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ABSTRACT

The nonlinear wave structure of small-amplitude dust ion-acoustic cnoidal and solitary waves are
investigated in a five-component plasma consisting of positive proton beam from solar wind, positive ion
fluid, two electrons population, one of them from the solar wind and stationary positive dust grains. The
physical parameters in the system such as, the temperature ratio of proton beam and positive ion,
magnetic field and streaming velocity of the beam plays the dominant role in the profile of the amplitude
and the width of the wave. Using the reductive perturbation theory, the basic set of equations is reduced
to a Zakharov—Kuznetsov equation. The latter has been solved using the Painlevé analysis to obtain a set
of analytical solutions, which reflects the possibility of the propagation of various nonlinear structures.
The solutions of Zakharov-Kuznetsov equation present a positive potential, which corresponds to a
compressive wave profile. The findings of this investigation are used to interpret the electrostatic cnoidal
and solitary waves that may be observed in the Jupiter ionosphere. dust-ion-acoustic waves; Jupiter
ionosphere; cnoidal and solitary waves
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1. INTRODUCTION
Understanding the nonlinear phenomena in the planet Jupiter magnetosphere is important to the entire
field of space physics. Such nonlinearity depends on the properties of all the physical plasma parameters
as well as on the nature of the planetary obstacle. Studies the plasma phenomena in the Jupiter ionosphere
using fluid equations and magnetohydrodynamic equations were performed by many authors. Exploring a
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plasma containing dust grains is of important to understand different astrophysical, space phenomena, and
industrial physical applications [1, 2]. The dust grains could modify the plasma modes. For example, the
ion-acoustic waves can be modified to dust-ion-acoustic waves (DIAWS). Shukla and Silin [3] expected
the existence of DIAWS. Later, Barkan et al. [4] noticed the DIAWSs in laboratory. Barkan et al. [5]
detected that the negatively charged dust grains can enhance the phase velocity of the propagating
waves.Also, it reduces the Landau damping. Indeed, the study of DIAWSs are limited by complexity of the
problem. The plasma cannot be described in this complex form [6]. Therefore, different studies were
limited to a simple plasma cases. Neglecting some effects could modify the wave propagation properties
as shown for example in Ref. [7, 8, 9, 10, 11]. Jaiswa et al. [12] studied the effect of magentic field on the
phase transition in a dusty plasma. At strong magnetic field, there is a variation in the angular velocity of
the moving particles. The presence of charging process can give rise to new anomalous dissipation. It
makes possible existence of a kind of shocks. In the absence of dissipation, then the balance becomes
between dispersion and nonlinearity, which creates cnoidal and/or solitary waves [13, 14, 15, 16, 17].
These studies considered unmagnetized dusty plasma. Thus, our aim in this work is to explore the
characteristic profile of the DIAWSs in a magnetized dusty plasma. The skeleton of the paper is as follows:
in Section 2, the basic set of fluid equations describing the system is presented. Then the Zakharov—
Kuznetsov equation is deduced. Section 3 has the mathematical solution and discussion. Section 4
contains conclusions of the paper.

2. Plasma model

The proposed dusty plasma is considered as collisionless and magnetized, where the dust grains are
stationary positive charge with fluid ions, isothermal distribution background electrons as well as solar
wind protons and electrons. The external magnetic field is B = ByZ. The dynamics of the DIAWSs are
given by the following equations [11, 13]. The proton beam equations:

any

o + V(n,uy,) =0, (1)

myn, (aaltv + uqup) — Ny (—V(p + %up X B) +V P, =0. 2

The basic fluids equations for the positive ion are

anh

5 T V(npup) =0, 3)

myny, (% + uhVuh) —np (—V(p + C—louh X B) +V P, =0. 4)

The electrons have Maxwellian distributions

Ne = Neo€XP (%): ®)
Nes = Neso€XP (Kzies)' (6)

The system of Egs. (1)—(6) is closed by the Poisson equation

Vg = 4me(n, + nes — ny — n, — ZaoNgo)- (7)
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Here, n, is the solar wind positive proton beam number density, n, is the positive ion number
density, n, is electron number density, n., is the solar wind electron number density, ¢ is the

electrostatic potential, Kp is the Boltzmann constant, P, is the thermal pressure where P,; =

14
p.h

(nzoo,hO)y_1 '

pressure to constant volume where y = 5/3, T, is the temperature of the electrons, the Debye length

KpT o . . -
5 phm T, are the temperature of the two positive ions and y is the ratio of specific heat at constant

mp

KpgT, 1/2 . . 1/2 .
Ape = ( Be ) , the inverse of the ion plasma frequency w,, = ( ) , W 1S the cyclotron

4me?ny ame?ny
frequency for positive ion, w,;, is the cyclotron frequency for positive ion, where ¢, is the speed of light

KgT,
at vacuum, up = my,/my, Cs, = (mpe

1/2_ B i
) is the ion-acoustic speed.

Equations (1)—(7) can be rewritten in the following form

% + aa_x (Mpupy) + % (mpupy) + % (npupz) =0, (8)

az:x + Upy ag;:x + Upy ag;,x + Uy, ag;’x + g—z — Wplpy + gapn; /3 % =0, (9)
a;’;’y + Uy a;f;y +Upy a;y,,y + Uy, a;;,y + ‘;—‘;’ + Weptlyy + 2 oy, 2 % =0, (10)
agf + Uy ag;’ +uy, a;‘;’ + Uy, a;‘;’ + ‘;—‘;’ + gapn; 1/3 ‘% =0, (11)

a—nth + % (Mptipy) + % (ppy) + % (pupz) = 0, (12)

a;:x + Uny % + Upy ag;x + Up, a;‘g" + up g—(i — WsplUpy + gﬂhﬁhnlzlﬁ % =0, (13)
a:;?y + Upy a;zy + Upy a;hy + up, 61;23, + up Z—;‘: + Wepupy + zuhahngl/g' aa—r;h =0, (14)
a;?z + Unx ;"‘z + Uny a;‘;z + Unz 6:;;2 + U Z—f + guhahn,:l/3 % =0, (15)

ne = exp(¢), (16)

Nes = exp(TesP), (17)
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%2p | 92 | 02
% a—y‘;’ o5 — Oelte = Beges + 1y, + Symy + 84 = 0, (18)
where Wsp = wco/wpoa Wsh = wch/wpov Op = Tp/Tea op =Tp/Te, 6 = neo/npm Bes = neso/npm
8a = NgoZao/NpoZg, aNd Sy = Ny /Npo.

To study the DIAWSs with two positive ion fluids in Jupiter ionosphere with electrons have Maxwellian
distributions, the reductive perturbation method is used [14]. Thus, the following space-time variables are
introduced

{=&Y2(z—-Vt),n =%y, & =2z andr = £3/?%t, (19)

where ¢ is small parameter less than unity and V' the phase speed to be determined later. The physical
guantities appearing in Egs. (8)—(18)

np [1 'l npl npz np3
[upz-I |up0 | [upzl-I [upzz—I [upzS—I
1 2|z 3| Mh3
2
uhz |0 |+g uhzl te Upz2 te Unz3 te ( 0)
il T O s T e R Sl
@ J lO J ?1 J P2 J [(P3 J

and for u,y, Uy, Upy and uy,,

Upx Upx1 Upx2 Upxs
u u u u
py | _ .3/2 “p¥1 2| “py2 5.2 “py3
Uny € Une +¢ U +¢ Unes +... (21)
uhy Uhyl uhyZ uhy3
The charge-neutrality condition is maintained through the relation
1+5d+6h_6€_665=0' (22)

Using Egs. (20) and (21) into Egs. (8)—(18) and collecting the lowest-order in &, we get

3 3(V-upo)
Ny, = —/m————— u = 23
p1 3(upo—V)2-50y $1, Upz1 3(upo—V)2-50, $1 (23)

3up 3Vup
h1 3V2—5l1h<7h (pl’ zh1l 3v2_5“ha.h (pl’ ( )
Ne = P1,Nes = OesP1, (25)
y _ —3(upo—V)>? 991 3(upo—V)? [on (26)
px1 3Wso(Upo—V)2—5Wse0p 01 Upy1 = 3wsp(Upo—V)2—5wspap 08’
=-3V%up 09y 3V2up el

Upyr = —, Upyr = e 27
hX1 ™ 3w v2—swepupon on 7 L (27)

3wspV2—5wspppop 0§’

and the Poisson equation gives the linear dispersion relation
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3Unpdp 3 _ _ _
3V2-5upon  3(Upo-V)2-50, Oe = OesOes = 0. (28)
The next-order of the perturbation gives the ZK equation
(L2 (L2 %9, 9 (021 | 0%py) _
o +A1(p1 aq + B ac3 +Aza((a§2 + 67]2) —0, (29)

where

H
I

81(upo—V)*-150, = 38pui(27V2-5upop)
(3(upo—v)2-50,)° (3V2-5up0p)3

- 86 - 8esaezs>' (30)

-1
18(V—upo) 186ppunV
B = L , 31
<(3(V—up0)2—50p)2 (3V2—5Hh0'h)2) (31)
9(V—up0)4 98punV* (32)

? W.s?o(3(up0_V)2—50p)2 (BwsnV2-5wspunon)?’

Indeed, ZK equation is not stable against bending instability, see details in Ref. [18]

3. Mathematical solution and discussion

To get the possible analytic solutions of Eq. (29), we will use Painlevé method [19]. To use this
method Eq. (29) have to be integrable equation, which is the case at hand. It is implication of this method
is to introduce many different solutions that may appear in nonlinear systems like plasma physics.
According to this method, we assume the following expansion

@1 = Xito fi® % (33)

The last expansion could be resected for « is positive integer and @ is a singular manifold. Using Eq.
(33) into Eq. (29), then balance the dispersion and nonlinear terms, we obtain a« = 2 in a generalized
Laurent series as [20, 21, 22]

¢ = é(fo + @f; + D), (34)

where @, f,, f1, and f, are analytic functions of ¢, &, n, and t. Substituting Eq. (34) into Eq. (29) and
equating the coefficients of ®~>; ®~*; and ®~3 to zero, we obtain

—12(BL2+C4 (L3 +L5

f ( 1 1( 2 3)) (CI) )2, (35)
—12(BL2+C4 (L3 +13

f (BL1+C1 (L3 3))CI) v (36)

f, = U | 3BLI+C (L3+L5)Pyy  4(BLI+Ci(L3+L3)Pyyy (37)
27 AL ALy (Dy)? A(Dy)? '

460



AJBAS Volume 4, Issue Ill, 2023 Moslem, et al

1
where Y = L;{ + Ly& + Lyn — Uz, here Ly = (1 — L3 — L3)z, Lq, Ly, and L5 are the direction cosine.
®y, &y and Py vy are the first, second, and third derivatives of ®.

Inserting Egs. (35)—(37) in Eq. (34), we obtain the analytical soultion of the ZK equation (29). In order to
find the solitary/cnoidal wave solutions, we assume that w has the form [22]

_ 2
" tanh(w)-1

(38)
where
Y x
W= + cysn[F (Wz,m),m]. (39)

Here, F represents an incomplete elliptic integral of the first kind with moduli m, ¢;, w,, and w, are
arbitrary constants.
Equation (39) can be used to obtain a Zakharov—Kuznetsov equation solution as

_ —12(BL3+Cy(L3+13)) (Py)? | —12(BLE+C1(L3+13)) Pyy
1= A @2 A )

_|_

U | 3BLI+C I3+15)Pyy  4(BLI+C1(L3+L3)Pyyy

ALy AL, (Py)? A(Dy)?

(40)

We can divide the discussion into two parts. The first part when the arbitrary constant is greater than
zero, this gives the cnoidal wave solution. We remark that, when the temperature ratio of proton beam
increases the amplitude of the cnoidal wave decreases as shown as figure 1a. The same behavior is
happen for the density ratio of positive ion, the amplitude of the cnoidal wave decreases with &, so we
did not include this figure here. We also find that when the temperature of the positive ions decreases, this
leads to a decrease in the amplitude of the cnoidal wave, as shown in Figure 1b. In figure 1c, we find the
effect of the magnetic field. When the magnetic field ratio decreases, this leads to a decrease in the
amplitude of the cnoidal wave. Finally, we find that when the ratio of the initial velocity of the positive
proton beam increases, this leads to a decrease in the amplitude of the cnoidal wave, as shown in the
figure 1d.

The second part when the arbitrary constant is equal to zero, this gives the solitary wave solution.
When the temperature of the positive proton beam increases, this leads to a decrease in the nonlinearity of
the system, which in turn leads to a decrease in the amplitude of the solitary wave, as shown in Figure 2a.
Also, when the number density ratio of the positive ion decreases, this leads to an increase in the
amplitude of the solitary wave, which is similar to Figure 1la. We find in figure 2b that when the
temperature of the positive ions decreases, this leads to a reduction in the nonlinearity of the system,
which in turn leads to a decrease in the solitary wave amplitude. Figure 2c depicts the effect of the
magnetic field on the pulse profile, which is clear that the amplitude of the solitary wave is slightly
increases with the magnetic field. However, the width has not significant change. In Figure 2d, the effect
of the initial velocity is depicted. The amplitude and width of the solitary wave are decreases with the
increase of streaming speed.

4. Summary
A study of nonlinear DIAWSs in a magnetized plasma is considered. The electrons are described by the
Maxwellian distributions, while the proton beam and positive ions are described by the hydrodynamic
fluid equations. The development of the plasma system is described by Zakharov—Kuznetsov equation.
The ZK equation was solved using Painlevé analysis. Two kind of solutions were obtained, that permit
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the existence of cnoidal and solitary waves. The present model is employed to recognize a possible
nonlinear wave at Jupiter ionosphere.
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Figure 1: (Color online) The normalized cnoidal wave potential for different values of oy, g, By, and
up, Where the plasma parameters are §, = 0.45, 64 = 0.14, 5, = 0.14, T, = 10 eV, g5 = 1.5, 0, = 2.
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Figure 2: (Color online) The normalized solitary wave potential for different values of oy, oy, By, and
Uy, Where the plasma parameters are 6, = 0.5, 64 = 0.14, 5, = 0.24, T, = 10 eV, 0, = 1.5, 0, = 2.
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