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Abstract: 
 
Fuel injection pump is a practical study case of a monovariable system to get the robust 
controllers design in Hinf. In this application the election of the weights performance (W1(s)) 
and robustness sensitivity (W3(s)) depends on the hypothesis design for the robust control. 
Also to study the behavior of the system with the controllers designed in different values of 
band width with the closed loop system; at the same time, one can see the effect of 
uncertainty in the pattern of the system and its relationship with the robust controller's 
effectiveness. 
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1. Introduction 

 
Due to the continuous advance of the electronics, control systems in automotive has being 
made every time more complex and sophisticated. Especially there are more demands every 
time for an acceptable and rapid answer of control in the face of changes in the parameters 
of the pattern and the external atmosphere [4], [6] and [8]. 
This is the case of a diesel injection pump of the engine described in [3], whose diagram can 
be seen in figure 1. So much servo controllers of the solenoid are immersed in the fuel, 
whose viscosity variation will be notably in front of the temperatures changes. 
Therefore, to design a controller that has a quickly response in the face of these changes, is 
wanted. This problem can be solved using robust controllers design in Hinf. 
 

 
2. Model of the fuel injection pump 
 
The dynamic characteristics of the system have been identified to three different 
temperatures: 0Cº, 25Cº and 60Cº, obtaining a quite adjusted model to the physical system. 
Figure 2, represent the real output of the model in the case of 25Cº. The transfer functions 
that represent the dynamic of the system in each temperature, obtained by the identification 
process, are the following ones. Further details can be seen in [3].   
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Figure (1): Fuel injection pump [3]   Figure (2): Real output of the system[3] 
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3. The uncertainty of the system 
 

The pattern g25(s) is considered as the normal pattern and the uncertainty in this pattern will 
be considered as a multiplicative form, that is to say:  
 

(jw)Rm = x (jw) = 
g

gg jwjw
x

25

25
)()( 
 (4) 

for x=0 Cº and 60 Cº                                                                                
     
Where Rm(jw) and Δx [5] are the uncertainty in the normal pattern. 
In the figure 3 one can see the diagrams of singular values of the outputs for models family of 
the pump in different values of temperatures.  

 
Figure (3): Transfers functions to different temperatures 

 
4. The objectives of the design 
 
The objectives of the design are to obtain a controller who has quick and efficient response to 
face changes in the characteristics of the servo controllers of the solenoid, due to remarkable 
change in the viscosity of the fuel because of the temperature changes. An application has 
been used to work with different bandwidth and its relationships with the degree of the robust 
stability for each bandwidth. 

 
5.  Design controller F(s) in Hinf 

 
5.1.- Robust stability 

 
The specification of robust stability is given in terms of the weight W3(s), that gives greater 
importance to the high frequencies and to attenuate the complementary sensitivity T(s) in that 
zone. If the normal pattern G25(s) can be stabilized in closed loop by a controller F(s), then all 
the models of the family (G0(s) and G60(s))will be able to be stabilized by the same controller 
if and only[2]: 

 1  | T(jw)W3(jw)* |    T(s)W3(s)* sup
 

w




. (5) 
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To choose the weight W3(s) [1 and 5] so that the values of the magnitude of the uncertainty 

are limited to 0.3 <  Rm  < 1/2 and the controller will be robust and works in the same rank 

of frequency. Is to say, that the maximum singular value of T(s) is not smaller than 2. 
 

Table (1):  Different values of W3(s) and its Bandwidth 
 

Case Values of W3 (s) Bandwidth Iteration number Magnitudes of  Rm 

1 
 2

2

500/116,3

)5/1(

S

S



  
5 8 0.3213682 

2 
 2

2

500/116,3

)10/1(

S

S



  
10 20 0.3360997 

3  2

2

500/116,3

)20/1(

S

S



  
20 42 0.3949377 

4  2

2

500/116,3

)30/1(

S

S



  
30 55 0.5518112 

5  2

2

500/116,3

)40/1(

S

S



  
40 63 0.6288865 

 
The table 1 shows that the values of Rm which are within the mentioned limits. 
 
5.2- The nominal performance 
 

The specification of the normal behaviour is represented by the weight W1(s), that gives 
greater importance to the low frequencies, so that S(s) sensitivity is small to low frequencies.  
The necessary and sufficient conditions to assure the normal performance of the system [2, 3 
and 4]: 

1  | S(jw)*W1(jw) |    S(s)*W1(s) sup
 

w




 (6) 
If one wants to obtain the optimal controller that gives the best performance to the system, 
the following problem of optimization is created.   


 S(s)*W1(s)     

 

stableF(s
min

)                                                                                                     
 
Table 2 gives different values to W1(s) according to the rules published in [5], which can be 
applied to anyone of the cases from 1 to 5 of the table 1, to get the best performance of the 
system. 
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Table (2):  Different values of W1(s) 
 

Case Values of  W1 (s) Margin of gain Margin of face 

A  
2

15,0

)6/1( 2

S

S



  
3.41 30 

B  
2

15,0

)10/1( 2

S

S



  
5.978 31.3 

C  
2

15,0

)15/1( 2

S

S



  
9.54 31.41 

D  
2

15,0

)20/1( 2

S

S



  
7.195 28.7 

F  
2

15,0

)30/1( 2

S

S



  
6.069 26.7 

G  
2

15,0

)40/1( 2

S

S



  
5.746 26.09 

 
5.3- The robust performance 
 
Once the nominal performance and the robust stability are obtained, the necessary and 
sufficient condition to assure the robust performance will be: 
 

w   1  | W3(jw)T(jw)* | + | S(jw)W1(jw)* |   (7)   

 
or in the form of the singular values is:   
 

w   1 ]  W3(jw)T(jw)* [ +]  S(jw)W1(jw)* [   (8) 

 
So that the robust performance is guaranteed, solving the following problem in function of a 
scale parameter ' Gam', such that:   

  
T(s)*W3(s)     

S(s)*W1(s)*Gam
       

 

= )TY1v(s,Gam      

 

  stableF(s)

 

 stableF(s)

















min

min

         

(9) 

 
Where TY1v (cost function), is the matrix of the transfer function of closed loop for the 
external signals entering to the loop and ζ= infinity   

To include all what has been mentioned in the sections (2 to 5), one can put the model of fuel 
injection pump in the following standard form figure 4, where P(s) the plants increased and 
the controller F(s). 
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Figure (4): The system in the standard form  
 
In order to design the robust controller in Hinf, the program designed should be applied to the 
nominal model g25(s) with the value of W1(s) of the table 2 case C, and the values of W3(s) 
of the table 1 cases 1, 3 and 5, solving the mixed sensitivity problem of iteration on Gam until 
satisfies the conditions of robust performance. 
 
6. Results 

 
1- The F(s) is controller with order 7, and the Gam iteration final equal to 63.  
2- Graphs of the singular values of the functions weights of the design (1/W1(s) and 1/W3(s)) 
in addition to the function of cost TY1v, the function sensitivity (S(s) with 1/W1(s)) and the 
function complementary sensitivity (T(s) with 1/W3(s)) for the case 5, can be seen in figures 
(5 and 6), beginning with Gam=1 and increasing as much as possible until they satisfy the 
conditions of robust behaviour. 
3- When increasing the bandwidth, this mean increase the number of Gam-iteration 
necessary to assure the robust performance to obtain the robust controller F(s) as it is 
indicated in the figure (7). 
4- The figures (9, 10 and 11) indicate the output Y1 with the application of a step function. 
One can see the output of the system with high bandwidth  (case (5)) is better compared with 
the (case (1)) where the bandwidth is low, motivated that the case (5) emphasizes the 
importance of the performance of the system in high frequency, where the magnitude of the 

uncertainty is greater (Rm=0.6288865) contrary the case (1), which limit the knowledge of 
the system in high frequency and  displays only the behavior of the system in law frequency  

where the magnitude of the uncertainty is decreased (Rm=0.3213682).  The weight 
functions 1/W1 y 1/W3 can be seen in the figure (5). 
 

 
Figure (5): Singular values of the weight function of the design 
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In other words that the case (5), gives the weight of the uncertainty in the model that provides 
more information on the behaviour of the system in high frequencies and as consequence will 
be greater approach to the actual plant.  The behaviour of the magnitude of the uncertainty 

Rm with the bandwidth can be seen in the figure 8. 

 
Figure (6): Function of cost TYv1, function sensitivity (S(s) with 1/W1(s)) and the function 

complementary sensitivity (T(s) with 1/W3(s)) for the case (5). 

 
Figure (7): Bandwidth of the system in closed loop with Gam - iteration. 
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Figure (8): The bandwidth of the system in closed loop with the Rm uncertainty Rm 

 
 

 
Figure (9): Output of the system Y1for the case 1 

 

 
Figure (10):  Output of the system Y1 for the case 3 

 

 
Figure (11):  Output of the system Y1 for the case 5 

 
 
5- In the figure (12) which indicates the robust stability and nominal behaviour of the system, 
with the controller designed in Hinf for the case 5. We can see that the values of the robust 
performance are within the limit of the necessary condition and sufficient to assure the robust 
behaviour of the system for these three cases, is to say < 1. 
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Figure (12): Conditions of the robust behavior of the controller designed in Hinf. 

 
6- As a result of the point 5, the F(s) controller which has been applied that stabilize the 
nominal model G25(s) will also stabilize all models of the family G0(s) and G60(s).  The results 
can be seen in the figures (13 and 14) which show as the same function of sensitivity and 
complementary sensitivity  for the nominal model G25(s) and the models of the family G0(s) 
and G60(s) respectively for the cases (1, 3 and 5) respectively.  
 
7-Figures (15 and 16) shows the simulated system responses in three operating 
temperatures using the controller designed in Hinf. It was observed that the closed-loop 
system is robust with respect to the changes in the temperature of the fluid, since the 
responses are similar which meet the design specifications. 
 
8- Figure (17) shows the response of the system at operating temperature controller 
designed using the LQR / LTR. It is noted that in the case of T = 60 º C is oscillatory. 

The robust performance 

The nominal performance 

The robust stability 
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Figure (13): Functions of sensitivities of the three cases (1,3 and 5). 

 
7- Conclusions 

 
1-To use the controller designed by the procedure LQG / LTR the design will have to perform 
three different (or as many as there operating temperature) and switch the drivers in each 
temperature. Also should be examined experimentally in the switching transitions between 
the various controls, which are complicated. 
 
2-Using the controller designed in Hinf method that optimally solves the robust stability and 
robust performance of a family of models with global dynamic uncertainty or nominal 
allowance for a family of bounded disturbances, has achieved the designed optimal controller 
Hinf and adequate response to three cases and presumably satisfactory intermediate 
temperatures T Ξ [0 Cº,25 Cº and 60 Cº]. 
 
3-Increasing the bandwidth of the system in closed loop, are minimally reduced the values of 
the robust behavior of the controllers designed in Hinf. 
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Figure (14): Functions of complementary sensitivities of the three cases (1,3 and 5) 

                       
Figure (15): Control óptimo en Hinf Figure (16): Hinf optimal control which can 

give an adequate response in all three cases 
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Figure (17): Control óptimo en LQR/LTR in all three cases 
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