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Estimation of P[Y<X] in the Case of

Exponentiated Weibull Distribution
Amal S. Hassan' Dawlat J. Al-Sulami’®

Abstract

This paper deals with the estimation of reliability R = P(Y < X) when X and
Y are two independent exponentiated Weibull distribution with three parameters. For
all unknown parameters, the maximum likelihood estimator of R was obtained by
solving two monlinear equations numerically using Newton-Raphson method.
Assuming that the scale parameter is known, the maximum likelihood estimator,
approximate Bayes estimator based on Lindley's approximation and empirical Bayes
estimator are obtained. In addition, the confidence interval of R will be obtained.

Numerical illustrations are carried out to illustrate theoretical results.

Keywords: Bayes estimator; Empirical Bayes estimator; Exponentiated Weibull;

Maximum likelihood estimator; Reliability, Stress-strength;

1. Introduction
The Eponentiated Weibull (EW) distribution was introduced by Mudholkar
and Srivastava (1993) as a simple generalization or modification of the well-known
Weibull family by introducing one more shape parameter. The structural properties of
EW have been discussed by Mudholkar and Huston (1996), and Nassar and Eissa
authors have presented useful applications of the

ood data and in reliability.
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Currently, there are little studies of the use in the EW distribution in reliability
studies. Ashour and Afify (2007a), (2007b) investigated the estimation problem of the
unknown parameters of the EW distribution using maximum likelihood under Type I
and Type I progressive interval censoring with random removal, respectively. Elshat
(2006) considered the Bayesian estimation problem of the unknown parameters of the
EW distribution using type I progressive interval censoring with fixed removal. Singh
et al (2002), (20052), (2005b), (2006), obtained the bayes estimates of the distribution
parameters, R(¢), H (¢) with type Il censored sample under squared error as well as
under LINEX loss functions.

The cumulative distribution function (c.d.f) and probability density function
(p.d.f) of a random variable having the EW distribution are given, respectively, by

Flruu,a,0)=[1-¢*"1% x>0,u>0a>0,8>0, (1.1)
and,
S5 p0,0) = 0o x* e (1) 150,45 0,0>0,8>0, (1.2)

where, 4 is the scale parameter and «,8 are the shape parameters.

There has been continuous interest in the problem of estimating the probability
that one random variable exceeds another, that is, R = P(Y < X) where X and Y are
independent random variables. This problem arises in the context of mechanical
reliability of a system and R is a chosen measure of system performance. The system
fails if and only if at any time the applied stress is greater than its strength. This
problem model was discussed by many authors [ for example, Church and Harries
(1970), Tong (1974) and (1977), Sathe and Shah (1981), Awad and Charraf (1986)
Mohamoud (1996), Ahmed et al (1997), Surles and Padgett (1998), Ashour et al

monmem " 7 ipta (2005), Ragab and Kundu (2005) and Krishnamoorthy et al
2008) 1.
on of three
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This article is concerned with the inference of P(Y < X) when X and ¥ are

two independently distributed as EW distribution. For all unknown parameters, the
maximum likelihood estimator (MLE) of R is obtained numerically by solving two
nonlinear equations using Newton-Raphson technique. Assuming the scale parameter
(#) and one of the shape parameters (« ) are known, MLE, Bayes estimator based
on Lindley's approximation and empirical Bayes of reliability R are proposed. In
addition, the confidence interval of R is obtained. Monte Carlo simulation is

performed to compare the performance of different methods of estimation using
Mathcad ver. (2001).

The rest of the paper is organized as follows. In Section 2, the MLEs of R are
obtained under two cases separately, parameters are known and unknown. Assuming
the scale () and only one of the shape parameters (a) are known, different methods
of estimating R are discussed in Section 3. The distribution of R and its confidence
interval is provided in Section 4. Simulation studies are carried out in Section 5.

Finally, conclusions are included in Section 6. Tables are displayed at the end of this

article.

2 Maximum Likelihood Estimator of R

This Section deals with the MLE of reliability R = P(Y <X) when X and ¥
are two independent EW distribution with parameters (O,a,p1) and (A,a,p)
respectively. Considering two cases, in the first one, it is assumed that all the

parameters are unknown. While in the second case it is assumed that the scale

parameter 4 and the shape parameter « are known.
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The reliability R can be computed as follows
R=PY <X]= j jmaz “y Tl (1 — WO YO (1 U™ Y41 gy
e

= Wl 2.1

e+A4 @1

Now to compute the MLE R for R, first the MLEs 6 for 6 and A for Amust be
obtained. Let X,,.. ,X and Y,..,Y, are random samples drawn from EW with
parameters (6,a,u) and (A,a,u). The MLEs é,):,é and £ of the parameters

0,4, and u are the values which maximize the likelihood function

InL(@, A, @, pfx, y) =nln@+mln 2+ a(n +m)In gt + (n +m) Ine
Ha-DInx + 3 ny) - O () + Y (w,)%)
i=1 j=1 i=l j=1

+(0- 1)2 In(l —e ") (1 - 1)2 In(l-e ). (2.2)

The first derivatives of the natural logarithm of the function with respect to 6,4, a
and u are given by

A e
—=—=+) In(l-"*¥" )=
B 3 Z‘ n(l—e ") =, (2.3)
OL@G,AaH5y) m & w
=7 - —;-I- hl I_e*(ﬂ)’j} — O, )
i 7 jZ; ( ) 2.4)
X y) n+m . n m n N
50 > +(n+m)lny+Zlnxi+Zlnyj—Z(‘&xi)"ln(ﬂxi)
i=l J=1 i=1

n ,u.r,) & i (.U}’_,t) a
_Z(Wj) ln(wj)+(9 I)Z (1 (!'lx—() v )(/‘Lxg (i_l)z (W_:) )in(/LWJ)
Xy 23 (1 —(; )

(2.5)
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and,

X, ) _a(n+m)

et QU+ 2,
i=1 j=1

ou
- srd-l & (i) aChl
+(@-nY L * L 1)2 BTy
P (1 _ e—(m) ) e—(;ry i
(2.6)
From equations (2.3) and (2.4) the MLEs of & and A can be obtained in terms of
& and [, as
/R 2.7)
ZIn(l — g Yy
i=1
and,
D — 2.8)
> n(l-e")
i=1
(i) Case I:

If all parameters are unknown, 4 and « must be firstly estimated by

substituting equations (2.7) and (2.8) into equations (2.5) and (2.6), therefore,

n+m +(n+m)1n;1+Zlnx +Zlny1 Z(ﬂx) In(fzx,) — Z(ﬂy;)a ln(yyj)
( n 3 ) i) 3 O ) )
ih’l(l _e-(ﬁx;)“) i=1 (l_e"(#x') ) i]n(l—e_(m«‘)&) = (l—e—(#y) ) s
(2.9)
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and, _
n (!ﬂl)
e m) =63 )" + 52y )*) (et Lt
ZIII(]. e"(#xj)) i1 (l-e )
- ~(ay))*
S ., -((fg;’) 1=0.
MYin-e ™y H o A=e)
) (2.10)

Obviously, it is not easy to obtain a closed form solution for the two non-linear
equations (2.9) and (2.10). Therefore, Newton Raphson method must be applied to
solve these equations numerically. Once the values of @ and g are determined,
estimates of € and A are obtained from equations (2.7) and (2.8). Therefore, the
MLE of Rcan be obtained by substituting the estimates of @ and A into equation
@2.1). |

(ii) Case I1

Assume the scale parameter (4 =1) and shape parameter (« ) are known, the

MLEs 8 for 6 and 1 for A can be easily obtained by using equations (2.7) and
(2.8). Therefore the MLE of R becomes

- nZ In(l-e f

n‘Zlna e ’)+len(l Ty

(2.11)

3. Other Estimators of R for Known x and «

In this Section, different method of estimation of reliability R will be proposed
under the assumption that 4 and « are known. The proposed method are, namely;
MLE, Bayes estimates based on Lindley's approximation and the empirical Bayes

estimator. The MLE method is discussed in Section 2 while the other proposed

methods will be obtained in this Section.
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3.1 Bayesian Estimation of R

The Bayesian estimate of R is obtained under the assumptions that the shape
parameters 6 and A are random variables for both populations and have independent
gamma priors with p.d.f." s;

b

7(0) = ﬁa“l"e‘bﬂ; 0> 0,a,b, >0, G.1)
a
and
b;Z ;=1 _—bA
73(/1)=ﬁ/12 e *} /1>0,a2,b2 > 0. (32)
a,

That is, #and A follow gamma distributions with parameters (a,,b,) and (a,,b,)
respectively. LetX,,..X, be a random sample drawn from EW with parameter
(8,) and Y,..Y,be another random sample drawn from EW with

parameter (4,«) , then the posterior density of & and A are given by,

—0(b, AEln(l—e_X‘u )
i=1

’

(6| x)c 8" e

and,

o -A(bz-imn-e’r}' M
m(A] y) o A" e A . (3.3)

Assume that #and A are independent, then the joint bivariate posterior density of
fand A will be

7[(9,/1 I E’Z) & 9n+a1—1/1m+a2—le—[3(b|+H|)+i(bl+-‘1;)]. 9’/1 > 0, (34)

b

where, H, == In(l-¢™) and H, ==Y In(l-¢™).

i=1 J=1
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Applying the transformation technique of random variables, let

and t=68+4,1>00<r<l1.

rF=
g+ A

Then,

}T(r,f | & y) o r’”’”l’l (1 _ r)m-m,—l l«"‘*‘”"“ﬂt*‘ﬂz“le_f["(bl +H|)+(l—r)(bz+H2.)]. (35)

So,

w(r|x,y) c ¥4 (1= p)mre! J}Hmmﬁar]e_’[r(b'+H1)+(1”")(bz+h’z)]df-
0

Hence, the posterior probability density function of R, over the interval (0,1)is given

by,
folFlX, V) =E A ot s . 0<r<l1 (3.6)
J =2 - nem+ay+a, » .
FEPL (B, + H) + (1—r)(b, + H,)]" "o
where,

_I'(n+m+a +a,)
I(m+a,)l'(n+a,)

(&, + H))" (b, + H,)™".

Since the Bayes estimate of Runder squared error loss can not be computed
analytically. Alternatively, using the approximation of Lindley (1980) and following
the approach of Ahmad et al (1997). Therefore approximate Bayes estimate of R, say

~

R, 1s given by

~ ;L“R“z

Ry = R[1+ = x(A(m+a, 1) =G (n+a, -1)], 3.7

53 ETE v — (Alm+a, -1)-0(n+a,-1)), (3.7)
where, § =41 7 _mta -l w6
b +H, b, +H, g+
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3.2 Empirical Bayes Estimator of R

In the empirical Bayes technique, the unknown parameters of the prior
densitya, and &, for i=12 will be estimated using the past estimates of the
parameters € and 4. The resulting estimates of @, and b, will be used in the Bayes
estimate of R = P(Y < X) which gives the empirical Bayes estimate of R.

Suppose that X, X, 55, X g,y , 18 the current sample having EW (6, )
distribution with random variable @ has the value &,,,. When the current sample is
~ observed, there are available past samples X, X ,,...X,,,/ =12,..,N for which the

MLE of & is given by equation (2.7) and can be written as

- n
8, =85, :H—’ (3.8)

u
where, H,;, = ~In(1-e™*"),i =1,2,._., n. but for current sample Xy, 15 Xy g5 Xy,
For a given 6,, the conditional probability density function of H . 1s gamma

and then S, has inverted gamma with the following probability density function
-nd
(ne)" 1 —
u(s, |8)=———e ", s, >0. 3.9
(s,16)) C(n) 57 ' (3-9)

The marginal probability density function of S, is given by

u(sy) =)™
ﬁ(a“n) [n +bIS!]Mm

The moments estimate of the parameters @, and b, can be obtained and take the form

, s, >0. (3.10)

1 '— and b, = -, (3.11)

where

The Egyptian Statistical Journal Vol.52, No.2, 2008
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Similarly, for random variables Y and A, the prior parameters a,and b, can

A

be estimated using the past estimates A,, k=1,.,M from the past samples

Yi1: Y25 Yy, and written in the form

w2 *
a W " Wi
a, e and bz = (312)
Wa2—Ww, Wa2—WwWi

o = (m 1)2/1 sl W= (m - 1)(m 2)2/12

Substituting &,,5,,4,and b, from equations (3.11) and (3.12) in (3.7) yield the
empirical Bayes (EB) estimate of R in the forms
AR? ~ =
R, —R[l+ x(A(m+a, -)-0(n+4a, -1))], (3.13)
6% (n+ad, —1)(m+b -1)

where (6,1 ) are the posterior modes from the current samples (the samples of order

N +1 and M +1).
4. Interval Estimation of R
To obtain the confidence interval of R, firstly the asymptotic distribution of

R e Will be obtained. For identical known shape parameter « and scale parameter

#=1,the MLE R is given by the equation (2.1 1) as

nZ In(l-¢77)
R= m Jtlu " 2 (41)
ny In(l-e™ ) +m) Il - ™)
J=1 i=l
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where, O,=-In(l-e™ ) and ¥, =-In(l-e " )are independent exponentially

i

distributed as indicated before. Also, it is known that —292 In(l-e™ )~ x2 and

i=1

—2A) In(l-e™) ~ 42, .

J=l

Thus R in equation (4.1) can be written as

~d ]
R= T (4.2)
1+—Z2
0

d .
Here = indicates equivalence in distribution and Z has F distribution with 27 and

2m degrees of freedom. So the probability density function of R can be obtained as
follows

['(n+m)
F(n)+T(m) m

nd 1-

6(F) = & =k )"‘(1 P22 ) ("*"’);2; 0<i<l. (43)

Since the value of Z can be written as

o B 4
Z = —(—AR), therefore Z = a—,jgi (4.4)
A R R (-R)
Using Z as a pivotal quantity, then
I+ —(=-1) I+ =(=-1
a R b 'R

th

Since (a,b) are the lower and upper %percentiles points of F,,,..,

then (1 — @)100% confidence interval for R can be obtained as follows

[ : : 1 1, (4.5)
1+F x(gml) 1+ F ax(—ﬁ——l)

2m,2n;]-— 2m,2n;
2
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where ¥ and F .. are the lower and upper limit of F distribution with 2m

2m,2n;— 2m,2ml-—
2 2

and 2ndegrees of freedom.

5. Numerical Illustration

In this Section, an extensive numerical investigation will be carried out to
compare the performance of the different methods of estimation mainly in terms of
their biases and MSEs for different sample sizes and for different parameter values.
Two cases will be considered, separately, to draw inference on R, when (1) @ and u
are unknown and (ii) & and g are known. The simulation procedures are described
through the following steps :
Step (1): Following Ragab and Kundu (2005), 1000 random samples X |,..., X and
B, Y, of sizes (m,n)=(10,10), (15,15), (20,20), (25,25) and (30,30) were
generated from EW lifetime distribution. This can be achieved by firstly generating a
random samples from the Uniform (0,1) distribution, U Uyand Ci,...,C, . Then the

uniform random numbers can be transformed to EW random numbers by using the

following transformations

1 1

G, =1-In(-U)?)e,  i=l..n,
U

and
1 L
D, = [-mI=(CONF,  j=loum

Step (2): The parameter selected values for @ and A are: §=05 (0.5)1.5 and
A=0.5(0.5) 3. Without loss of generality « and g were taken to be 1 in all
experiments.

Step (3): Case (I): @ and x are unknown.

From the sample, the estimates of & and # 1s computed by Netwon Raphson method

The Egyptian Statistical Journal Vol.52, No.2, 2008




Estimation of P[¥Y>X] in the Case of Exponentiated Weibull Distribution

88

using equations (2.9) and (2.10). Once the estimates of & and 4 are computed, the
estimates of & and A are obtained using equations (2.7) and (2.8) respectively.
Finally the MLE of R will be obtained using equation (2.1).
Case (II): @ and u are known.
The MLE of R are obtained using equations (2.11). Different Bayes estimates are
computed using the non-informative prior namely, a, =a, =b, =5, =0. Using the
same prior distributions, the approximate Bayes estimate using Lindley's
approximation method and empirical Bayes are obtained.
Step (4): The average biases and the MSEs over 1000 replication under two cases are
reported separately in Tables (1) and (2).
Step (5): The approximate confidence intervals of R using formula (4.5) are
constructed with confidence level at y=0.95and 0.99. The evaluated upper and
lower confidence intervals are reported in Table 3).
All simulated studies presented here are obtained via Mathcad ver. (2001).
6. Conclusion

In this article different proposed methods of estimating R=P(Y < X) are
compared when X and Y follow EW distribution. When all parameters are unknown,
1t is observed that the MLE can be obtained by solving two non-linear equations.
When the scale parameter and only one of the shape parameters are known different
estimators are compared namely; MLE, Bayes estimates based on Lindley's
approximation and the empirical Bayes estimators. Also, the asymptotic distribution
of R is obtained and is used to compute the asymptotic confidence intervals. The
biases and MSEs of different estimators are reported in Table (1) and (2).

Table (3) contains the evaluated upper and lower confidence intervals. From these
tables many conclusions can be made on the performance of all methods. These
conclusions are summarized as follows:

Case I: unknown parameters
L. For small sample sizes, the performance of the MLEs is quite satisfactory in

terms of biases and MSEs (see Table ().
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2. It is observed that as the sample sizes m and n increase, the biases and MSEs
decrease (see Table (1)).

CaseII: 1 and o are known

3. For all the methods as the sample sizes m and » increase, the biases and the
MSEs decrease.

4.Comparing the biases of different estimators, it is clear that the MLE yields the
minimum biases in almost all cases.

5. Comparing the MSEs of the different estimators, it is clear from Table (2) that
the approximate Bayes estimates using Lindley's approximation have the
minimum MSE in almost all cases. In few cases, the empirical Bayes
estimates are probably the second minimum MSE.

6. When the value of A increases and for the smallest value of @, the biases and
MSEs decrease for all different sample estimators. (See Table 2)

7. When the value of 4 increases and for the largest value of @, the biases and
MSE:s increase for all different sample estimators. (See Table (2))

8. Comparison study revealed that the approximate Bayes estimate using Lindley's
approximation works the best.

9. The approximate confidence intervals decrease when the sample size is
increased. Also, the interval of reliability at 95% is smaller than the interval of
reliability at 99% (see Table (3)).
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Table (1): Case I all parameters are unknown; Biases

reliability R

and MSEs for the MLE of

(n,m) | @ 0.5 1 1.5 2 2.5 3
0.5 1 0.01100.0160) | 0.0057(0.0130) -0.0059(0.0081) | -0.0076(0.0057) | -0.0005(0.0041) 0.0006(0.0028)
(10,10) | 1 | 0.0039(0.0110) | -0.0053(0.0140) -0.0047(0.0110) | 0.0024(0.0095) | 0.0027(0.0096) 0.0048(0.0075)
1.5 0.0065(0.0068) 0.0005(0.0140) -0.0037(0.0130) 0.0030(0.0120) 0.0075(0.0110) 0.0180(0.0095)
= 0.5 | -0.0040(0.0049) | -0.0093(0.0073) -0.0032(0.0054) | -0.0020(0.0036) | -0.0004(0.0072) 0.0039(0.0022)
(1515) | 1 | 0.0089(0.0077) 0.0056(0.0096) 0.0026(0.0088) | 0.0028(0.0075) | 0.0009(0.0058) 0.0045(0.0051)
1.5 | 0.010000.0051) | 0.0079(0.0085) 0.0062(0.0086) | 0.0010(0.0078) | 0.0110(0.0077) | 0.01 80(0.0070)
0.5 0.0015(0.0075) -0.0044(0.0060) -0.0024(0.0040) -0.0022(0.0028) -0.0016(0.0020) 0.0032(0.0016)
(20,20) | 1 [ 0.0130(0.0055) -0.0005(0.0068) -0.0028(0.0061) | 0.0020(0.0055) | 0.0019(0.0048) 0.0021(0.0037)
15 0.0110(0.0037) 0.0086(0.0062) -0.0005(0.0066) -0.0004(0.0060) 0.0077(0.0057) 0.0170(0.0052)
0.5 0.0045(0.0{)61.) -0.0068(0.0051) -0.0060(0.0035) -0.0035(0.0024) -0.0033(0.0013) 0.0006(0.0013)
(25,25) 1 0.0070(0.0050) -0.0043(0.0050) -0.0040(0.0055) 0.0018(0.0040) -0.0005(0.0040) -0.0022(0.0026)
L5 | 0.0062(0.0035) 0.0015(0.0048) 0.0026(0.0055) -0.0028(0.0048) 0.0031(0.0046) 0.0120(0.0042)
0.5 | 0.0010(0.0050) | -0.0006(0.0042) -0.0013(0.0023) | -0.0030(0.0017) | 0.0004(0.0012) 0.0001(0.0010)
(30,30) 1 0.0065(0.0030) -0.0013(0.0046) -0.0041(0.0049) | -0.0017(0.0030) -0.0072(0.0025) 0.0022(0.0032)
L.5 -0.0003(0.0034) 0.0015(0.0047) -0.0033(0.0044) -0.0035(0.0033) 0.0078(0.0031) 0.0130(0.0037)
L

Each rows represent the average biases of the MLE and the correspondin

brackets.

8 MSEs are reported within
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Table (2): Case I ¢ and a are known; Biases and MSEs of reliability R for MLE,

Approximate Bayes (Lindley's approximation) and empirical Bayes.

(mm) | 6 0.5 1 15 ) 25 3
0.0041(0.0116) | 0.0044(0.0093) | 0.0121(0.0072) | 0.0120(0.0055) | 0.0074(0.0041) | 0.0072(0.0033)

0.5 | 0.0038(0.0105) | 0.0116(0.0088) | 0.0212(0.0072) | 0.0217(0.0058) | 0.0170(0.0044) | 0.0164(0.0036)
0.0137(0.0124) | 0.0311(0.0299) | 0.1917(0.0627) | 0.2602(0.0794) | 0.0012(0.0037) | 0.0259(0.0046)

-0.0086(0.0098) | -0.0101(0.0122) | -0.0050(0.0111) | -0.0017(0.0096 | 0.0119(0.0084) | 0.0123(0.0073)

(10,10) | 1 |-0.0155(0.0093) | -0.0096(0.0118) | -0.0018(0.0101) | 0.0054(0.0090) | 0.0203(0.0083) | 0.0215(0.0074)
0.0025(0.0101) | 0.0069(0.0499) | 0.0541(0.0351) | 0.1239(0.0257) | -0.0092(0.0063) | 0.0289(0.0073)
-0.0114(0.0078) | -0.0053(0.0109) | -0.0033(0.0118) | 0.0005(0.0114) | 0.0009(0.0107) | 0.0027(0.0097)

1.5 | -0.0205(0.0078) | -0.0098(0.0100) | -0.0032(0.0107) | 0.0033(0.0104) | 0.0066(0.0098) | 0.0098(0.0091)
0.0103(0.0095) | -0.0396(0.0505) | -0.0797(0.0360) | 0.0176(0.0139) | -0.0208(0.0095) | 0.0244(0.0092)
0.0002(0.0081) | 0.0021(0.0067) | 0.0064(0.0049) | 0.0060(0.0035) | 0.0058(0.0028) | 0.0036(0.0022)

0.5 | 0.0002(0.0076) | 0.0069(0.0064) | 0.0125(0.0049) | 0.0124(0.0036) | 0.0121(0.0029) | 0.0096(0.0023)
0.0101(0.0086) | 0.0128(0.0848) | 00005(0.0393) | -0.0009(0.0029) | 0.0004(0.0023) | 0.0032(0.0020)
-0.0069(0.0068) | -0.0008(0.0080) | 0.0047(0.0076) | 0.0063(0.0076) | 0.0072(0.0058) | 0.0058(0.0050)

(15,15) | 1 | -0.0116(0.0066) | -0.0008(0.0075) | 0.0077(0.0072) | 0.0110(0.0065) | 0.0128(0.0057) | 0.0119(0.0050)
0.0076(0.0074) | 0.0429(0.0366) | -0.0155(0.0606) | -0.0038(0.0073) | 0.0025(0.0053) | 0.0022(0.0044)
-0.0096(0.0054) | -0.0032(0.0072) | -0.0002(0.0077) | 0.00180.0074) | 0.0033(0.0069) | 0.0052(0.0067)

1.5 | -0.0157(0.0054) | -0.0063(0.0068) | -0.0002(0.0072) | 0.0041(0.0070) | 0.0071(0.0066) | 0.0099(0.0064)
0.0043(0.0053) | -0.0369(0.0410) | -0.0513(0.0182) | -0.0079(0.0080) | -0.0021(0.0063) | -0.0049(0.0063)
0.0049(0.0061) | 0.0064(0.0050) | 0.0070(0.0037) | 0.0068(0.0028) | 0.0064(0.0021) | 0.0060(0.0017)

0.5 | 0.0048(0.0058) | 0.0099(0.0049) | 0.0116(0.0037) | 0.0117(0.0028) | 0.0112(0.0022) | 0.0105(0.0018)
0.0053(0.0059) | 0.0245(0.0199) | -0.0054(0.0068) | 0.0005(0.0024) | 0.0025(0.0019) | 0.0030(0.0015)
-0.0020(0.0046) [ 0.0017(0.0064) | 0.0041(0.0060) | 0.0053(0.0052) | 0.0059(0.0044) | 0.0062(0.0038)

(20.20) | 1 |-0.0057(0.0045) | 0.0016(0.0061) | 0.0063(0.0057) | 0.0089(0.0050) | 0.0102(0.0044) | 0.0108(0.0038)
0.0074(0.0045) | 0.0216(0.0313) | -0.0236(0.0082) | -0.0062(0.0042) | -0.0016(0.0038) | 0.0003(0.0033)
-0.0036(0.0038) [ -0.0008(0.0060) | 0.0017(0.0064) | 0.0035(0.0062) | 0.0046(0.0057) | 0.0053(0.0052)

1.5 | -0.0083(0.0038) | -0.0031(0.0057) | 0.0016(0.0061) | 0.0051(0.0059) | 0.0074(0.0055) | 0.0089(0.0050)
0.0038(0.0031) | 0.0208(0.0377) | -0.0318(0.0100) | -0.0116(0.0051) | -0.0057(0.0049) | -0.0028(0.0045)
-0.0030(0.0049) | 0.0001(0.0038) | 0.0013(0.0028) | 0.0018(0.0020) | 0.0019(0.0015) | 0.0019(0.0012)

0.5 | -0.0030(0.0047) | 0.0030(0.0038) | 0.0051(0.0028) | 0.0056(0.0021) | 0.0057(0.0016) | 0.0055(0.0012)
0.0050(0.0054) | -0.0206(0.0173) | -0.0114(0.0036) | 0.0063(0.0021) | 0.0020(0.0017) | 0.0025(0.0013)

-0.0057(0.0040) | -0.0030(0.0049) [ -0.0010(0.0045) | 0.0015(0.0038) | 0.0009(0.0033) | 0.0013(0.0028)

(25,25) | 1| -0.0085(0.0039) | -0.0030(0.0047) | 0.0082(0.0043) | 0.0030(0.0038) | 0.0043(0.0032) | 0.0051(0.0028)
0.0030(0.0041) | -0.0381(0.0284) | -0.0247(0.0071) | -0.0044(0.0040) | -0.0009(0.0035) | 0.0006(0.0030)
-0.0058(0.0030) | -0.0044(0.0046) [ -0.0026(0.0050) | -0.0011(0.0048) | -0.0001(0.0044) | 0.0006(0.0039)

1.5 | -0.0095(0.0030) | -0.0062(0.0045) | -0.0025(0.0048) | 0.0002(0.0046) | 0.0021(0.0042) | 0.0035(0.0038)
0.0050(0.0026) | -0.0424(0.0347) | -0.0208(0.0060) | -0.0071(0.0042) | -0.0028(0.0040) | -0.0005(0.0037)
0.0030(0.0043) ' 0.0053(0.0035) [ 0.0056(0.0026) | 0.0054(0.0019) | 0.0050(0.0014) | 0.0047(0.0011)

0.5 | 0.0030(0.0042) | 0.0077(0.0035) | 0.0087(0.0026) | 0.0086(0.0019) | 0.0082(0.0015) | 0.0076(0.0012)
0.0016(0.0040) | -0.0044(0.0165) | -0.0103(0.0034) | -0.0012(0.0016) | 0.0002(0.0012) | 0.0005(0.0010)
0.0014(0.0034) | 0.0030(0.0043) [ 0.0046(0.0040) | 0.0035(0.0035) | 0.0056(0.0030) | 0.0056(0.0026)

(30,30) | 1 1-0.0022(0.0034) | 0.0030(0.0042) | 0.0061(0.0039) | 0.0077(0.0035) | 0.0084(0.0030) 0.0087(0.0026)
0.0005(0.0031) | -0.0129(0.0257) | -0.0208(0.0051) | -0.0058(0.0030) | -0.0030(0.0026) | -0.0015(0.0022)
-0.0098(0.0025) | 0.0012(0.0040) | 0.0030(0.0043) | 0.0042(0.0042) | 0.0049(0.0039) | 0.0053(0.0035)

1.5 | -0.0040(0.0025) | -0.0003(0.0039) | 0.0030(0.0042) | 0.0053(0.0041) | 0.0068(0.0038) 0.0077(0.0035)
-0.0828(0.0099) | -0.0178(0.0299) | -0.0265(0.0060) | -0.0095(0.0037) | -0.0060(0.0034) | -0.0040(0.0031)

The first, second and third rows represent the average biases and MSEs of reliability R by MLE,

Approximate Bayes (Lindley's approximation) and empirical Bayes for only two unknown parameters &

and A .

The Egyptian Statistical Journal Vol.52, No.2, 2008




Estimation of P[Y>X] in the Case of Exponentiated Weibull Distribution 92

Table (3): Confidence interval of R

A

(n,m) 2] 0.5 1 1.5 2 2.5 3
05 0.5367 0.4953 0.4442 0.3966 0.3518 0.3189
) 0.4226 0.3854 0.3408 0.3003 0.2631 0.2363
(10,10 1 0.5974 0.5366 0.5197 0.4919 0.4711 0.4445
’ 0.3874 0.4225 0.4072 0.3824 0.3641 0.3910
15 0.4436 0.5229 0.5363 0.5289 0.5128 0.4944
' 0.3403 0.4102 0.4226 0.4156 0.4011 0.3846
05 0.3493 0.4090 0.3594 0.3155 0.3318 0.2495
) 0.1999 0.3157 0.2744 0.2386 0.2105 0.1860
(15.15) 1 0.4113 0.4487 0.4355 0.4774 0.5049 0.3589
: 0.3176 0.3493 0.3381 03174 0.2956 0.2740
1.5 0.3618 0.4351 0.5200 0.5716 0.6073 0.4105
0.2764 0.3378 0.3493 0.3434 0.3310 0.3170
0.5 0.2680 0.3584 0.4106 0.4395 0.4580 0.4707
0.3043 0.2757 0.2377 0.2063 0.1815 0.1617
(20,20) 0.3565 0.3931 0.3808 0.3580 0.3338 0.3111
’ 1 0.2741 0.3043 0.2942 0.2753 0.2556 0.2372
0.3093 0.3800 0.3931 0.3870 0.3695 0.3580
1:5 0.2358 0.2934 0.3043 0.2992 0.2883 0.2753
0.3541 0.3193 0.2751 0.2388 0.2101 0.1873
0.5 02732 0.2449 0.2095 0.1808 0.1584 0.1406
(25,25) 0.3216 0.3541 0.3414 0.3193 0.2964 0.2751
’ 1 0.2486 0.2732 0.2628 0.2449 0.2265 0.2095
0.2780 0.3428 0.3541 0.3476 0.3346 0.3195
1:5 0.2118 0.2639 0.2732 0.2679 0.2753 0.2451
05 0.3248 0.2942 0.2536 0.2201 0.1936 0.1724
) 0.2500 0.2254 0.1932 0.1668 0.1462 0.1298
(30,30) 1 0.2920 0.3248 0.3142 0.2942 0.2732 0.2536
’ 0.2237 0.2500 0.2414 0.2254 0.2087 0.1932
15 0.2508 0.3128 0.3248 0.3195 0.3079 0.2942
’ 0.1909 0.2403 0.2500 0.2458 0.2364 0.2254

The first row represents the average width of 99% confidence interval and the second row represent the

average width of 95% confidence interval using the estimate of R as the MLE,
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