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FEW IMPROVEMENTS ON THE CHARACTERISTICS )
OF X AND R CONTROL CHARTS :

*
SAYED TAHA MOHAMED

ABSTRACT

-The X and R control charts have been used as an effective tool
for carrying out process control from the standpoint of statis-
tical quality control, However,the 36 method is not so powerful
in testing arousing a feeling of dissatisfaction particularly
when controlling production processes. In other words; when
process shift is not so great,the X ,and R control charts does
not have a strong power of test and it is sensitive to disper-
sion, showing the possibility of carrying out wrong control.

Hence,the purpose of this paper is to study the characteristics
of process adjustment on the basis of the and R control charts,
and we have proposed the run method as a measure to remove these
defects of the charts.

1. THE CONTROL CHARACTERISTICS OF THE X CHART

When the control characteristics of control charts are studied
.from the statistical standpoint,stress must be laid on the res-
.earch on their power of test and average run length.

.

Measurement,samp]ing and other errors included in the standard
deviation in the control charts are usually treated as negligible.
Mo action is done to correct these errors when controlling given
processes. However, they frequently become so large as

?ot tTZfe neglected and make control activities themselves fruit-
ess .

1 J
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rﬁere, we differentiate " actions to do " and " actions not 1
to do and let Op denote process dispersion corresponding to
the former and TM signify that corresponding to the latter.

In Fig. 1, let D denote the interval between target value |
and action limit ,then we have [5] ;

D=030dd = 13 qu//h (1)
and s \
6 = IJ.-'J ] 6 O'p (2)
In ordinary charts,
: D = B.\/_(G;+ cﬁ’f/n) and B = 3. :

On the other hand ,in a chart drawn up according to eq. (1),
the test power P , when only the upper control limit is
given , is expressed as follows;

P = ¢(8+5fn/¢'(c/c)/ (3)

Fig.2 shows some of the results of ca1cu1at1on

For control schemes, suppose that |l denotes the target value
and that action (compensation) is done is proportion to the
deviation which results when the X. plotted at the time i is
lTocated on or outside the control 1imit, and also suppose for
simplicity that the effects of action appear instantaneously.

.Since corrective action is due to X, located outside the limit,
the amount of compensation should bé larger than requ1red actu-
ally. As shown in Fig. 1, the distribution of the x serv1

as a standard for compensation constitutes part of N Gg)

Therefore ,the population mean “1 is given by the following

equation [4],0 —u?z
7" lU.e ")
“1 1/2]‘( (D - u}/{cﬂ/\/?) U/dU ) (4)
W/Zn /{D W)/ (M AmIE " du
.Using equations (2) and , we get

2
\/21TH“GM/UP : -{3- 8Vn/(g? +05}}/2
=[5+
¢ {-8+ dVn/(a /cp) }

When the process mean shifts in a step form at the time i=0,
we will find it stochastically. Suppose that I\ = i* denotes

] crp (5)

a state of its being corrected by action . Its cahnge at
the time i=0 is signified by § 90 where the target value
K =10 . e

Denoting ,by P ,the power of test at that time, we obtain;
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Efy) b, a,(T-p)+ g, % P
[8,(1-p ) *5pla,

Where 51 qu is the difference between the process mean at the
time i = 1 and the target value.

Thus, we also get;

(6)

. 3 2 7
E(pz):[6°!1-f)+6'f: ((Lf)-!b{’)h@?@] o, (7)
: - 3y 2 2
. E(u,}:[ 6011-511»6”}9{{7_5)”'1-5){1—Ph{r-f'}}
'52’.?’?[”-5/*”-f”*”";"’}*ﬁapf"?] %
efc...
o Suppose that compensation is carried out in proportion
to the difference between and the 1imit and that K stands
for control gain, we obtain Using eq. (8), [1 s
(a) For o; ,’0 e
- ! (8-6; , Jnﬂa’ﬂf}}/Z
e e ! uoop a?
6[- :q-_,{T “K}—K 2n n —-B_.. _#
| P (e (9)
-1
‘ RN - e
(b) For @_1 7 ‘fB'thﬁ;aﬁﬂﬁ}ﬁQ
p——— L T
. 6. -6 (7-K)+K{ (2mn _ 8 /a“ (10)
. r -1 3
P Vn )l g
where i-1

2 2
B m @ 8o | [o/1%%0 ) ()

Iq the case of compensation carried out in proportion to the
d1{{erence between |I. and the target value f =0 ,B/\/n becomes
null.

Examples of E(p;) concernjng the above two cases are shown
-in figures 3 and'4 respectively ,where i is equal to the ave-
.rage run length from the time when a step-form shift §, 0y

occurs 1in the process through the time when it reaches 6‘%{
: O /

A problem facing process control carried out according to the
‘ X chart is that the chart exerts only a small test power when
5 Process shift is on a small scale. But making B smaller than
3 Poses a problem of errors ofzthezfirst kind. To cope with
this, appropriate choice of Opm/ O will make it possible
to provide a necessary power of test.

Another problem concerns the estimation of the shifted procecc
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mean J.. As stated above, bias toward overestimation is una-
voidable. Hence, we have mapped out two control schemes one
with too much to be controlled. Improvements are possible if
K is properly chosen. But checks are needed at later times if
K is to be empirically decided on through close analysis of
the characteristics of each process.

2. THE CONTROL CHARACTERISTICS OF THE R CHART

The target value of process dispersion is set according
to standards, process capability, economic restrictions and
other factors. Dispersion control often requires fundamental
actions, rather than a problem of setting as in the case of
mean control. Therefore,condit ons differ but we shall con- .
sider this problem for a while.

Let Rp calculated from g employed as a central line in

the chart and suppose that action is done to correct(R.-Rp)/Rp
to 0 at the time when the plotted R, gets out of the 1mit

and that it is completed at the timé(i + 1),that is;

R. - R R. - R
i+l p _ 1 p
—('l = k ) (]2)
R R
p p
where k means effect of corrective action,k=1 in ideal cases
and K £ 1 when action is inadequate.

Using equation (12),we have;

g. -0 0. -0
_%E:”_k) P (13)
2 9
Let D = %-/Up we also have ;
Di & 1 -1 = (1 -k )(Di - 1) (14)

where k is equivalent in form to control gain in the
case of ratio control.

As the amount to be controlled depends on the test power of
the R chart, the expectation is given as follows [6] ;

(a) For k =1 ,we have a simpie equation of

E(oi+1-1)=(1-k)(1-P0)i' (15)

(b) For k # 1, sincel( Ri - R )//R # 0 even if action is
done, we get P P

E( Dy -1)=(p, -1) [(1 -P,) + (1-k) po] (16)

. )
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r ‘ 1
6 E(Dy-1)=(y-1) [(1-P )%+ (1-K)P_ (1-P )¢ (1-K)P_(1-P )
r(1-0% o] (17)

where P. is a power to (Do-l)(1-k)1

' 2 2
Suppose that dispersion ratio UP/(Ip:D R/ O‘P-*U" - w £
the Timit interval is B sigma ,the power of test P is given by,

2 2
(d,-*B-dJJ“p* % }
2 2
f"P*"u

2 2
oy / 0
;:gu&{dzds-d,] _/‘Lﬂ_’z‘ Tt } (18)
D,OHIGP

P‘:Pitd;
b

The results are shown in Fig .5.

3.THE RUN METHOD

We shall consider control scheme as follows ; an X outside the
Timit does not mean action , and when the successive X is
plotted in the same region, action is taken.

. If the first kind error is set at 0.0027 to compare with the

-ordinary 30 chart,it follows that the limit only needs be

"set to be 1.790 . When action is done at the run length 3,
the Timit is equal to 1.200. But the run length 2 will be
better for practical purposes.

Fig.6 indicates a power of test in the case in which only the
mean shifts while fig.7 shows that in the case of th% dispersion
only changing. Figures 6 and 7 shows the case of qwloﬁ =1,

Obviously, this method is more sensitive to the mean shift than
the ordinary 30 chart,

For control schemes, action is to be done to the target value
v when %. and R.+ appear on or outside the same limit in
succession . A]thaug% the X serving as a standard for control
follows the truncated distribution as in the case of item 1

i 3 mentioned above,the bias is rather small because B= 1,79, [3].

From the standpoint of only detecting its difference from

the ordinary 30 chart,we shall ,consider the problem on the
assumption that F [(i. 4+ X, ]) 2]=ﬁ to simplify the cal-

culation. ! '
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L - 1
r-(a) Let 0 =0, stand for the shift in process mean for
i =1 . Since no action is done for i=1 ,we have;
»
Efu,) =5 % (19)
(b) For i=2 or is larger ,we get;

” 2 2
ElW,)=5qg [(l-K)P+PII-Plsll-P)P+(]-P) (20)
2 Op o o o e} o o )

J
“Let P. denote a power of test for the shift 0 o (1-k)
. in process mean,then we also have; o p

€ (K )=5,0,[U1-k)p%p o 1) ~KIPN1-P)+p (1 _p)p
PO =PI -k - P (1 =p) p (1 )

2 4 (21)
s l1-BVP v 11-P]

ete . auus
Fig.8 shows the results of calculation.

-Under the run method, overall correction is somewhat faster
-than in the 30 chart. However ,as no action is done at
the initial plot, the method does not display a fine perfor-
mance for i=1.

SUMMARY

With respect to the ratio control,using control charts ,of
production processes where there are many cases in which,
compared with changes in process itself, other changes are
hard to be neglected, we have studied the control characteris-
.tics of the control Timit formula not using the changes in
:process itself as a standard.

In order to decide on the amount to be controlled, it is
necessary to accurately estimate the shifted process mean.
However, as sample size is generally small and estimation

is 13able to be accompanied by a bias, some empirical steps
must bhe taken anyway . Furthermore, statistical checks must
be conducted on observed values after control.

When process shift is not so great,the X and R control charts
does not have a strong power of test and it <4< cencit+ive +n
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r « s s -1
dispersion, showing the possibility of carrying out wrong
control.

Hence,we have proposed the run method as a measure to remove
these defects of the control charts.

If it is possible to shorten the sampling intervals , the
demerite of the run length 2 will be alleviated.
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