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        In this paper, the incompressible viscous Newtonian nano fluid 

(CuO/Water) flow through a vertical cylindrical tube under the effect of 

peristaltic motion is studied. The mathematical model is formulated by 

mass, Navier-stokes, heat and volume rate equations. The nonlinear and 

linear partial differential equations are solved analytically in terms of 

temperature, velocity, stream function and pressure gradient distributions 

of the nano fluid for long wavelengths. The obtained results are affected 

by amplitude ratio, heat transfer coefficient, void fraction of 

nanoparticles and Grashof number. The nano fluid temperature is 

proportional inversely with amplitude ratio and void fraction of 

nanoparticles. The nano fluid velocity is proportional directly with heat 

transfer coefficient, amplitude ratio and Grashof number values. The 

void fraction of nanoparticles values affects velocity and pressure 

gradient distributions of nano fluid inversely. The nano fluid pressure 

gradient is increasing with Grashof number values. Moreover, the 

concluded remarks proved the validity of the proposed model. The 

physical model can be extended for different nanoparticles under the 

effect of some dominant physical parameters of fluid and flow. 
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Introduction 

 Peristaltic force is an organic 

siphon which employs episode wave-

like squeezing movement which 

voyages down a vessel and forces the 

stuffing of the vessel (Abu-Nab et al., 

2022; Mohammadein and Abu-Nab, 

2019; Darzi et al., 2012). This 

mechanism also occurs in many 

applications involving bio-mechanical 

systems such as finger and roller 

pumps, heart lung machine, blood pump 

machine, dialysis machine and transport 

of noxious fluid in nuclear industries 

(Mohammadein and Gad El-Rab, 

2001). In recent years, considerable 

efforts have been usefully devoted to 

the study of peristaltic flow of 

Newtonian nanofluids because a 

practical and fundamental constitutive 

relation that can be used for all fluids 

and flow is not available 

(Mohammadein and Abu-Nab, 2019; 

Mohammadein and Gouda, 2006; 

Nasiri et al., 2011). The production of 

particles with sizes on the order of 

nanometers (nanoparticles) can be 

achieved with relative ease with the 

recent improvements in nanotechnology 

(Nasiri et al., 2011; Mohammadein 

and Gouda, 2006).     As a 

consequence, the idea of suspending 

these nanoparticles in a base liquid for 

improving thermal conductivity has 

been proposed recently (Suresh et al., 

2012; Sundar and Sharma, 2010; 

Prasher et al., 2005). Such suspension 

of nanoparticles in a base fluid is called 

a nano fluid. Due to their small size, 

nanoparticles fluidize easily inside the 

base fluid, and as a consequence, 

clogging of channels and erosion in 

channel walls are no longer a problem. 

It is even possible to use nano fluids in 

microchannels (Darzi et al., 2012). 

When it comes to the stability of the 

suspension, it was shown that 

sedimentation of particles can be 

prevented by utilizing proper 

dispersants (Suresh et al., 2012; 

Sundar and Sharma , 2010). Recently, 

the analytical solutions of fluid velocity 

field and stream function are be 

prevented by Mohammadein, 2017. 

In this paper, the incompressible 

Newtonian nano fluid (CuO/Water) 

through a vertical cylindrical tube under 

the effect of peristaltic motion is 

studied. The mass, Navier-stokes, heat 

and volume rate equations represent the 

mathematical model of present problem. 

The analytical solution is obtained for 

temperature, velocity, pressure gradient 

distribution of the nano fluid under the 

effect of Grashof number , heat 

source parameter , amplitude ratio , 

heat transfer coefficient  and void 
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fraction of nanoparticles . Results are 

valid for long wavelength only. 
 

Analysis 

Consider the axisymmetric of a 

Newtonian fluid in circular cylindrical 

tube with a sinusoidal wave of small 

amplitude traveling down its wall. The 

wall of the tube is given by the 

equation:                    

                 (1)                           

where  is the average radius of the 

original undisturbed tube,  is the 

amplitude of the wave,  is the 

wavelength and  is the wave speed,  

and  are the cylindrical polar 

coordinates with  measured along the 

axis of the tube and is in the radial 

direction. Let  and  be the velocity 

components in the radial and axial 

directions, respectively. The peristaltic 

bubbly flow of a viscous incompressible 

Newtonian fluid through a vertical tube. 

The relations between physical 

parameters (density, thermal 

conductivity and viscosity of 

(CuO/Water)) of nano state in terms of 

nanoparticles and water are in the 

following form: 

      (2)        

 

(3)   

                (4) 

 

Fig. (1): The Problem Sketch 

The mathematical model of the physical 

problem is described by the 

conservative nano mass, Navier - Stokes 

heat transfer and volume flow rate 

equations as follows: 

Mass equation: 

                            (5)                                       

Navier-Stokes equations 

r:  

                      (6)   

z:      

 

(7)   
Heat equation: 

 

                               (8) 

Volume flow rate equation: 

                         (9)   

The above system (5-9) represents a 

current problem in a dimensional form. 

The dimensionless variables as follows: 
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 ,         (10) 

Substituting by the equation (10) into 

the equations (5-9), we obtain the non-

dimensional equations in the form: 

                           (11)    

 

 

(12)                            

 

   

                                  (13)     

              

     (14)  

Volume flow rate equation of the nano 

fluid:             

                (15)                  

The above system (11-15) is difficult to 

solve in an analytical way. In contrary, 

when we take in our consideration that, 

the wavelength is long  and the 

Reynolds number is quite small 

 then, equations (12-14) are 

simplified as follows: 

                                       (16)                                               

(17) 

                        (18)                                      

        The boundary conditions of heat 

transfer are given by: 

        (19)                   

  (20)                         

     Solving Eqn. (18) using the 

boundary conditions (19-20), then the 

nano fluid temperature distribution 

is given by: 

            (21)                        

where, 

                                     (22)                                              

Substituting by Eq. (21) into the Eqn. (17) 

and solving Eqn. (17) with the following 

boundary conditions: 

                (23)                               

            (24)  

       Then putting , we get the 

nano fluid velocity  in the direction of 

cylinder axis z in the form: 

 

 

                   (25) 

Substituting from Eqn. (25) into the 

Eqn. (15) and solving Eqn. (15), then 
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the nano fluid pressure gradient  

becomes:  

 

                                   (26) 

On the basis of equations (11) and (25), 

the nano fluid stream function  is 

given by: 

 

 

 

   (27)            

where 

      

                          (28) 

The nano fluid velocity in the radial 

direction of cylinder  is given by: 

 

 

 

 

 

         (29) 

 

 

 

Discussion and Results 

 The peristaltic flow of 

incompressible nanoparticles 

CuO/Water problem is studied. The 

physical problem is described by mass, 

Navier-Stokes, heat and volume flow 

rate equations (5-9) respectively for 

Newtonian nano fluid flow throughout a 

vertical cylindrical tube. The 

dimensional system (5-9) is transformed 

to the non-dimensional one (11-15). The 

system (11-15) is reduced to the system 

(16-18) when . This system is 

solved analytically in a simple way. 

The mathematical model is solved 

analytically in case of long wavelength 

in the peristaltic vertical cylindrical 

tube. The nano fluid temperature 

distribution is obtained by equation 

(21).The nano fluid velocity 

components are given by equations (25) 

and (29). The nano fluid pressure 

gradient is defined by equation (26). 

Moreover, the stream function of the 

nano fluid is derived by relation (27). 

The nano fluid flow is affected by some 

physical parameters such as, Grashof 

number , amplitude ratio , heat 

transfer coefficient  and void fraction 

of nanoparticles . The peristaltic 

flow of nano fluid (CuO/Water) 

problem is studied in a steady state. The 

numerical values of physical parameters 

(Suresh et al., 2012) used in the present 



 

104 )(2023 .,et al Mohammadein 

problem is tabulated in the following 

Table. 

 

 

 

 

Table (1): The physical properties of pure water and CuO. 

 

Moreover, 

  

 

 

The nano fluid temperature distribution 

is clearly increasing with the increasing 

of heat transfer coefficient 𝛼. On the 

other side, it is proportional inversely 

with the increasing of the amplitude 

ratio 𝑒 and the void fraction of 

nanoparticles as shown in Figs. 2(a-

c). 

The gradient pressure distribution of the 

nano fluid is with the increasing of heat 

transfer coefficient 𝛼, amplitude ratio e 

and the Grashof number  values. On 

contrary, it is proportional inversely 

with the void fraction of 

nanoparticles as shown in Figs. 3(a-

d). 

The nano fluid velocity increases with 

heat transfer coefficient 𝛼, amplitude 

ratio e and the Grashof number  

values. On contrary, it is proportional 

inversely with the void  

 

fraction of nanoparticles as shown in 

Figs. 4(a-d). 

The nano fluid stream function is 

plotted for three different amplitude 

ratio values .It is observed that the 

density of streamlines is proportional 

directly with amplitude ratio values  as 

shown in Figs. 5(a-c). 

In Figs. 6(a-c), the nano fluid stream 

function is plotted for three different 

Grashof number values  .It is 

observed that the density of the nano 

fluid stream lines is proportional 

inversely with Grashof number 

values . 

 

 

 

 

 

 

 

 

 

 

 

Materials 
Density 

 

Specific heat 

 

Thermal conductivity 

 

Pure Water 958.3 4240 0.6857 

(CuO) 6320 531.8 18 
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Fig. 2(a): Variation of nano fluid temperature 

with the heat transfer coefficient 𝛼 

 
Fig. 2(b): Variation of nano fluid temperature  

with the amplitude ratio e 

 

Fig. 2(c): Variation of nano fluid temperature 

 with   the void fraction of nanoparticles  

 

 

 

 

 

 

 

Fig. 3(a): Variation of nano fluid pressure 

gradient with the heat transfer coefficient 𝛼 

 

 
Fig.3(b): Variation of nano fluid pressure 

gradient with the amplitude ratio e 

 
Fig. 3(c): Variation of nano fluid pressure 

gradient with the void fraction of 

nanoparticles  
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Fig. 3(d): Variation of nano fluid pressure 

gradient with Grashof number  

 

 

Fig. 4(a): Variation of nano fluid velocity  

the heat transfer coefficient 𝛼 

 

 

 

Fig.4(b): Variation of nano fluid velocity with  

the amplitude ratio e  

 

 

Fig.4(c): Variation of nano fluid velocity with 

the void fraction of nanoparticles  

 

 

Fig.4(d): Variation of nano fluid velocity with 

Grashof number  
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Fig.5(a): Nano fluid stream function at the 

amplitude ratio e = 0.2 

 

Fig.5(b): Nano fluid stream function at  the 

amplitude ratio e = 0.3 

 

Fig.5(c): Nano fluid stream function at  the 

amplitude ratio e = 0.5 

  Fig.6(a): Nano fluid stream function at 

Grashof number  

 

 Fig.6(b): Nano fluid stream function at 

Grashof number  

 
 Fig.6(c): Nano fluid stream function at Grashof 

number 0.9 
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Conclusions 

        The current problem is solved 

analytically under the effect of 

peristaltic motion for long wavelength 

and low Reynolds number. The nano 

temperature, axial velocity, pressure 

gradient, stream function, and radial 

velocity of the nano fluid (CuO/Water) 

are obtained by equations (21), (25),  

(26), (27), and (28) respectively. The 

effect of amplitude ratio, heat transfer 

coefficient  and void fraction of 

nanoparticles  are observed. The 

discussion of results and figures 

concluded the following remarks: 

1-The nano temperature distribution of 

the nano fluid is proportional directly 

with heat transfer coefficient  and 

inversely with amplitude ratio   and 

void fraction of nanoparticles . 

2-The gradient pressure distribution of 

the nano fluid is proportional directly 

with heat transfer coefficient, 

amplitude ratio  and the Grashof 

number  values and inversely with 

the void fraction of nanoparticles . 

3-The nano fluid velocity distribution is 

proportional directly with heat transfer 

coefficient, amplitude ratio e and the 

Grashof number  values. On 

contrary, it is proportional inversely 

with void fraction of nanoparticles . 

4-The density of the nano fluid stream 

lines is proportional directly with 

amplitude ratio values . 

5-The density of the nano fluid stream 

lines is proportional inversely with 

Grashof number values . 

6-The nano fluid (CuO/Water) flow 

represents a dominant factor in 

vertical peristaltic motion. The 

proposed model can be extended for 

more properties of fluid and flow.  

Nomenclature 

       Temperature of liquid . 

P   Pressure  

  Initial temperature of liquid  . 

  Initial nano fluid temperature.  

  Amplitude ratio. 

  Grashof 's number. 

  Dimensionless volume flow rate. 

   Prandtl number. 

  Wave number. 

  Radius of the tube. 

  Amplitude of the wave. 

  Wavelength.  

  Specific heat of liquid at constant 

      pressure . 

  Density of liquid . 

   Thermal conductivity of nano fluid. 

  The thermal conductivity of liquid. 

  Density of nano fluid . 

    peristaltic boundary 
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 / الواء( داخل أنبىب إسطىانً عوىدي CuOي )ىِالنانُ لائستأثٍر الحركت التوعجٍت على ال

 -د/ هجدي الطنطاوي  -د/ عاطف عبد الجلٍل حوٍدة  -أ.د/ سلٍن علً هحودٌن 

 أ/ هحود عبدالله عبد الغنى بغاغى –د/ هها سلٍن علً  

 جاهعت طنطا -كلٍت العلىم  -قسن الرٌاضٍاث 

/ انًاء(  CuOانُُىذىٍَ انهضج غُش انقاتم نلإَضغاط )ٌ ىِانُاَُ مائسانهزا انثحث ذًد دساسح ذذفق  فٍ -         

عثش أَثىب إسغىاٍَ عًىدٌ ذحد ذأثُش انحشكح انرًعجُح. ذًد صُاغح انًُىرج انشَاضٍ تىاسغح يعادلاخ انكرهح 

انجضئُح انخغُح وغُش انخغُح تشكم وانحشاسج ويعذل انحجى. ذى حم انًعادلاخ انرفاضهُح  Navier-stokesو 

انُاَىٌ فً حانح  مائسهنذحهُهٍ نهحصىل عهً دسجح انحشاسج وانسشعح ودانح انرذفق وذىصَعاخ انرذسج فٍ انضغظ 

وانكسش انفشاغٍ  يَرقال انحشاسالإتُسثح انسعح ويعايم ذرأثش الأعىال انًىجُح انغىَهح. انُرائج انًحصىل عهُها 

يرُاسثح عكسًُا يع َسثح انسعح  ٌىِانُاَُ مائسان. حُث ذكىٌ دسجح حشاسج Grashofُى سقى نهجسًُاخ انُاَىَح وق

ذرُاسة تشكم يثاشش يع يعايم إَرقال انحشاسج وَسثح  ٌىِانُاَُ مائسانسشعح وح. َىِانُاَُوانكسش انفشاغً نهجسًُاخ 

 مائسهنَىَح تسشعح وذىصَع ذذسج انضغظ كسش انفشاغً نقُى انجسًُاخ انُاانَرأثش كزنك . Grashofانسعح وقُى سقى 

. علاوج عهً رنك ، أثثرد Grashofيع قُى أسقاو  ٌىِانُاَُ مائسهنتًُُا  َرضاَذ ذذسج انضغظ ،تصىسج عكسُح ٌىِانُاَُ

انًلاحظاخ انخرايُح صحح انًُىرج انًقرشح. نزنك ًَكٍ ذًذَذ انًُىرج انفُضَائٍ نهجسًُاخ انُاَىَح انًخرهفح ذحد 

 عض انخىاص انفُضَائُح انسائذج نهًائع والإَسُاب.ذأثُش ت

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


