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Abstract:

Multiple impacts problems arise in many practical applications, such as airplane
undercarriages, impact crushers, and assembly robots. Solution of rigid body impact
problems that involve simultaneous collisions is a challenging problem in mechanics and
dynamics. This is one of the classical problems of contact mechanics, an area that dates
back to Galileo. Surprisingly, the few methods that produced energetically consistent,
unique solutions to this class of problems were proposed in the last decade. Among these
methods, only the Impulse Momentum based method has been thoroughly verified by
experiments. This method depends on a parameter called the Impulse Correlation Ratio
(ICR). This parameter is physically meaningful and more effective in dealing with multiple
impact problems. In this paper, we present a solution to the frictionless multiple impact
problems that may arise in the rocking blocks. We use an approach based on the Impulse
Momentum based method, the energetic coefficient of restitution, and the Impulse
Correlation Ratio (ICR). Subsequently, we present the results of an experimental study
that is used to compare the results predicted by the proposed method with the
experimental outcomes.
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1. Introduction:

Multiple impacts occur in rigid bodies when several collisions take place at multiple contact
points simultaneously. Such problems pose many difficulties and unanswered questions
[1-3]. This problem was studied by many researchers and several models were
introduced. Only few models produce unique and energetically consistent solutions [4-7].
Recently, Ceanga and Hurmuzlu [5] introduced a method that produced unique and
energetically consistent solutions in frictionless multiple impact problems. They developed
a new approach that used the energetic coefficient of restitution, and proposed a new
constant, that was called the “Impulse Correlation Ratio” (ICR). This parameter is
physically meaningful and more effective in dealing with multiple impact problems. They
applied the method to the multiple impact problems in a linear N-ball chain.

The rocking block problem, where multiple impacts are likely to occur, is one of the
simplest rigid body impact problems that can involve multiple collisions. Understanding the
physics of a rocking block is also important in applications such as robotics, buildings and
tall structures subject to earthquakes, and motion of water tanks. Housner [8] introduced
the first study to derive the mathematical equations of a free-standing rigid block under
base excitation. This model was called the simple rocking model (SRM); where plastic
impact at the collision point is assumed (1-DOF). The block equations of motion was
described by piecewise nonlinear equations depending on the sign of the rotation angle.
Many researchers analyzed the block response due to different earthquake inputs using
Housner's approach [9-14].

The objective of this study is to extend the method given in Ceanga and Hurmuzlu [5] to
solve the rocking block problem. Here, we consider a rigid block with two rocking ends on
smooth surfaces that are set at arbitrary angles. Then, we develop a solution method
based on the rigid body approach and impulse momentum methods. Finally, we verify the
approach by conducting a set of experiments, and comparing the theoretical outcomes
with the experimental ones.

2 The Impulse Momentum Method:

In this section, we summarize the Impulse Momentum Model introduced by Ceanga and
Hurmuzlu [5]. Consider the three balls with masses m; (i=1,2,3) that are depicted in Fig.
(). Ball B; strikes the other two balls (with initial velocities of v,” and v3') that are in contact
at time t = t* with a velocity of v;” subject to v;” > v,> v3'. The collision causes the two
normal impulses 112 and T3 as shown in the figure. The problem at hand is to determine
the post impact velocities vi". One can write the conservation of linear momentum
equations for the three balls, this yields:

miAvy = —AT 5 (1)
moAvy = AT10 — ATog (2)

maAvy = ATy 4 (3)
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Figure (1): Three ball impact

where, Av; (i = 1; 2; 3) are the changes in velocities and Arj;+1 (j=1,2) are the changes in
impulses as a result of the collision. Here, we have three equations in terms of the three
post impact velocities and the two changes that occur in normal impulses. Using the
hypothesis from Ceanga and Hurmuzlu [5] to establish a relationship between the normal
impulses when B, establishes contact and initiates a collision with B3 during the impact of
B1 and B,. This relationship is given by:

."i\m'f'_'z_:} = QTLQ (4)

where, a is called the impulse correlation ratio (ICR) and 0 < a < 1. Accordingly, we can
get:

1

ty = —Ffl.z (5)
my

vy = 03 +;(l—cr)ﬁz (6)

M2

_ 1 -

Uz = Ug +Ffzs (7)
ma

Next, we compute the work done during the compression (W) and restitution (W,) phases
and use the definition of Stronge's energetic coefficient of restitution [4]:

f
r F.a+1 .o
o2, — Wrjiqi [“H (vj — vjp1)dTi 51 .
pp— B
.7 I{ C_}.J+1 l[‘(|‘j,_}+1(_t‘} J+1)d‘r i

where, ejj+1 is the coefficient of restitution between B; and Bj:1 (j=1,2). The superscripts “c”
and “f’ refer to the maximum compression and final values respectively. Thus we can
obtain the following equations:

e o
5 12 i2 o
(!1‘2/ (1 —wva)dTia + / (11 —wva)dT =10 (9)
0 Ti9
) 53 g N
(!2‘3/ ('!‘Q — f‘g)ff-Tg‘g + / (J‘Q — 'f‘g)(]TQ‘g = U (l”)
0 T5.3
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The maximum compression impulses 1.1 can be obtained by setting vj.1 = vj and solving
for them. Hence, we get:

+C

o = (v — vy )(vg — vy Jmmyma/Ag (11)

759 = (A1 4+ A2)(A3/A2) (12)

Finally, the post impact velocities can now be computed as follows

1
] = vy —Tlf_Q (13)
Ty
" L
Vg = Vg ——(Ty3 — OTj3) (14)
o
+_ -y
vg = U3 + —Ti3 (15)
1'”.'3,
where
Tia = (At/A2)(vy — vy )ma (16)
3‘5262_+[\1 Ao)(vy — g )(1 — ) (17)
= (A + A2)(Aa/A2) Ay (18)
with
/\L = Ll_ 2_ [l—l-(lz)fﬂl
Ao = (vg —og )[(1 —a)my + my]

/\3 = L 2 — Vs ) rain 33:.’ LH#Q + JH3J

M = 1+eas[l—a(me/ms+1)(1+ Na/M)7?] .

(19)
3. The Rocking Block Problem:

Consider the system shown in Fig. (2). The impact problem takes place as a result of the
block striking the left surface (at O1) while resting on the right surface (at O,). The block is
symmetrical with a width of 2b, a height of 2h, mass m, and a centroidal moment of inertia
of I.m. To simplify the calculations, we choose an inertial coordinate system whose origin
coincides with the center of the block and its x and y axes are parallel to the respective
edges of the block at the impact instance (i.e. the block is always horizontal at the moment
of impact). At the instant immediately before impact, the block is undergoing a non-
centroidal rotation about O, (where the initial velocity at O, is equal to zero) with an
angular velocity of w’. In addition, we consider frictionless contacts only and choose
surface inclinations of 8, and 8, at the respective contact points O; and O,. The objective
of solving the impact problem is to compute the angular velocity of the block and the linear
velocity of its mass center immediately after impact in terms of the pre-impact velocities.
The problem can be cast in terms of five scalar unknowns for the frictionless case: three
post impact velocities and the magnitude of the normal impulses 11", and 1,") at the two
contact points. Here, since we consider the frictionless case, we will ignore the
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superscripts “n” in the remainder of the paper and denote the impulses at contact points
as 11, and 12. The solution is not straightforward. One can obtain three equations from the
conservation of linear and angular momenta. An additional equation can be obtained from
the application of the concept of coefficient of restitution at the point of collision (O1). Yet,
one encounters difficulty in obtaining a fifth equation. A restitution equation can not be
written for the second contact point, because the pre-impact velocity of the block is zero at
this point. Thus, the number of equations fall one short of the number of unknowns.

In the next section, we apply the Impulse Correlation Ratio (ICR) concept that was
developed in Ceanga and Hurmuzlu [5] to resolve the difficulty that is encountered in the
present problem.

m o, e

h Y1 V3
ol Vem ‘

Figure (2): Rigid block diagram at the moment of impact

4. Velocity-Impulse Relationships:
Using the law of impulse and momentum, we obtain the following equations:

mAVe, = An + A (20)

lrcmA"—‘J‘ = _(ATI XTIy — -"'ATQ X 1‘2) (QIJ

where, AV, and Aw are the changes in the linear and angular velocity vectors of the
mass center and the block respectively, and r; and r, are the vectors from the mass center
to the contact points. The kinematic relationship among the velocities at the contact points
and the mass center can be written as follows:

Vi = VYr_'ln T WwXTry [\22/]

Vg = V7C111 +w Xro ng}

where v; and v, are the velocities of the block at O; and O, respectively (see Fig. (2)). For
the remainder of the paper, we remove the vector notation. Since, we have no friction, we
will use AT; and Av; (i=1,2) for the changes in magnitudes of the normal components of the
respective impulses and velocities. In addition, we use Av{* and Av{ (i=1,2) for the
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changes in the magnitudes of the velocity vectors in the x and y directions respectively.

case (a) case (b) case (c) case (d)
impact at O impact at O contact at O, no contact at O,
contact at O, no contact at O, impact at O, impact at O,

Figure (3): Rigid block contact-impact cases

Now, use Egs. (20), (21), (22), and (23) to derive the following velocity expressions in
terms of the impulses at the contact points:

l ) . o
Avy = Avs = r—_}[Fg(;\rg costly — A1y costy) + Ty(Arysinty — Ay sin by)] (24)
1
! \ . -
Av] = %[T‘S(ATQ sinfly — A7y sinty) + DoA7y cos 8y + Ty A7y cos g (25)
1

t , .
At‘g = r—}[—rg[.ﬁTQ sinflg — A7y sinfy) + I'o2Am costle + I's ATy cos Hl] (26)

1

where

I'y = bl.,,m

I's = I.,.+ b m

['s = hbm (27)
L, = L, +mh?

I's = I.,.— bm

In this rigid block example, there are four possible cases that may arise during various
phases of the collision process. Figure. (3) Shows these four cases. Note that, in Fig. (3)
although the block is horizontal, the gap at the non-contacting end is exaggerated for
illustrative purposes. In addition, “contact” at a particular end means that the gap at that
end is closed with zero initial normal relative velocity.

4.1. Case (a) Impact at O1 — Contact at O2:

Substituting AT, = a Ar; into Egs. (24), (25), and (26), we obtain the following equations:

.-'ATl b
Iy

[Ca(acosly — cosby) + Ty(sinfy — asinby)] (28)

ATyl . .
At% = _1 J[rg((} sinfy — sinfdy) + 'y cos by + s cos Hg] (29)

1
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F | -
Avd = 2Dy (sin ), — avsin ) + Doavcos by + Dy cos by] (30)

[y

4.2. Case (b) Impact at O1 — No Contact at O2:

Substituting AT, = 0 into Egs. (24), (25), and (26), we obtain the following equations:

Aflh

Avf = Ay = = [-Tscos61 + Tysin ] (31)
1
Aff = Al_ﬂb [ [gsmty +Tgcost } (32)
1
AT s
Avy = 1:1 [[ssinfy + s cosby] (33)
1

4.3. Case (c) Contact at O1 — Impact at O2:

Substituting A1, = a AT, into Egs. (24), (25), and (26), we obtain the following equations:

b . . , . o
Av] = Avj = AFQ [C3(cos By — avcosBy) 4+ Ty(asindy — sinby)] (34)
1
g Amb .
Av] = = [[3(sinfy — arsinfy) 4+ aavcos by + L'y cos o] (35)
1
g Amb . . . _ _ o
Avy = 5 [Cs(asinfy — sinfa) + [y cosby + [y cos by ] (36)
1

4.4. Case (d) No Contact at O1 — Impact at O2:

Substituting At; = 0 into Egs. (24), (25), and (26), we obtain the following equations:

Aol . . .
Avf = Avg = FQ } [[3 costly + [ysin by (37)
1
Aryb .
AvY = T [I'g sin by + L's cos bs] (38)
1
Avy = AEQZ} [—T'3sin b + Ty cos ] (39)
1

For all cases a, b, ¢, and d we compute the changes in normal velocities of both ends as
follows:

Avy = Avf siny + Av{ cos 6, (40)
Avy = —Avd sinfly + Avl cos by (41)
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5. Solution Procedure:

In this section we present the solution to the block multiple impact problems that are
considered in this paper. We use the equations presented in the previous section to obtain
a piecewise solution of the impact problem. At the onset of the collision, the block strikes
the external surface at O; while resting at O, (this is case (a); where v, # 0 and v, # 0, or
more specifically w™ = w, # 0). There are two possible bouncing patterns that result from
the collision at O;, single impact and simultaneous collision.

5.1. Single Impact:

This case arises when the non-impacting end bounces at the onset of the collision (i.e. its
normal velocity becomes positive immediately). This means that the slope of the normal
velocity v, is positive at the onset of impact (case (b)). Thus, using Egs. (31) and (33) we
may write the condition for the occurrence of this case as follows:

o IoZ ) . ! Y ) ‘
ﬂz_uzsmffg—l—ﬁc'nﬁﬁgz (42)
dm dmy dry

(h2 + b%) cos(by + H2) + [—2 fem | (p2 — F;@}} cos(fy — Hy) — 2hbsin(f; — 69)

g

> ()

2 % + (h2 +b2) + {]32 — D12) cos 205 + 2hb sin 264

The maximum compression impulse at Oy, 1:°, can now be found by setting v = 0 in Eq.
(40). Then, we obtain:

- 2]_—‘1.,‘,'“ COs HJ_ ’ \
= ‘_ (43)

[ cos?20; + sinf (=203 cos ) + [y sin 0y)

The impulse at the end of the collision at O1, T:', can be found by using the energetic
definition of the coefficient of restitution [4]:

f

r%f Az‘m’ﬁ—l—/. Avydr =0 (44)
0 re

1

where e; is the coefficient of restitution at O;. By solving this equation, we obtain:

ch _ 2(1 + ";1)1—'1”‘” CcOs Hl \. L_l'”))

[y cos? #1 + sin B1(—21'3cos by + 1"y sin #q)

The post-impact velocities can be found by substituting the final impulse into the
respective velocity expressions. So, the final velocities in this case are:
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2(1 4+ ey )bwpcosBy(—T'3cosby + Tysinby)

v] = vy = (46)
1+ eq)cosby(lycosty —Tysinby o
o = by | (L+er)cosby zr;“ 1 — 3sindy) (47)
. 2(1 4 e1)bwo cos Hi(r'gt't._):s 01+ Iz sinty) (48)

2 T

6

where,

I'e =175 cos’ 01 4 sin#y (=205 cos By + 'y sin by) (49)

5.2. Simultaneous Collision At Both Ends:

If the condition in Eqg. (42) is violated, simultaneous impacts at O; and O, take place.
Initially, we have a case where there is an impact at O; and contact at O, (case (a)). Using
Egs. (28), (29), and (40) and setting v, = 0 yields the maximum compression impulse for
the first impact at O, as follows:

2bwg cos 0 PR
Tf‘: /g COS l' (5“)
I'; cos#y + I'ssin 6y

where,

b

[ = T [Ca(asinfy —sinby) + [y cos Oy + Tacos 0] (51)
1
I . | -
[y = %H%ﬂm%—mﬁﬂ+ﬂmwrwﬂwﬁ (52)
1

We use the energetic definition of the coefficient of restitution to write:

f
Ll Ty
ﬁ/ &ﬂn+/ Avydry =0 (53)
0 re

1

The final impulse for the first collision at O; can be found by substituting the velocity
expressions in Eq. (53) and solving for 1./, which yields:

_f 2(1 + "d)rjhu.,'(. CcOS 91

_ o
5 o ' Tuo (04)

where,
Iy = [ycos®fy + sinb, [C3arcosby + Cy(sin by — arsinby)] (55)
lo = cosby [[socosfly + Ty(—2sin 6y + asinby)] (56)

Now, the velocity expressions at the end of the O; collision can be obtained by substituting
11" in the respective velocity equations to yield:
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2( 1 + 1 ) F1 Fgu)n COS (?’1

0% — T = 20 ) (57
b [y + T'o S

_ (1+ eq).,mI'y cos b o

v = 2wy | -1+ - : 58

vy o + Tyt T (08)

o — 2(1 + f:l)rlrlm cos 4 (50)

I's + 110
where,
! \ . . .
['vy = 1_—} [Ca(sinfy — asinfy) + Coavcos Oy + ['s cos 0] (60)
1

Although the impact at O, ends, the collision at O, continues. The impulse at O, when the
collision at O, ends can be written as :

. 2[1 —|— [ )f xp COS H . .
I 1 1 1 1 ,
Ty = (XT] = rg+r1':' [61)

Now that we have impact only at O,, we consider the case where there is an impact at O,
and no contact at O; (case (d)). The velocities during this interval can be written as follows

(70 — 75 )b(I'g cos bty — 'y sin fy)

v = vy = v] + E (62)
1
{,i’, _ 'E.‘?* n (19 — TQJE}[rr; ('(.fh’ fy + I'3sin Hg) (63)
Iy
rg _ 't‘g* n (TQ — TQJE}[rQ ({:H Hy —I'3sin f")g) [6—1)
1

We use Egs. (62), (64), and (41) along with the condition v, = 0 to obtain the maximum
compression impulse for the first collision at O, as follows:

(\—'t'g:i( + Flg’féi() COs HQ + “21: — FLE,TQ) sin HQ

= 65
['19 cosfy — I3 sin by (65)
where,
[y = (g cos by 5 Sin ) 6)
[y
b(T's cos By — 'y sin fy)
['13=— <
I'y

Now, we use the energetic definition of the coefficient of restitution to write:
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TS T
(%/ Avodry + / Avgdry =0 [67}
0 TS

2

-y

t

We solve this equation to find the final impulse for the first O, collision, and we obtain:

['ys /
f 1L 15 \ 2 Ry
2 rlT(_rgt'( 152 HQ —+ F4 .‘-~lll2 HQ — r3 h]ll(gﬁg_}J [ 14+ €2 160 + L4] L } J

where,

['y=(—T4—T%)cos(f + 0s) + HE[UPQ + %) cos(b, — By) — 2hbsin(fy + 6,)] (69)

rlﬁztl‘l’f'L)-;b'O('(}HHl LT“J

['6 = [er, — I'y) cos(By — 6a) + (T'y + T'y) cos(fy + 02)
423 sin(6y + HQ)][—FQ — Ty — (g — T'y) cos(26,) + 213 hju[jﬁg}] (71)

['y; = 'y e )52 01 + sin Hl[nrg cos By + T'y(sinfy — asin by _}]
+ cos fy [( W[5 cos#y + I'3(—2sin#y + asin /7‘2}] (72)

Substituting this final impulse in Egs. (62), (63), and (64), we obtain the velocities for the
end of this stage. Once again, we check the normal velocity at O;. If it is positive, there
would be no more impacts. Otherwise, additional impacts may emerge. In this case, the
computations will continue in a similar manner. We just switch the notations for the two
ends of the block, and follow the procedure that we presented above. The process
continues until all normal velocities at the contact points become positive. We have
developed software routines in Mathematica that carries out this procedure and
automatically stops when collisions at both ends cease. Finally, we may obtain the upper
limit of the Impulse Correlation Ratio by considering the inside of the square root in Eq.
(68) as follows:

2
rl4

['16

<

a3

(73)

6. Experimental Study:

We conducted a set of experiments to verify the methodology that we have presented in
the present paper. The experimental set-up was designed such that the angular
orientation of one contact surface could be freely adjusted and the second contact surface
was fixed in a horizontal orientation. Figure (4.a) depicts a photograph of the experimental
setup. Two heavy (much heavier than the mass of the block) rigid steel cylinders were
used as contact surfaces. The angular orientation of the left cylinder and the vertical
position of the right cylinder (the contact surface with fixed horizontal orientation) in the
figure are adjustable. We ensured that the two contact points of the block would have the
same altitude at the impact instance. The drop mechanism consisted of a pneumatic
cylinder with a Teflon coated plastic attachment (to reduce horizontal motion of the
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released end of the block) mounted to the end of its piston. Each experiment was initiated
by placing one end of the block on the Teflon coating and triggering the cylinder away
from the block (see Fig. (4.a)). The experiments were conducted by using a 2.5 kg steel
block that is shown in Fig. (4.b). The two edges of the block were rounded as shown in the
figure in order to ensure point contacts. Several markers were placed on the block and the
contact surfaces. A high-speed video camera (1000 frames/second) was used to capture
and digitize the motion of the markers during each experiment. Then, using the digitized
data the pre and post impact velocities of the block were computed.

Pneumtic
Cylinder

Teflon coated
piston

(b)

Figure (4): Experiment; (a)Photo of Experimental Setup, and (b)Geometry of Rigid Block
(units are in mm)

The objective of the experimental study was to verify the theoretical outcomes. For this
purpose, we first estimated the kinematic coefficients of restitution at both ends by
dropping sample spheres made from the same material as the block on the two cylinders.
Then, the ICR was estimated from a single experiment conducted at horizontal contact
surfaces 6; = 8, = 0°. As a result, the coefficients were estimated as follows: e; = 0.43, e;
= 0.64, and a = 0.01. Subsequently, we have conducted a set of experiments with varying
the surface orientations and using the three previously estimated coefficients.

The experiments were performed for 8; = {0°, 5° 10° 15° 17.5° 20° 22.5°%, and 6, = 0°.
We conducted two sets of experiments. During the first set, the block was resting on the
inclined surface at O; and it impacted the horizontal surface at O, (the configuration that is
shown in Fig. (4.a)). During the second set, the situation was reversed, the block was
resting on the horizontal surface at O, and it struck the inclined surface at O;. For each
case, the experiments were repeated three times, releasing the block from various heights
that varied between 30 and 60 mm. The theoretical and experimental results are depicted
in Figs. (5) and (6). Each figure depicts the normalized (with respect to the pre impact
vertical velocity) post impact velocities in the normal directions of the contact surfaces. As
one can observe from the figures, there is an excellent agreement among the
experimental outcomes and the theoretical results. In addition, we observe a clear
separation between the velocity slopes at the non-impacting ends. The separation takes
place at an angular value of 8:~17°. This value was computed analytically as the transition
point from single to multiple collisions for the case at hand. In other words, the contacting
end of the block separates without impact up to 6:;~17°. When this angular value
exceeded, the contacting end rebounds with interaction with the contact surface. The
experimental data clearly exhibit this trend, attesting to the validity of the proposed
methodology.
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Figure (5): Comparison of experimental and theoretical results, subset # 1
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Figure (5): Comparison of experimental and theoretical results, subset # 2
7. Conclusion:

In this paper we developed a new approach to solve the multiple impact problem of a
rocking block. The methodology is based on the use of impulse momentum methods. The
approach uses the Impulse Correlation Ratio (ICR) that was developed previously to solve
the multiple impact problems in a linear chain of balls. The method also utilizes the
energetic coefficient of restitution and yields energetically consistent solutions. Our
formulation works for inclined foundations at both contact points, which was not studied
before. Finally, a set of experiments were conducted to demonstrate the validity of the
proposed methodology. We have shown that the experimental outcomes agree with the
theoretical results. In addition, as far as the separation at the non-contacting end is
concerned, the experiments exhibit the same trend that is predicted by the theory. The
problem considered in this study was simplified by neglecting friction at the contact points.
This was a necessary simplification in this initial stage of the development. Yet, including
friction would be a good natural step for future research efforts.
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Nomenclature:

moment of inertia.

ICR impulse correlation ratio.

KE
\
W
b
e
h
m
r
v
a
S
T
w

kinetic energy.

velocity.

work done.

block width.

coefficient of restitution.
block height.

mass.

position vector.
velocity.

impulse correlation ratio (ICR).
inclination angle.
impulse.

angular velocity.



