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ABSTRACT 
 
The particular interest in the mechanics of deformable solid are the problems 
associated with the bends of flexible plates and various flexible shells working in 
non-uniform temperature field. Such problems are commonly encountered in applied 
problems of the construction, oil-field, mechanical engineering, water and air 
transport. During mathematical review of such kind of problems you have to deal 
with systems of linear differential equations with variable coefficients and nonlinear 
differential equations, and making analytical solution of which represents 
considerable mathematical difficulties. Analytical solutions of such problems can be 
made by the method of partial discretization, the method that has been derived by 
one of the authors of this article based on the theory of generalized functions. 

 
The paper considers the problem of thermoelasticity of inhomogeneous circular 
flexible plate in the axially symmetric temperature field by taking into account the 
influence of bending tension and change of elastic properties of plate material along 
its thickness. The problem of compound bending of inhomogeneous circular plate 
exposed to the action of lateral load, under temperature changes in thickness of the 
plate with the influence of bending tension come to the investigation of decoupled 
system of differential equations, obtaining of analytical solution of which using the 
existing mathematical apparatus was not possible.  
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NOTATION SYSTEM 
 
F Stress function.  
uz  Deflection of the plate middle plane.  
h  Plate thickness.  
E Modulus of elasticity. 
ν Poisson's ratio. 
qz  External distributed lateral load.  
Nr  Normal force. 
gr  angle of normal rotation.  
Qr  Lateral force.  
uz  Deflection of the middle plane.  
 
 
DEVELOPED ANALYTICAL SOLUTION OF COMPOUND BENDING PROBLEM 
 

Solving these equations in regard to F
dr

d 2
∇  and zu

dr

d 2
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It is commonly supposed [1], that the system of equations (1) in case when 
accounting of bending tension influence is not resulting in decoupled equations. In 
fact, the system of resolving equations (1) can be reduced to a system of differential 
equations with nonlinear terms, each of which includes only one resolution function: 
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And functions F  and zu  are coupled by relation 
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Differential equations of third order (3) - (4) with respect to the normal force rN , 

acting in the cylindrical section, and angle of the normal rotation rϑ , defined  at 

axisymmetric field by ratio  
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will be rewritten as follows: 
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The radial force and deflection angle are coupled by ratio 
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The exact solution of such equations using existing mathematical apparatus is not 
possible. Applying the method of partial discretization of differential equations, 
developed by Professor A.N. Tyurehodzhayev, lets define the general solution of 
these equations. 
 
It should be noted that in this case it is sufficient to solve one of the equations (6) - 
(7). For example, we can determine the angle of rotation of the normal, and then find 
the radial force by formula (8). 
 
Applying the method of partial discretization to the differential equation (6), we obtain 
the following expression for the general solution of this equation as: 
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where ( )zH  - the unit function of Heaviside. 
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Substituting formula (9) into the formula (8), we obtain: 
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This method allows finding the solution of equations (6) - (7) for almost any laws of 
change in the elastic modulus and Poisson's ratio. In order to determine the solutions 
to specific problems, we need five boundary conditions. 
 
Let’s consider ring-shaped plate of constant thickness, the outer contour of which is 
rigidly anchored and inner - may be displaced in the direction of the plate axis, but it 
does not turn. The contours of the plate are free of radial forces. Then the constants 
are determined from the following boundary conditions: 
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According to (11) the constants  
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С  and 

2
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С , the differential equation (6) will be as follows: 
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By discretizing the last element of the left part of equation (12), we will obtain the 
following its general solution: 
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Consequently, for deflection ( )ru z  we will have: 
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The constant 
5
С  is determined under the condition of rigid anchorage of outer plate 

contour 
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The ratio (8) considering the values of constants
1
С ,

2
С   will be as follows: 
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Substituting formula (13) into (16), we will obtain: 
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Let’s consider a sample when lateral load is evenly distributed over the entire 
surface of plate with intensity q . The constant С  is found from:  
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where rQ - lateral force. Taking into account the conditions (11) and assuming that 

the inner contour of uniformly loaded plate is free of lateral forces, we obtain:  
 

     
2

2
qa

С = . 

 

Then equation (12) will be rewritten as: 
 

r

Bqa

r

Bqr

r

A

rdr

d

rdr

d
r

rrr

2

1
2

2

22

2

+−=+−+ ϑ
ϑϑϑ

                                                     (18) 

 



6 SM  Proceedings of the 15th Int. AMME Conference, 29-31 May, 2012 

  

The final solution of equation (18) has the form: 
 

( )
( ) ( )

( )
( ) ( ) ( )[ ]





−−+
−

−
−

−
−= ++

=

+∑ 1

2

1

2

1

122

2222

416
krkkrk

n

k

kkr rrrrrr
b

A

abr

arbarBqr
r ϑϑϑ  

( )
( ) ( ) ( )

+






+
−

−







−+−

+

+

=

+∑
a

bBqbaabBqb

r

r

r

r
rrb

A

k

kr

k

kr
n

k

kk ln
4164

222

1

1

22

1

1

ϑϑ

 ( ) ( ) ( ) ( ) ( )][ −−−−++ +++

=

+∑ 11

2

1

2

1

1
4

kkrkkkrk

n

k

kk rrHrrrrHrrrr
r

A
ϑϑ  

( )
( )

( )
( )

( )
a

r
r

Bqa
rrH

r

r
rrH

r

r
rrr

A
k

k

kr

k

k

kr
n

k

kk ln
44

2

1

1

1

22

1

1
+








−−−+− +

+

+

=

+∑
ϑϑ

.             (19) 

 
The deflection of middle plane of ring-shaped loaded plate will be equal to: 
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The radial force is determined by formula: 
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RESULTS AND DISCUSSIONS 
 
Figure 1 and Figure 2 show the graphs of change in the angle of deflection and 
normal rotation for two values of the load intensity. Numerical calculations are made 
for the case of linear variation of elastic modulus and Poisson's ratio of plate 
thickness for specific values of the plate thickness, load intensity, radius of the inner 
and outer contour of the plate. 

 
If the effect of bending tension is not taken into account, the system of equations (1) 
becomes linear and obtaining of its analytic solution is not so difficult. Accounting for 
this effect also results to consideration of the coupled system of resolving equations 
with nonlinear terms (1), obtaining an analytical solution of which applying the 
existing mathematical apparatus was not possible. We managed to split the system 
(1) into two adequate to it, uncoupled nonlinear equations (3) - (4), and by applying 
the method of partial discretization to obtain a solution which satisfies the system of 
equations (1) and boundary conditions (11). 
 
 
 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure. 1. Plate rotation angle curves exposed to non-uniform per thickness heating 
and uniform lateral load action at different values of q. 
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Figure. 2. Plate deflection curves exposed to non-uniform per thickness heating and 

uniform lateral load action at different values of q. 
 

 
SUMMARY 
 
We managed to split coupled system of equations into two decoupled equations and 
to find an exact solution applying the method of partial discretization of differential 
equations. The research results are given in the form of formulas and graphs. 
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