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Abstract:
This paper proposes a gradient-based adaptive weighted median (AWM) algorithm. The AWM is a modification
of normal LMS, obtained by applying a proposed adaptive weighted median filter on the input signal instead of
using (FIR) filter. The (AWM) algorithm is designed to facilitate adaptive filter performance close to the least
squares optimum across a wide range of inputs. Also, we present an analysis of the (AWM) algorithm, we using
the threshold decomposition technique that admitting real-valued signals. This threshold decomposition is used
to develop LMS algorithm to optimally design the filter’s coefficients to obtain our proposed filter, and Results
are presented to illustrate the performance of the proposed algorithm and its application in noisy image filtering.

I- Introduction

To overcome the limitation of linear filters, various nonlinear filtering techniques have been proposed. Among
those, the filters based on order statistics have found considerable attention due to their ability to reject outliers,
closely track signal discontinuities, and effectively preserve signal details [1]. Adaptive signal processing, and
particularly adaptive filtering, provides powerful approach to many signal processing problems [2]. The capacity
of adaptive algorithms to operate when limited prior information is available makes them ideally matched to
many practical applications. The most common adaptive filtering algorithm is the least mean squares (LMS)
algorithm.

This paper proposes a combined approach that combines both the adaptive LMS algorithm and nonlinear
weighted median techniques to obtain an algorithm named AWM algorithm. In order to design the proposed
filter the threshold decomposition property is used [7],(this property exploits the weak superposition property
described in appendix(1))that have the following advantage, “the analysis of median smoothing binary signals is
much easier than the analysis of median smoothing real-valued signals” (see section IIT),this method in designing
the proposed filter achieves the best results in filtering noisy images if it compared with other algorithms in case
of salt & pepper noise and mixed of both Gaussian and salt & pepper noise. In this paper we first present a
review of some non-linear image filtering methods based on median and other order statistics filters. Second, a
review of the common LMS algorithm. And then, a review of threshold decomposition of real valued signals.
The proposed combination is presented in section (v) and results are presented in section (vi) followed by
conclusions and comments in section (vii).

II- Preliminaries
A- Running median smoothers:

The running median was first suggested as a non-linear smoother for time series data by TUKEY in 1974. To
define the running median smoother :- Let {x( . )}be a discrete time sequence, the munning median passes a
window over the sequence {x( . )} that selects, at each instant n, a set of samples to comprise the observation

vector X (n) such that:

X (ny=[x(n— Np),..., X(n),..., X(n + Np)] (n)
Where N, and Ny may range in value over the non-negative integers and (N =N, + N, + 1) isthe
window size. The median operating on the input sequence {x( : )} produces the output sequence {Y (s )}, where
at time index n

Y (n) = Median [x(n - N ),..., X(n),..., X(n + N )] = Median [x (n),..., Xy (n)] @

where X, (m)=X(n-Ny -1+ i) for i= 12 ¥ that is, the samples in the observation window are sorted and
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the middle or median value is taken as the output. If X)X (2)>--»X(y) are the sorted samples in the
observation window, the median smoother outputs, is given by:

N+1

L g ) if N isodd
¥ ]

Yim= 3)

N N
X)+X(—+D othewise
2 2

2
The performance of running median is limited by the fact that it is temporally blind that is all observation
samples are treated equally regardless of their location within the observation window.

B- Weighted median smoothers

Weighted median (WM) smoothers have received considerable attention in signal processing research over the
last two decades [4]-[6].1t is often stated that there are many analogies between weighted median smoothers and
linear FIR filters, however, it was shown that WM smoothers are, highly constrained, having significantly less-
powerful characteristics than linear FIR filters. In fact, WM smoothers are equivalent to normalized weighted
mean filters admitting only positive weights, Weighted mean are, in essence, restricted to "low pass” type
filtering characteristics. .

In order to define the WM smoother, it is best to first recast the similarities between linear FIR filters and WM

smoother. Given an observation set¥,,X,...,X, , the sample mean B =Mean(xl,x2,.‘., Xy) can be
generalized to linear FIR filters as :

B =Mean(w,.x,w,.x,,..,wy.x,;) Where w, € R @
It was shown in [7] that the sample median /5’ = Median (x,,x,,.., x,) that plays an analogous role
to the sample mean in location estimation can be extended to: -

B = Median (w,0x,,w,0x,,..,w, 0x,), )
And ¢ is the replication operator defined as - W,0X, = X,,X,,.., X, % times

The WM smoother operation can be schematically described as shown in fi gure (1).

X(n) X(n-N+1)

W, tm)

Y

Figure (1) The weighted median smoothing operation
C- The center weighted median smoother
The weighting mechanism of WM smoothers allows for great flexibility in emphasizing or de-emphasizing
specific input samples, in most applications, not all samples are equally important because of the symmetric
nature of the observation window, the sample most correlated with the desired estimate is, in general, the center
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observation sample. This observation leads to the center-weighted median (CWM) smoother which is a rc]aliyely
simple subset of WM smoother that has proven useful in many applications [8]. The CWM smoother is realized
by allowing the center observation sample to be weighted, thus, the output of the CWM smoother is given:

Y(n) = Median[x ,...x ,w0x x ,..x ] ©6)

N+1
2

Where w _ is an odd positive integer and ¢ = is the index of the center sample, when W, =l the operator

is a median smoother.

D- Weighted median filters

Admitting only positive weights, WM smoothers are severely constrained as they are, in essence, smoothers
having Low-pass type filtering characteristics, linear FIR equalizers admitting only positive filter weights, for
instance, would lead to completely unacceptable results, thus, it is not surprising that weighted median
smoothers admitting only positive weights lead to unacceptable results in a number of applications [9]. Much
like the sample mean can be generalized to the rich class of linear filters, there is a logical way to generalize the
median to an equivalently rich class of weighted median filters that admit both positive and negative weights [7].
The sample mean as explained before, can be generalized to the class of linear FIR filters given in equation (3).
In order for the analogy to be applied to the median filter structure, the equation (3) must be written as :-

E= MEM(|W1|5811(W| )x1,|w2|sgn(w2 )X3,...5 |wN|sgn(wN )Xy ) Q)

where sgn (.) denotes the signum function defined as: -

1 :
if w, 20
s )= i
gn(w‘ ) {_ 1 otherwise 8)
The sgn (.) of the weight affects the corresponding input sample and the weighting is constrained to be non-
negative. By analogy, the class of weighted median filters admitting real-valued weights emerges as [7]:

P = Median (de()sgn(wl )% ,|w2|Osgn(w2 )Xo, IWN IOsgn(wN )xy) w; €R ©)
The weight signs are uncoupled with the weight magnitude values and are merged with the observation samples.
The weight magnitudes play the equivalent role of positive weights in the framework of weighted median
smoothers [6]. Although the filter weights may seem restricted to integer values, the WM filter clearly allows for
real-valued weights.

E- Adaptive FIR filters: -

An adaptive filter is essentially a digital filter with self-adjusting characteristics. An adaptive filter has the
property that its frequency response is adjustable or modifiable automatically to improve its performance in
accordance with some criterion, allowing the filter to adapt with change in the input signal characteristics.

An adaptive filter consists of two distinct parts: -

¢ A digital filter with adjustable coefficients. In most adaptive systems, the digital filter is realized nsing
transversal or finite impulse response (FIR) structure, other forms are sometimes used, and in this paper we
applied the weighted median as a filter.

* An adaptive algorithm that is used to adjust or modify the coefficients of the filter. Adaptive algorithms are
used to adjust the coefficients of the filter being used such that the error term (between the desired output
and the filter’s output) is minimized according to some criterion. In this paper we applied the LMS
algorithm as an adaptive algorithm. (See section v)

1II- Threshold decomposition for real valued signals

An important tool for the analysis and design of weighted median filter is the threshold decomposition property
[9]. The threshold decomposition was originally formulated to admit signals having only a finite number of
positive valued quantization levels. Threshold decomposition was later extended to admit continuous level real-

: ’ T
valued signals [7]. Given real-valued samples X, , X, ..., X, forming the vector X=[X, , X, , ..., Xyl , where
X,eR . Threshold decomposition maps this real valued vector to an infinite set of binary vectors such as:
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x" e f 1,1} g e(—o0,x) [for every value of q there exists abinary vector ], where

q T 7 9 g T
x? =[sgn( X; -q),sen( X —q),.,sen( Xy -q)] =[x .x ...x | (10)

where 580 (.) denotes the signum function defined in (8). Threshold decomposition has several important

properties. First, it is reversible. Given a set of threshold signals, each of the samples X in X can be
reconstructed from its binary representation as

1 % 4
X = le dg ,i=1,2,.,N (11)

i
]

Thus, a real-valued signal has a unique threshold signal representation and vice versa. Second, threshold
decomposition is of a particular importance in weighted median filtering, since they are commutable operations,
that is. applying a weighted median opcrator to real-valued signals is equivalent to decomposing the real-valued
signal using threshold decomposition into several binary threshold signals, applying the median operator to each
binary signal separately, and then adding the binary outputs to obtain the real-valued output [3]. This property is
important because the effects of the median on binary signals are much easier to analyze than those on multi-
level signals. In fact, the weighted median operation on binary samples reduced to a simple Boolean operation

[9]. The median of three binary samples X, . X ,, X 5 | for example, is equivalent to X) X, tX; X3 +X, Xy

where the + (OR) and XX;(AND) Boolean operators in {~1,1} domain are defined as:

x; Tx ;= max (x; ,xn,) Xy =min (x, :xj). This opens new possibilities for the analysis because in
binary domain, regular Boolean algebra can be applied. Now, since g can take any real-value, the infinite set of

q

binary vectors {x }contain repeated vectors in representing the real-valued vector X . Thus, according to [3,7],
q

there are at most { N +1 ) different binary vectors ¥ }or each observation vector X , given by

A R R | if —o<es<X,

< 1 ;r“ ’ 12
{"g} = i’x{‘) > X‘% s s 'me <75X(m)r Is isN- B

IfX(M<q<w

Where X ; is the ith smaliest signed sample and X ;) denotes a value of the real line approaching X, from the

right.
IV- The weighted median filter by using threshold decomposition
By using the threshold decomposition property, the weighted median filter[7] in equation(9) can be expressed as:
" N
B = Median (Iw, |05g,n( w o)X ' )
L

. % a3)
=Median(lw' I(}Hz[sgn(sgn(wj)z\: —q)a’ql )
- f=1

Now, let the signed sample vector S is
T
S=[sgn (W)X, ,sgn (w;) X, ,..,sgn (wy) X, ] (14)
(the signed samples sgn (w, ) x, is denoted as S, ). The sorted signed samples are then denoted as:

S, where Sm SS(z: S..SS(N‘ . Let ¥, be the vector whose elements are the magnitude weights,

T
W = [| wl[ ! L wv‘ ] . Then according to [7], the WM filter operation can be expressed as: -

i)
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% © T g
pg=1/2 [ sgn(W, s )dq (15)
By using the definition of threshold decomposition in equation (12), equation (15) takes the following form
And the derivation of the following relation in (16) is shown in APPENDIX (1)

. S +8 1 »- S
b=l S8, - Sy sl BT (16)

Where S, is the ith smallest sample of the set of sorted signed samples defined above, and the value S: denotes
a value on the real line approaching Sw from the right. From this equation, it is clear that The computation of

weighted median filter with the threshold decomposition is efficient, requiring only N-1 threshold logic (sign)
operators, allowing the input signals to be arbitrary real-valued signals and allowing positive and negative
weights [7], also, we notice that the output is computed by the sum of the midrange of the signed samples

y - LT angbyalinear combination of the G, i+Dth spacing ¥, =S (=S oy for /= 12N I
section (vi) we show the effect of applying this filter on a noisy image (figures 3,4 and 10).

V- The adaptive weighted median (AWM) algorithm

2
In most previous adaptive methods, we would estimate the gradient of £ (w)=E(J (w))(the gradient of the
mean square error) where .J(w) is the error term between the desired output and the filter’s output. In developing

2

the (AWM) algorithm, instead, we take J (w) itself as an estimate of & (w), and then, during each iteration in
the adaptive process we compute an estimate of the gradient. Let D (n) be the desired signal and ¥ (n) be the
filter’s output, then the error term is J (w) =D (n) - ¥ (n) . Now, the goal is to determine the weight values in
W =[w,,W, ,., W, | which will minimize the estimation error under the mean square error (MSE) and
the steepest descent algorithm:

W, (n+1) =w1(n) +2u(—f’ ) an

A 2
Where v =ai(J (%)) , J(w)=D(n)-¥(n) . Then, by computing the gradient and substituting in equation (17)
W

we can derive a formula for the adaptive weighted median, now by using threshold decomposition the error term
can be expressed as

T

L = q
J(w):;[(sgn( D -q)y-sgn (W, s ) dg (18)
.2 2 _ a J(W)
Since V = (J (W) 1J——---~aW , thus,
a 1 = T oq il (@,
G=2.27 b @-0)-sm( W, D] T — (54
o AW
A -1 = 9 w 0 r.q
—— J e (md . | (sgn( W_ s ) dg (19)

oW
q T q
Where € (n) =sgn (D -g)-sgn (W s ) can be thought of as the threshold decomposition of the

error function € (7) =D (n)=Y (1) _ At this point our task is to evaluate the value of V. this expression is
derived in the APPENDIX (2), and is given by
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2
(S S0y )-sEalw, dosech (Ew| )+

m

+

Max(m, ))-1
® =3 S(’) P
V=— S =8 Je s
, ‘!‘2.(:”_” (S =5, ) = [(Squy=Sey)- 580 (w,).s,"® (20)

k=l
sech’(W: sS'”)

By substitute (20) into (17)(the steepest descent algorithm), we get the following recursive expression that used
in adjusting the filter coefficients under the MSE.

Max (m, -1 %
(J:MMZ((H,/) B 0t B
. N
W nt =W () + U (Sm +S(N) ).sgn (Wj ).sech (zz:: lw,l )+ ‘L
. (¢¥2))]
N1 s 2 T Sy
k§1<52k+1) Sy )os (w ). sech @, s )

Since the MSE criterion was used in the derivation, the recursive in equation (20) is referred to as the least mean
square (LMS) weighted median adaptive algorithm (AWM)

Desired signal D (n)
()

Figure (2)

Adaptive filter diagram
Input signal X ;.

Error signal € (w)

VI. Results

The following resulis show the effects of using median, weighted median, adaptive weighted median filters on a
neisy image presented in figure (4). Table 1 compares different filtering methods using Mean square Error
(MSE) measure. The results show that the proposed method using (AWM) produces the best results as compared to

other filtering methods.
Table 1 Summary of filtering results (salt & pepper) noisy image

Method MSE
Median 0.0015 fig (7)
Weighted median 0.0013 fig (5), 0.0017 fig (6)

Adaptive Weighted median(AWM) 0.0010 fig (8), 0.0011 fig (9)
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Figure (3) -

Flowe(S). Figure(6). -
Figure (3) original image, figure (4) a noisy image (sait & pepper), figure (5) andﬁgu:c ©) we:ghmcl median Filter
Table 2 compares different filtering methods on (sait & pepper and Gaussian) noisy image presented in fig (10)

using MSE measure. The results show that the proposed method using (AWM) produces the best results as
compared to other filtering methods.

Table 2 Summary of filtering results (salt & pepper and Gaussian) noisy image

Method MSE
Median 0.0027 fig (11)
Weighted median 0.0026 fig (12)
Adaptive Weighicd median (AWM) 0.0024 fig (13)
Average filter 0.0038 fig (14)




Proceedings of the 10" ASAT Conference, 13-15 May 2003 Paper AR-7 710

Figure (8)

Figure (9) Figure (10)

Figure (7} median filter, figure (8), figure (9) adaptive weighted median filter(AWM) and figure (10),
noisy image by (salt & pepper. Gaussian noise).

Figure (11) Figure (12}
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Figure (13) Figure (14)

Figure (11) median filter, figure (12) weighted median filter, figure (13) adaptive weighted median
filter(AWM)and figure (14) average filter on (salt & pepper and Gaussian) noisy image.

VI. Conclusions

This paper presented an adaptive algorithm that combines both LMS algorithm and the weighted median. The
proposed algorithm is called AWM. This algorithm is used for impulse noise filtering in images. The results
presented shows that the proposed algorithm gives the best results considering the MSE error measure and
visually. Analysis of the proposed algorithm is also presented.

APPENDIX (1)

In this appendix, we derive the expression for the output of the weighted median given in equation (16), by using
the threshold decomposition. The weighted median filter [7] defined in equation (9) can be expressed as

B = Median (|w, |0 sgn( w, )X, |N )=Median ( |w, |01/2 ngn(sgn(w’)A; —q)dqrv')
I=1 -= t=

The signed sample vector Sis § = [sgn (W,)X, .sgn (W, ) X, ,...sen (W, ) X, |7, and let the sorted
signed samples be denoted as S, where S, <S5, <..<S5, . Now, we resort to the weak superposition property
of the nonlinear median, which states that applying a weighted median operator to real-valued signals is
equivalent to decomposing the real-valued signal using threshold decomposition into several binary threshold
signals, applying the median operator to each binary signal separately, and then adding the
binary outputs to obtain the real-valued output [3]. This property lead to interchanging the integral and median
operators, and thus,

~ © N

B=u2 | Median (|W,|0sgn [sgn (W,)X,-q] | ) 2)

i=l
q
Now, let the vector § represents the threshold decomposed signed samples vector defined below: -
q a q q
s =lsgn (sgn ()X, ~0),...sgaisgn ) X~ =[5, .5 ...8 1", where  sgn()denoles the

signum function defined in (8). Let W;bc the vector whose elements are the magnitude weights



Proceedings of the 10" ASAT Conference, 13-15 May 2003 Paper AR-T 712

w=lw | |7 ,___,|WN|]T. Then, according to [7], the WM filter operation can be expressed as:

f=12 | sgn(u;T.v' Ydq 23)

- @

Let § @ be the ith smallest signed sample. Then, by using the threshold decomposition in (12), we have

5(l T 8
| W, sV Ha

_l
A=z

1 ¥ o1 Sy T s
to 2 I ow Hoos e @4)

Sy

+ ;— Jsen (W Ts°)a
fewy

+

S (1 denotes a value on the real line approaching S « from the right.

Since the first and the last mtegrals are improper then, by the definition of improper integral we can reduce the
above eguation to:

Where

+

=L 1 L, i S p S L L Sy )
B = ?{;'ﬁ"ﬂ (S, +92) + P Z::( ey Sy e sen( ¥ ) _;Q”‘"E (@-Sn )
A T S(l)

¥ij :;Lzm (Siy. +@ -0+ )+ — Z(S(M) -8, ). sen( W s )
Then, the output of the weighted median can be expressed as the following: -

n S .. +8 1 ~- T S

= D T IN) — i)
g =L 5 el 9 Z:( _— S, Yesen( W, s ) @5)

APPENDIX (2)
In this appendix, we derive the expression for computing an estimate of the gradient to use it in adjusting the
coefficients of the weighted median by the steepest descent algorithm to get the adaptive weighted median
(AWM) given in equation (21). Now, our task is to evaluate the following integral: -

,, -1 = q @ 8 T q
='2— | e (n) dg S | (sgn( W, s )ag 26)
T oaw
Since the signum function is discontinuous at the origin so it is approximated by a differentiable function
X =K 2
sgn( X) =tanh (X ) = £  _ Whose derivative is —a———(tanh (X) =sec k (x),then
o o X dx
g T 4 2 T ¢q a T g
sgn (W s y=sech (W s )— (W _ 5 )
6W a a 5W a
o g
sl w,)s, |
T q ' @n

2
=sech (W s )
a

q
L’sgn( Wy ) Sy
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By using this approximation (27), equation (26) can be written as follows:

=] ® q © 2 T 9 q
J(W)Z-Z__L e (nydq ._Lsech (W, s )sgn (w, )s dq 28

e
q q q
Where $ is the j-th component of s ie. ( 5 =sgn (5, - S, eR ).

Now, we have to determine the value of each integral in equation (28). First, we can evaluate the first integral as
follows: - Let

] q
I,= [ e (n)dg 29)

T
Since the threshold decomposition of the error term € (») takes non-zero values only if (g) is between the
desired output D (n) and the actual filter’s output Y (n) [3], assuming that D (n) is one of the signed samples (say
S,,,, )and the actual output Y (n) (say 8¢;1), so it can be shown that :

q . :
e =0 if Min (S,.8;,, )s 9 < Max (Spy>S¢) )
q
ie em =0for g {0 ,Min (Sw .S, NUMa (S ,S,,) » @)}

Max S (55

e'(nydqg = | e’ (n)dq (30)
Min (‘S(m

ThenIn

gr=—8

.8 )
J (D]
From the properties of integrals, equation (30) can be written in the following form :

‘Szﬁ»]) +
7 max(m, /)1 %)
.= e
=Ain(m, ) “
%
, Max (m,j)-1 S(n‘)
;- i:m’zm'” (S(m) _S;.-) )e (€2))
o 7 2 T a 9
similarly, the second integral J , = | sech (W _ s )sgn (w,)s, dq (32)

can be evaluated in the same manner as follows: -

= 2 T 4 7
J, = [sech (W, s )sgn(w, )s dq

s 2 T S(;) =
g = fPsech GF s T)sgm (w) 5 dg

- i F i g
P T G ®)ysgn (w,) s, dq
ey (33)

>

.., 2 S |
+ | sech (W: 5 ¥ )y sgn (w)) E‘;‘”dq
S

q

9 q
Since we have $° :[5l 38, Sy, ] =[sen (S, —q), sgn (Sz —g),....5en (S, —q) ]



Proceedings of the 10" ASAT Conference, 13-15 May 2003 Paper AR-7 714

Si T -
Then, it can be shown that 5 © =[1,1 .., 1] , Where 5 is the smallest signed sample.

-

S
) -

1 7 S ;
Also, itisclear that §  =[-1,-1,...-1]" where Sm is the largest signed sample.
Thus, we have :

( pe| 5 I
. so Lo . (34)
w.s '):‘ ol s @ ) Ml [ =)

©
e

i w z

'

ey

S, |

T

N

2w Su_) 2 3000 So So
Thus, sech (W s )=sech (E'“’;l ) and the j-th (f ) component of 5 is 1.

3
3

5 S ™)
In the same manner: - (W;r s ™ )= —(?:lef ) and the j-th (5, ) component of § s —1.
=1

2 r og" N
And thus, sech (W s @) ):sechi(—(z | w,]))_
Then, from the last notes the first part of the mtegral (say J f) in (33) can be evaluated as improper intcgral as

follows :

S R s
Jy= [ sech?(W,s © ysgn(w, )s, ® 4
- . (35)
_ ) .
=sech (E|w,| ).sgn(w, )6371(5‘”)+Q)
Similarly, the last part of (say.ln . ) in (33)is given by :
; 2 T S s(;)
Jn,:sjsech w, s )sgn{w,)s; dq
() (36)

N
= —sech’ (AEIM ). sgn(w, )-é‘TQ(Q =Say)

Since sech (x)=sech (—x), the sum of the first term Jf and the last term J of the integral J, can be
reduced to :
o+ w,| ).sgn(w,). LJm(S(, +g) - sech? (- Z!W:] ).sgn(w, )-gﬁf(g =Swy)

N
§
% an

,] ). sgn(w E LJm(Sm-FQ Q+.S(N))
= (S +Siwy )‘Sgn(w; ).sech’ (Ei“ﬂ )

2 2 T ¢ 9
Then, the integral ./, = [sech™ (W, s )sgn (w,)s, dq isequal to
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N-1 o 5 P §
I, =Sy + ZEuaySex)- 580 (W) 5, @ sech (5 © )+,
k=1 a
2 N N1 S* 2 T (55
J,. =(S(l)+S(N') )'Sgn(wj )_seck (’Z_ilw,l )+ E;(S(hl)"s(f))' sgn ( wi) 4y ® .sech (”{l s @ )
Thus,

Maz (m, )~ %o

( = S)ye ).

i=Min (m, j) G+D (1)

2 N
w = @ s || 48, Xm0 Dsec B (X | 2+
V=1 S S S(;) hz n? S(k)
Z S, Ry )% ()57 e Wy 5

715

(3%)

(39)

Since the MSE criterion was used in the derivation, the recursive in equation (39) is referred to as the least

mean square (LMS) weighted median adaptive algorithm (AWM).
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