
SE Figees (t0) 10,282 0.0014
I 3 LINEX  Regyy(to) 0.0001 0.0004
13 £gxg (to) 10.285 0.0004
SE Ricxg (o) 0.0035 0.0005
Ko (o) 6.9606 0.0007
n 7 TINEX  Rigrg(to) 0.0034 0.0004
R o (t0) 6.9607 0.0006

Table 5

Bayes estimates of the parameters, standard error and estimated risks
for the real data based on lower records

SE B* 1.0024 0.0008

I 3 e 6.0042 0.0013
a* 2.0001 0.0012

LINEX il 0.9994 0.6007

g 5.0986 0.0010

SE x* 1.5015 0.0009

i 3.0014 0.0014

| 7 a* 6.0008 0.0005
LINEX a” 1.5011 0.0005

linl 3.0024 0.0008

9* 5.9992 0.0004

[y
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