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Abstract

Rough set theory over two universes is a generalization of rough set model to find
accurate approximations for uncertain concepts in information systems in which
uncertainty arises from existence of interrelations between the three basic sets:
objects, attributes, and decisions.
In this work, multisets are approximated in a crisp two-universe approximation space
using binary ordinary relation and multi relation. The concept of two universe
approximation is applied for defining lower and upper approximations of multisets.
Properties of these approximations are investigated, and the deviations between
them and corresponding notions are obtained; some counter examples are given.
The suggested notions can help in the modification of the decision-making for
events in which objects have repetitions such as patients visiting a doctor more than
one time; an example for this case is given.

Keywords: Rough set, Multiset, Two universes approximation space

Mathematics Subject Classification: 54A05, 03E20, 68 U35
Introduction
A multiset is an unordered collection of objects in which, unlike the standard Cantor-

ian set, the object is allowed to repeat. The word “multiset” often shortened to “mset”

abbreviates the term “multiple membership set.” In 1986, multiset theory was intro-

duced by Yager [1]. Generalizations of the multiset concept were formalized by Blizard

[2, 3]. Applications of multisets to rough approximations were studied by Miyamoto

[4]. Over the years, besides the sporadic evidence of the applications of multisets in

logic, linguistics, and physics, a great number of them are witnessed in mathematics

and computer science. An overview of the applications of multisets is presented by

Singh et al. [5]. Algebraic structures for the multiset space were constructed by Ibra-

him et al. [6]. Girish and John introduced multiset topologies induced by multiset rela-

tions and the continuity between multiset topological spaces [7, 8]. El-Sheikh et al.

introduced separation axioms on multiset topological spaces and operators on multiset

bitopological spaces [9, 10]. The concepts of the exterior and boundary in the multiset

topological space were introduced by Das and Mahanta [11]. Topological approxima-

tions of multisets are introduced by Abo-Tabl [12].
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The rough set theory was proposed by Pawlak [13, 14] for the study of intelligent sys-

tems characterized by insufficient and incomplete information. The rough set theory

has been applied in artificial intelligence, medical diagnosis, pattern recognition, data

mining, conflict analysis, and algebra [15–23]. Wong, Wang, and Yao generalized the

rough set model using two distinct but related universes [24]. The formulation and in-

terpretation of U and V and the compatibility relation between the two universes de-

pend very much on the available knowledge and the domain of applications. For

example, in a medical diagnosis system, U can be a set of symptoms and V a set of dis-

eases. Thus, uncertainty arises when describing the interrelations between symptoms

and diseases in clinical settings. In a specific group of patients, each patient may show

many symptoms, just as each disease could have many symptoms.

Shen et al. [25] researched the variable precision rough set model over two universes. Yan

et al. [26] studied the model of rough set over dual universe. Fuzzy rough set models over

two universes were studied by Weihua et al. [27]. Many advances of the rough set model

over two universes can be found in literature [28–33]. In 2019, Sun et al. [34] provided the

theoretical model of multi granulation vague rough set over two universes. Another is to try

making a new way to handle group decision-making problems under uncertainty based on

multi granulation vague rough set theory and methodologies over two universes.

Grish et al. [35–37] applied multisets for constructing approximations for rough mul-

tisets in information multi systems, rough multisets, and its multiset topology and

rough multiset relations.

The rest of the paper is organized as follows: In the “Preliminaries” section, basic concepts

used in the work are presented. The purpose of the “Approximation of multisets in crisp ap-

proximation space” section is to study approximations of rough multiset in two-universe ap-

proximation space. While the “Approximation based on multi binary relation” section

contains an application for using multi binary relation for rough set approximation.

Preliminaries
This section is devoted to present the basic concepts and properties of rough sets and multisets.

Definition 2.1 [37] An mset drawn from the set A is represented by the count func-

tion CM defined as CM : A⟶N, where N is the set of all non-negative integers. Here,

CM(a) is the number of occurrences of the element a in the mset M. The mset M is drawn

from set A = {a1, a2,…, an} and is written as M = {m1/a1,m2/a2,…, mn/an}, where mi is

the number of occurrence of the element ai, i = 1, 2, …, n in the mset M.

Definition 2.2 [37]. A domain A is defined as a set of elements from which msets are

constructed. The mset space [A]ω is the class of all msets drawn from the set A so that

no element in the mset occurs more than ω times.

If A = {a1, a2,…, an}, then [A]ω = {{m1/a1,m2/a2,…, mn/an} :mi ∈ {0, 1, 2,…, ω}, i = 1,

2,…, n}.

The mset space [A]∞ is the class of all msets over a domain A such that there is no

limit in the number occurrences of an element in an mset.

Definition 2.3 [37] Let M and N be two msets drawn from a set A. Then:

1. M =N if CM(a) = CN(a) ∀ a∈A

2. M⊆N if CM(a) ≤ CN(a) ∀ a∈ A

3. P =M∪N if CP(a) = max {CM(a), CN(a)} ∀ a∈A
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4. P =M∩N if CP(a) = min {CM(a), CN(a)} ∀ a∈ A

5. P =M⊕N if CP(a) = min {CM(a) + CN(a), ω} ∀ a∈A

6. P =M⊖N if CP(a) = max {CM(a) − CN(a), 0} ∀ a∈ A, where ⊕ and ⊖ represent

mset addition and subtraction, respectively.

Definition 2.4 [37] Let M be an mset drawn from a set A. The support set of M is a

subset of A defined by M∗ = {a ∈A :CM(a) > 0 }, i.e., M∗ is an ordinary set and is also

called the root set of M.

Definition 2.5 [37] Let M be an mset drawn from a set A. If CM(a) = 0 ∀ a ∈A, then

M is called the empty mset and denoted by ∅ .

Definition 2.6 [37] Let M be an mset drawn from a set A and [A]ω be the mset space

defined over A. Then, for any mset M ∈ [A]ω, the complement Mc of M in [A]ω is an

element of [A]ω such that CMcðaÞ ¼ ω −CMðaÞ ∀a∈A.

Definition 2.7 [37] The cardinality of an mset M drawn from a set A is defined

byCard M = ∑a ∈ACM(a). It is also denoted by |M|.

Notation 2.1 [7] Let M = {m1/x1,m2/x2,…, mn/xn} be an mset drawn from the set

X = {x1, x2,…, xn} with x appearing m times in M. It is denoted by x∈mM. The entry of the

form (m/x, n/y)/k denotes that x is repeated m times, y is repeated n times, and the pair

(x, y) is repeated k times. The counts of the members of the domain and co-domain vary

in relation to the counts of the x coordinate and y coordinate in (m/x, n/y)/k. For this pur-

pose, let the notation C1(x, y) denotes the count of the first co-ordinate in the ordered pair

(x, y), and C2(x, y) denotes the count of the second co-ordinate in (x, y).

Definition 2.8 [7] Let M1 and M2 be two msets drawn from a set X; then, the Carte-

sian product of M1 and M2 is defined by M1 ×M2 = {(m/x, n/y)/mn : x∈mM1 , y∈nM2}.

Definition 2.9 [7] A sub mset R of M ×M is said to be an mset relation on M if every

member (m/x, n/y) of R has a count, the product of C1(x, y) and C2(x, y). We denote m/

x related to n/y by m/xRn/y.

Definition 2.10 [38] Let (U,V, R) be a two-universe approximation space. Then, the

set-valued mappings F and G represent the successor and predecessor neighborhood

operators, respectively, defined as follows:

F :U⟶ P(V), F(a) = {b∈V : (a, b)∈ R}, G :V⟶ P(U), G(b) = {a∈U : (a, b)∈ R}.

F and G can be naturally extended to a mapping from P(U) to P(V) (resp. P(V) to

P(U)) which are also denoted by F and G:

F : P(U)⟶ P(V), F(A) = ∪ {F(a) : a∈A}, G : P(V)⟶ P(U), G(Y) = ∪ {G(b) : b∈ A}.

Lemma 2.1 [38] Let (U,V, R) be a two-universe approximation space, if R is a strong

inverse serial relation, then for all a1, a2 ∈U, F(A1) ∩ F(A2) ≠ ϕ implies that F(a1) = F(a2).

Proposition 2.1 [39] Let R be an arbitrary binary relation on U. Then, ∀A ∈ P(U):

(i) R is reflexive , RsðAÞ⊆A , A⊆�RsðAÞ
(ii) R is symmetric , A⊆Rsð�RsðAÞÞ , �RsðRsðAÞÞ⊆A
(iii) R is transitive , RsðAÞ⊆RsðRsðAÞÞ , �Rsð�RsðAÞÞ⊆�RsðAÞ
(iv) R is Euclidean , �RsðAÞ⊆Rsð�RsðAÞÞ , �RsðRsðAÞÞ⊆RsðAÞ

Approximation of multisets in crisp approximation space
Definition 3.1 Let U and V be two finite non-empty universes of discourse and R ∈

P(U ×V) be a binary relation from U to V. The ordered triple (U, V, R) is called a (two-

universe) approximation space. Let B ∈ [V]w be a multi set drawn from V.
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The lower and upper approximation of B, RsðBÞ and �RsðBÞ , with respect to the ap-

proximation space are multi set of U whose membership functions, for each a ∈U, are

defined, respectively, by:

CRs Bð Þ að Þ ¼ min CB bð Þ : b∈F að Þf g

C�Rs Bð Þ að Þ ¼ max CB bð Þ : b∈F að Þf g

where F(a) is the successor neighborhood of a.
The ordered set pair ðRsðBÞ; �RsðBÞÞ is referred to as a generalized rough multiset with

respect to successor neighborhood, and Rs : PðV Þ⟶PðUÞ and �Rs : PðV Þ⟶PðUÞ are re-

ferred to as lower and upper generalized rough multi approximation operators,

respectively.

Definition 3.2 Let (U,V, R) be a two-universe approximation space. Then, the lower

and upper approximations of A ∈ [U]w are defined, respectively, as follows:

CRP Að Þ bð Þ ¼ min CA að Þ : a∈G bð Þf g

C�RP Að Þ bð Þ ¼ max CA að Þ : a∈G bð Þf g

where G(b) is the predecessor neighborhood of b.
The pair ðRPðAÞ; �RPðAÞÞ is referred to as a generalized rough multiset with respect to

the predecessor neighborhood, and RP : PðUÞ⟶PðV Þ and �RP : PðUÞ⟶PðV Þ are

referred to as lower and upper rough multi approximation operators, respectively. If

RPðAÞ ¼ �RPðAÞ, then A is called an exact multiset; otherwise, A is a rough multiset.

Proposition 3.1 In a two-universe model (U,V, R) with the binary relation R, the ap-

proximation operators RP and �RP satisfy the following properties for all A, A1,

A2 ∈ [U]
w:

ðL1Þ RPðAÞ ¼ ð�RPðAcÞÞc: ðL2Þ RPðUÞ ¼ V :
ðL3Þ RPðA1∩A2Þ ¼ RPðA1Þ∩RPðA2Þ: ðL4Þ RPðA1∪A2Þ⊇RPðA1Þ∪RPðA2Þ:
ðL5Þ A1⊆A2⟹RPðA1Þ⊆RPðA2Þ: ðU1Þ �RPðAÞ ¼ ðRPðAcÞÞc:
ðU2Þ �RPðϕÞ ¼ ϕ: ðU3Þ �RPðA1∪A2Þ ¼ �RPðA1Þ∪�RPðA2Þ:
ðU4Þ �RPðA1∩A2Þ⊆�RPðA1Þ∩�RPðA2Þ: ðU5Þ A1⊆A2⟹�RPðA1Þ⊆�RPðA2Þ:

.

Proof By the duality of approximation operators, we only need to prove the proper-

ties L1 − L5.

(L1) For all b ∈V, according to Definition 3.2, we can obtain:

C �RP Acð Þ
� �c bð Þ ¼ w − max CAc að Þ∶a∈G bð Þf gf g ¼ w − max w − CA að Þ : a∈G bð Þf gf g

¼ w − w − min CA að Þ : a∈G bð Þf gf g ¼ w −wþ min CA að Þ : a∈G bð Þf g

¼ min CA að Þ : a∈G bð Þf g ¼ CRP Að Þ bð Þ:

Therefore, R ðAÞ ¼ ð�RPðAcÞÞc.
P

(L2) Since CU(a) = 1 ∀ a ∈U and G(b)⊆U, the min{CU(a) : a ∈G(b)} = 1. Thus, CRPðUÞð
bÞ ¼ minfCUðaÞ : a∈GðbÞg ¼ 1 for all b ∈ V. Therefore, RPðUÞ ¼ V .

(L3) Since ∀b ∈V,
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CRP A1∩A2ð Þ bð Þ ¼ min C A1∩A2ð Þ að Þ : a∈G bð Þ� � ¼ min min CA1 að Þ;CA2 að Þf g : a∈G bð Þf g

¼ min min CA1 að Þ : a∈G bð Þf g; min CA2 að Þ : a∈G bð Þf gf g

¼ min CRP A1ð Þ bð Þ;CRP A2ð Þ bð Þ
n o

¼ CRP A1ð Þ∩RP A2ð Þ bð Þ:

Therefore, RPðA1∩A2Þ ¼ RPðA1Þ∩RPðA2Þ.

(L4) For all b ∈V, we can have:

CRP A1∪A2ð Þ bð Þ ¼ min C A1∪A2ð Þ að Þ : a∈G bð Þ� � ¼ min max CA1 að Þ;CA2 að Þf g : a∈G bð Þf g

≥ max min CA1 að Þ : a∈G bð Þf g; min CA2 að Þ : a∈G bð Þf gf g

¼ max CRP A1ð Þ bð Þ;CRP A2ð Þ bð Þ
n o

¼ CRP A1ð Þ∩RP A2ð Þ bð Þ:

Hence, RPðA1∪A2Þ⊇RPðA1Þ∪RPðA2Þ.

(L5) Since A1⊆A2, then ∀a∈U ;CA1ðaÞ≤CA2ðaÞ. Thus, CRPðA1ÞðbÞ ¼ minfCA1ðaÞ : a∈

GðbÞg≤ minfCA2ðaÞ : a∈GðbÞg ¼ CRPðA2ÞðbÞ.
Therefore, RPðA1Þ⊆RPðA2Þ.
The next proposition gives us characterizations of the rough multi lower and rough

multi upper approximation operators based on different types of relations.

Proposition 3.2. Let R ∈ P(U ×V) be an arbitrary binary relation. Then, ∀A ∈ [U]w:

(i) R is inverse serial , ðL6ÞRPðϕÞ ¼ ϕ , ðU6Þ�RPðUÞ ¼ V , ðLUÞRPðAÞ⊆�RPðAÞ.
If U =V, then:

(ii) R is reflexive , ðL7ÞRPðAÞ⊆A , ðU7Þ A⊆�RPðAÞ
(iii) R is symmetric , ðL8Þ A⊆RPð�RPðAÞÞ , ðU8Þ�RPðRPðAÞÞ⊆A
(iv)R is transitive , ðL9ÞRPðAÞ⊆RPðRPðAÞÞ , ðU9Þ�RPð�RPðAÞÞ⊆�RPðAÞ
(v) R is left Euclidean , ðL10Þ�RPðAÞ⊆RPð�RPðAÞÞ , ðU10Þ�RPðRPðAÞÞ⊆RPðAÞ

Proof (i) Supposing that R is an inverse serial relation, then for any b ∈V, we have

G(b) ≠ ϕ. Thus, CRPðϕÞðbÞ ¼ minfCϕðaÞ : a∈GðbÞg ¼ 0∀b∈V . Therefore, RPðϕÞ ¼ ϕ.

Conversely, assuming that RPðϕÞ ¼ ϕ ,i.e., CRPðϕÞðbÞ ¼ minfCϕðaÞ : a∈GðbÞg ¼ 0 ∀b

∈V . If there exists b∘ ∈V such that G(b∘) = ϕ then CRPðϕÞðb∘Þ ¼ minfCϕðaÞ : a∈Gðb∘Þg
¼ minf g ¼ undefined which contradicts the assumption. Thus, G(b) ≠ ϕ ∀ b ∈V,i.e., R

is an inverse serial. We can prove that R is an inverse serial if and only if ðU6Þ �RPðUÞ ¼ V

by the duality of approximation operators. For the third part, R is inverse serial

if and only if ðLUÞ RPðAÞ⊆�RPðAÞ, and the proof is obvious.

(ii) By the duality, it is only to prove that R is reflexive if and only if ðL7Þ RPðAÞ⊆A.
Since R is reflexive, then ∀b ∈V, b ∈G(b), i.e., min{CA(a) : a ∈G(b)} ≤ CA(b) which im-

plies that RPðAÞ⊆A.
Conversely, assuming RPðAÞ⊆A for all multi subset A of U. Because a crisp set is a

special case of a multiset, then RPðAÞ⊆A for all A⊆U and by proposition 2.1, R is a re-

flexive relation.

(iii) Assuming that R is symmetric, then for all a ∈G(b), we have b ∈G(a). So, max{-

min{CA(c) : c ∈G(a)} : a ∈G(b)} ≤ CA(b).

Therefore, RPð�RPðAÞÞ⊆A.
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Conversely, assuming �RPðRPðAÞÞ⊆A for all multi subset A of U. Because a crisp set is

a special case of a multiset, then �RPðRPðAÞÞ⊆A for all A⊆U and by proposition 2.1, R

is a symmetric relation. For the other statement, the proof is similar.

(iv) Supposing that R is a transitive relation, then for all a ∈G(b), we have G(a)⊆
G(b). Thus, CRPðRPðAÞÞðbÞ ¼ minf minfCAðaÞ : c∈GðaÞg : a∈GðbÞg≥ minf minfCAðcÞ
: c∈GðbÞg : a∈GðbÞg ¼ minfCAðcÞ : c∈GðbÞg ¼ RPðAÞðbÞ:
Therefore, RPðAÞ⊆RPðRPðAÞÞ.
The proof of the other side is similar to (iii).

(v) Assuming that R is a left Euclidean relation, then for all a ∈G(b), we have G(b)⊆
G(a). So, C�RPðRPðAÞÞ

ðbÞ ¼ maxf minfCAðcÞ : c∈GðaÞg : a∈GðbÞg≤ maxf minfCAðcÞ
: c∈GðbÞg : a∈GðbÞg ¼ minfCAðcÞ : c∈GðbÞg ¼ CRPðAÞðbÞ:
Therefore, �RPðRPðAÞÞ⊆RPðAÞ.
The proof of the other side is like (iii).

Remark 3.1 If R ∈ P(U ×V) is a serial relation in a two-universe approximation space

(U,V, R), then the properties L6, U6, and LU are not true in general, as shown in the

following example:

Example 3.1 Let U = {a1, a2, a3, a4}, V = {b1, b2, b3, b4, b5}, and R be a binary relation

from U to V defined as:

R ¼ a1; b2ð Þ; a1; b4ð Þ; a2; b3ð Þ; a2; b4ð Þ; a3; b3ð Þ; a4; b1ð Þ; a4; b2ð Þf g:
If A ∈ [U]w is a multiset drawn from U. Let A = {2/a1, 3/a2, 4/a4}.
Then, we have:
b1
 b2
 b3
 b4
 b5
CRP ðAÞðbÞ
 4
 2
 0
 2
 undefined
C�RP ðAÞðbÞ
 4
 4
 3
 3
 undefined
CRP ðϕÞðbÞ
 0
 0
 0
 0
 undefined
C�RP ðUÞðbÞ
 1
 1
 1
 1
 undefined
Hence, RPðϕÞ≠ϕ, �RPðUÞ≠V , and RPðAÞ≠�RPðAÞ, i.e., L6, U6, and LU do not hold.

Remark 3.2 Let R be any reflexive relation, then ∀A ∈ [U]w the properties L8 − L10
and U8 −U10 are not true in general. The following example shows this remark.

Example 3. 2 Let U = {a1, a2, a3, a4, a5} and R be a reflexive relation on U defined as

R = {(a1, a1), (a1, a2), (a2, a1), (a2, a2), (a2, a4), (a3, a3), (a3, a5),

a4; a2ð Þ; a4; a4ð Þ; a5; a2ð Þ; a5; a5ð Þg:
If A and B are multisets drawn from U defined as A = {2/a2, 3/a3, 4/a5} and B = {2/a1,

3/a2, 1/a4, 4/a5}, then we have:
a1
 a2
 a3
 a4
 a5
CRPðBÞðaÞ
 2
 1
 0
 1
 0
CRPðRPðAÞÞðaÞ
 1
 0
 0
 1
 0
C�RPðRPðAÞÞ
ðaÞ
 0
 3
 3
 0
 3
C�RPðAÞðaÞ
 2
 4
 3
 2
 4
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Approximation of multisets in crisp approximation space (Continued)
a1
 a2
 a3
 a4
 a5
C�RPð�RPðBÞÞðaÞ
 4
 4
 0
 4
 4
C�RPðBÞðaÞ
 3
 4
 0
 3
 4
C
RPð�RPðAÞÞðaÞ
 2
 2
 3
 2
 3
Hence, A⊈RPð�RPðAÞÞ, RPðAÞ⊈RPðRPðAÞÞ, �RPðAÞ⊈RPð�RPðAÞÞ, �RPðRPðAÞÞ⊈A, �RPð�RPðAÞÞ
⊈�RPðAÞ, �RPðRPðAÞÞ⊈RPðAÞ,i.e., L8 − L10, U8 −U10 do not hold.

Remark 3.3 Let R be any symmetric relation, then ∀A ∈ [U]w the properties L6, L7,

L9, L10, U6, U7, U9, U10 and LU are not true in general. The following example shows

this remark.

Example 3.3 Let U = {a1, a2, a3, a4, a5} and R be a symmetric relation on U defined as

R = {(a1, a1), (a1, a2), (a2, a1), (a2, a4), (a4, a2), (a4, a4), (a5, a5)}.

If A is a multiset drawn from U defined as A = {4/a1, 2/a2, 3/a4, 1/a5}, then we have:
a1
 a2
 a3
 a4
 a5
RPðAÞðaÞ
 2
 3
 undefined
 2
 1
RPðRPðAÞÞðaÞ
 2
 2
 undefined
 2
 1
�RPðRPðAÞÞðaÞ
 3
 2
 undefined
 3
 1
�RPðAÞðaÞ
 4
 4
 undefined
 3
 1
�RPð�RPðAÞÞðaÞ
 4
 4
 undefined
 4
 1
RPð�RPðAÞÞðaÞ
 4
 3
 undefined
 3
 1
RPðϕÞðaÞ
 0
 0
 undefined
 0
 0
�RPðUÞðaÞ
 1
 1
 undefined
 1
 1
Hence, RPðϕÞ≠ϕ , RPðAÞ⊈A, RPðAÞ⊈RPðRPðAÞÞ, �RPðAÞ⊈RPð�RPðAÞÞ, �RPðUÞ≠U , A⊈�RPðA
Þ , �RPð�RPðAÞÞ⊈�RPðAÞ , �RPðRPðAÞÞ⊈RPðAÞ and RPðAÞ⊈�RPðAÞ , i.e., L6, L7, L9, L10 and U6,

U7, U9, U10 and LU do not hold.

Remark 3.4 Let R be any transitive relation, then ∀A ∈ [U]w the properties L6, L7, L8,

L10, U6, U7, U8, U10 and LU do not hold in general. The following example shows this

remark.

Example 3.4 Let U = {a1, a2, a3, a4, a5} and R be a transitive relation on U defined

as R = {(a1, a2), (a1, a3), (a2, a3), (a4, a4), (a5, a2), (a5, a3)}.

If A is a multiset drawn from U defined as A = {3/a1, 4/a3, 2/a5} and B = {3/a1, 1/a2, 2/

a4, 4/a5}, then we have:
a1
 a2
 a3
 a4
 a5
RPðAÞðaÞ
 undefined
 2
 0
 0
 undefined
�RPðRPðBÞÞðaÞ
 undefined
 0
 3
 2
 undefined
�RPðAÞðaÞ
 undefined
 3
 3
 0
 undefined
RPðBÞðaÞ
 undefined
 3
 1
 2
 undefined
RPð�RPðAÞÞðaÞ
 undefined
 0
 0
 0
 undefined
RPðϕÞðaÞ
 undefined
 0
 0
 0
 undefined
�RPðUÞðaÞ
 undefined
 1
 1
 1
 undefined
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Hence, RPðϕÞ≠ϕ, RPðAÞ⊈A, A⊈RPð�RPðAÞÞ, �RPðAÞ⊈RPð�RPðAÞÞ, �RPðUÞ≠V , A⊈�RPðAÞ, �RP

ðRPðAÞÞ⊈A , �RPðRPðAÞÞ⊈RPðAÞ and RPðAÞ⊈�RPðAÞ , i.e., L6, L7, L8, L10, U6, U7, U8, U10

and LU do not hold.

Definition 3.4 A multi constant α̂ is a multiset in U defined as:

Cα̂ að Þ ¼ α∀a∈U ; α∈N :

Proposition 3.3 Let (U, V, R) be a two- universe approximation space, the rough
multi lower and upper approximation operators have the following properties for

all Aj ∈ [U]
w, j ∈ J which is an finite index set and for all α ∈ {1, 2, 3,…},

ið ÞRP ∩ j∈ JA j
� � ¼ ∩ j∈ JRP Aj

� �
:

iið ÞRP ∪ j∈ JA j
� �

⊇∪ j∈ JRP Aj
� �

:

iiið ÞRP A∪α̂ð Þ ¼ RP Að Þ∪α̂:
ivð Þ�RP ∪ j∈ JA j

� � ¼ ∪ j∈ J �RP Aj
� �

:

vð Þ�RP ∩ j∈ JA j
� �

⊆∩ j∈ J �RP Aj
� �

:

Proof By the duality of approximation operators, we only need to prove the
properties (i) − (iii).

(i) For each b ∈V, we have:

CRP ∩ j∈ J A jð Þ bð Þ ¼ min C ∩ j∈ J A jð Þ að Þ : að Þ∈G bð Þ
n o

¼ min min CA j að Þ : j∈ J� �
: a∈G bð Þ� �

¼ min min CA j að Þ : a∈G bð Þ� �
: j∈ J

� � ¼ min CRP A jð Þ bð Þ : j∈ J
n o
¼ C∩ j∈ J RP A jð Þ bð Þ:

(ii) Since ∀(b) ∈V,
CRP ∪ j∈ J A jð Þ bð Þ ¼ min C ∪ j∈ J A jð Þ að Þ : að Þ∈G bð Þ
n o

¼ min max CA j að Þ : j∈ J� �
: að Þ∈G bð Þ� �

≥ min CB j cð Þ : cð Þ∈G bð Þ� �
; ∀ j∈ J ¼ CRP A jð Þ bð Þ; ∀ j∈ J :

Therefore, CRPð∪ j∈ J A jÞðbÞ≥ maxfRPðAjÞðbÞ; ∀ j∈ Jg ¼ C∪ j∈ J RPðA jÞðbÞ:
(iii) For each (b) ∈V, we have:

CRP A∪α̂ð Þ bð Þ ¼ min C A∪α̂ð Þ að Þ : að Þ∈G bð Þ� � ¼ min max CA að Þ;Cα̂ að Þf g : að Þ∈G bð Þf g

¼ max min CA að Þ : a∈G bð Þf g;Cα̂ að Þf g ¼ C RP Að Þ∪α̂ð Þ bð Þ:

Proposition 3.4 Let (U,V, R) be a two-universe approximation space. Then, the fol-

lowing are equivalent ∀α ∈N

(i) R is an inverse serial relation,

iið ÞRP α̂ð Þ ¼ α̂;
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iiið Þ�RP α̂ð Þ ¼ α̂:

Proof (i)⟹ (ii) Let R be an inverse serial relation, then we have RPðα̂Þ ¼ RPðα̂∪ϕÞ

¼ α̂∪RPðϕÞ ¼ α̂∪ϕ ¼ bα:
(ii)⟹ (iii) Coming from the duality of approximation operators.

(iii)⟹ (i) Assuming �RPðα̂Þ ¼ α̂ , since U is a special case of α̂ which is α =w. Then

by assumption, we have �RPðUÞ ¼ V ; i.e., R is an inverse serial relation.

In the next three propositions, the connections of the approximation operators in

definitions 2.7, and 3.1 are made, and the conditions under which these approximation

operators made the equivalent are obtained.

Proposition 3.5 Let (U, V, R) be a two-universe approximation space, then the fol-

lowing holds for all A ∈ [U]wand B ∈ [V]w:

ið Þ �Rs RP Að Þð Þ⊆A;A⊆Rs
�RP Að Þð Þ; ivð Þ �Rs Bð Þ ¼ �Rs RP

�Rs Bð Þð Þð Þ;
iið Þ �RP Rs Bð Þð Þ⊆B;B⊆RP

�Rs Bð Þð Þ; vð Þ RP Að Þ ¼ RP
�Rs RP Að Þð Þð Þ;

iiið Þ Rs Bð Þ ¼ Rs
�RP Rs Bð Þð Þð Þ; við Þ �RP Að Þ ¼ �RP RP

�RP Að Þð Þð Þ

Proof (i) Since for every a ∈U, we have either F(a) = ϕ or F(a) ≠ ϕ. If F(a) = ϕ, then

C�RsðRPðAÞÞ
ðaÞ ¼ maxf minfCAðaÞ : c∈GðbÞg : b∈FðaÞg ¼ 0 and hence �RsðRPðAÞÞ⊆A: If

A(a) ≠ ϕ, then we have a ∈G(b) ∀ b ∈ A(a). Thus, max{min{CA(c) : c ∈G(b)}b ∈A(a)} ≤

CA(a), hence �RsðRPðAÞÞ⊆A: We can easily prove the other part by the duality of

approximation operators.

(ii) is similar to (i).

(iii) − (vi) can be proved by the properties (i) and (ii).

Lemma 3.1 Let (U,V, R) be a two-universe approximation space, b ∈V; if R is a

strong inverse serial relation, then for all a1, a2 ∈G(b),

CRs Bð Þ a1ð Þ ¼ CRs Bð Þ a2ð Þ;C�Rs Bð Þ a1ð Þ ¼ C�Rs Bð Þ a2ð Þ:

Proof The proofs come directly from Lemma 2.1.
Proposition 3.6 Let (U,V, R) be a two-universe approximation space with a strong

inverse serial relation, then the following holds for all A ∈ [U]w and B ∈ [V]w:

ið Þ �RP RP Bð Þð Þ ¼ RP
�RP Bð Þð Þ

iið Þ RP
�RP Bð Þð Þ ¼ �RP �RP Bð Þð Þ:

Proof The proofs follow immediately from Lemma 3.1.

Proposition 3.7 Two pairs of lower approximation and upper approximation

operators in definitions 2.7 and 3.2 are equivalent if and only if R is a symmetric

relation.

Proof Let R be a symmetric relation on U, A ∈ [U]w. Then for all a ∈U, we have

F(a) =G(a), i.e.,

CRsðAÞðaÞ ¼ minfCAðbÞ : b∈FðaÞg
¼ minfCAðbÞ : b∈GðaÞg ¼ CRPðAÞðaÞ:

Conversely, assuming RsðAÞ ¼ RPðAÞ, since by the proposition 3.4, we have �RPðRPðAÞ
Þ⊆A, by proposition 3.1,and R is a symmetric relation.

Proposition 3.8 Let G = (U, R) be a generalized approximation space and A be a

multisubset of U. Then, the following holds:
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(i) If R is symmetric then:

RP Að Þ ¼ RP
�RP RP Að Þð Þð Þ; �RP Að Þ ¼ �RP RP

�RP Að Þð Þð Þ:

(ii) If R is inverse serial and transitive then:
RP Að Þ⊆RP
�RP RP Að Þð Þð Þ; �RP Að Þ⊇�RP RP

�RP Að Þð Þð Þ:

Proof Obvious
Example 3.5 Let U = {a1, a2, a3, a4} a set of four patients and V = {Fever(b1),

Headache(b2), Stomachache (b3), Cough(b4), Myalgia (b5)} be five symptoms,if R = {(a1,

b2), (a1, b4), (a2, b3), (a2, b4), (a3, b3), (a3, b5), (a4, b1), (a4, b2), (a4, b5)}

is a relation relating patients to symptoms. Let A = {3/a1, 0/a2, 3/a3, 5/a4} represents a

multiset of patients and times of visiting the doctor. Thus, using definition 2.10, we

have:

G b1ð Þ ¼ a4f g;G b2ð Þ ¼ a1; a4f g;G b3ð Þ ¼ a2; a3f g;G b4ð Þ ¼ a1; a2f g;G b5ð Þ ¼ a3; a4f g

and so, we get:
RP Að Þ ¼ 5
.
b1
; 3
.
b2
; 0
.
b3
; 0
.
b4
; 2
.
b5

� 	
and �Rp Að Þ ¼ 5

.
b1
; 5
.
b2
; 2
.
b3
; 3
.
b4
; 5
.
b5

� 	
:

If A = {a1, a3, a4} . By using the class U/R−1 = {{a4}, {a1, a4}, {a2, a3}, {a1, a2}, {a3, a4}} ,

the lower and upper approximations using rough sets on one universe U are RðAÞ ¼ f
a1; a3; a4g ¼ A and �RðAÞ ¼ fa1; a2; a3; a4g ¼ U . Clearly, this method does not have

any deviations between the effectiveness of symptoms. But by using the multi

approximations over the two universes U and V, we have degree of effectiveness of b1
which is 5

5, b2 which is 3
5, b3 which is 0

2, b4 which is 0
3, and b5 which is 2

5.

Approximation based on multi binary relation
In this section, we aim to approximate rough sets in multi approximation spaces, study

their properties, and provide a counter example.

Definition 4.1 Let U and V be two finite non-empty universes of discourse. Let

Mand N be two multisets drawn from U and V, respectively. Let R be a multi binary re-

lation from M to N. The ordered (U,V,M,N, R) is called a two-universe multi approxi-

mation space. For any crisp set A⊆U, the lower and upper approximations of A, RðAÞ
and�RðAÞ , with respect to the multi approximation space, are multisets drawn from V

whose count functions are defined respectively by:

For each b ∈V,

CR Að Þ bð Þ ¼ min m : m=að Þ∈R 1=bð Þ; a∈Af g

C�R Að Þ bð Þ ¼ max m : m=að Þ∈R 1=bð Þ; a∈Af g

If for all b∈V ; CRðAÞðbÞ ¼ C� ; then the set A is definable (or exact) with respect
RðAÞ
to the multi approximation space (U,V,M,N, R). Otherwise, the set A is rough with

respect to the multi approximation space.

Proposition 4.1 In a multi approximation space (U,V, ,M,N, R), the multi

approximation operators satisfy the following properties for all A, A1, A2 ∈ P(U):
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L03ð Þ R A1∩A2ð Þ⊆R A1ð Þ∩R A2ð Þ U3ð Þ �R A1∪A2ð Þ ¼ �R A1ð Þ∪�R A2ð Þ

L04ð Þ R A1∪A2ð Þ ¼ R A1ð Þ∪R A2ð Þ U4ð Þ �R A1∩A2ð Þ⊆�R A1ð Þ∩�R A2ð Þ

ðL5Þ A1⊆A2⟹RðA1Þ⊆RðA2Þ ðU5Þ A1⊆A2⟹�RðA1Þ⊆�RðA2Þ.

LUð Þ R Að Þ⊆�R Að Þ:

Proof According to the duality of these properties, we only need to prove (L′3), (L′4),
(L5) and (LU).

(L3) Since for all b ∈V,

CRðA1∩A2Þð1=bÞ ¼ minfm : ðm=aÞRð1=bÞ; a∈ðA1∩A2Þg

≤ minf minfD : ðm=aÞ∈Rð1=bÞ; a∈A1g; minf m : ðm=aÞ∈Rð1=bÞ; a∈A2gg

≤ minfCRðA1Þð1=bÞ;CRðA2Þð1=bÞg⊆RðA1Þ∩RðA2Þ:
Hence, RUðA1∩A2Þ⊆RUðA1Þ∩RUðA2Þ.
(L4) For all b ∈V, we can have:

CR A1∪A2ð Þ 1=bð Þ ¼ min m : m=að Þ∈R 1=bð Þ; a∈ A1∪A2ð Þf g

¼ min max m : m=að Þ∈R 1=bð Þ; a∈ A1ð Þ; a∈ A2ð Þf gf g

¼ max min m : m=að Þ∈R 1=bð Þ; a∈A1f g; min m : m=að Þ∈ 1=bð Þ; a∈A2f gf g

¼ max CR A1ð Þ 1=bð Þ;CR A2ð Þ 1=bð Þ
n o

¼ CR A1ð Þ∪R A2ð Þ 1=bð Þ:

Hence, RðA1∪A2Þ ¼ RðA1Þ∪RðA2Þ.

(L5) Since A1⊆A2, then ∀a∈U ;A1CA1ðaÞ≤CA2ðaÞ: Thus, CRðA1Þð1=bÞ ¼ minfm : ðm=

aÞ∈Rð1=bÞ; a∈A1g≤ minfm : ðm=aÞ∈Rð1=bÞ; a∈A2g ¼ CRðA2Þð1=bÞ.
Therefore, RðA1Þ⊆RðA2Þ.
(LU) For all b ∈V, we can have:

CR Að Þ 1=bð Þ ¼ min m : m=að Þ∈R 1=bð Þ; a∈Af g
≤ max m : m=að Þ∈R 1=bð Þ; a∈Af g ¼ C �R Að Þ bð Þ:

Hence, RðAÞ⊆�RðAÞ.
Remark 4.1 If R ∈ [M ×N]w is a multi binary relation in a two-universe approxima-

tion space (U,V,M,N, R), then the following properties need not be true:

L1ð Þ R Að Þ ¼ �R Acð Þð Þc; U1ð Þ �R Að Þ ¼ R Acð Þð Þc;

L2ð Þ R Uð Þ ¼ V ; U2ð Þ �R ϕð Þ ¼ ϕ;

L3ð Þ R A1∩A2ð Þ ¼ R A1ð Þ∩R A2ð Þ; U6ð Þ �R Uð Þ ¼ V ;

L4ð Þ R A1∪A2ð Þ⊇R A1ð Þ∪R A2ð Þ:

The following example shows this remark:
Example 4.1 Let U = {a1, a2, a3, a4, a5, a6, a7}, V = {b1, b2, b3, b4, b5}. Let M be a

multiset drawn from U and N be a multiset drawn from V shath that M = {1/a1, 2/a2, 2/

a3, 1/a4, 3/a5, 2/a6, 4/a7} and N = {2/b1, , 3/b3, 1/b4, 4/b5, 3/b6} and R be a multi binary

relation from M to N defined as:
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R ¼ f 1=a1; 2=b1ð Þ=2; 1=a1; 3=b3ð Þ=3; 1=a1; 1=b4ð Þ=1; 2=a2; 3=b3ð Þ=6; 2=a2; 1=b4ð Þ=2;

2=a2; 4=b5ð Þ=8; 2=a3; 2=b1ð Þ=4; 2=a3; 4=b5ð Þ=8; 2=a3; 3=b6ð Þ=6; 1=a4; 3=b3ð Þ=3;

1=a4; 1=b4ð Þ=1; 3=a5; 2=b1ð Þ=6; 3=a5; 3=b3ð Þ=9; 3=a5; 1=b4ð Þ=3; 3=a5; 4=b5ð Þ=12;

2=a6; 2=b1ð Þ=4; 2=a6; 3=b3ð Þ=6; 2=a6; 1=b4ð Þ=2; 4=a7; 2=b1ð Þ=8; 4=a7; 1=b4ð Þ=4;

4=a74=b5;ð Þ=16g

If A is subset of U, defined as A =A1 = {a1, a3, a4, a7} and A2 = {a1, a2, a4, a6}, then we
have:
b1
 b2
 b3
 b4
 b5
 b6
CRðA1Þð1=bÞ
 1
 0
 1
 1
 2
 2
C�RðA1Þð1=bÞ
 4
 0
 1
 4
 4
 2
CRðA2Þð1=bÞ
 1
 0
 1
 1
 2
 0
C�RðA2Þð1=bÞ
 2
 0
 2
 2
 2
 0
CRðA1∩A2Þð1=bÞ
 1
 0
 1
 1
 0
 0
CRðA‘1Þ∩CRðA2Þð1=bÞ
 1
 0
 1
 1
 2
 0
CRðA‘1Þ∪CRðA2Þð1=bÞ
 1
 0
 1
 1
 2
 2
CRðA1∪A2Þð1=bÞ
 1
 0
 1
 1
 2
 2
CðRðAcÞÞc ð1=bÞ
 5
 6
 5
 5
 4
 4
Cð�RðAcÞÞc ð1=bÞ
 3
 6
 3
 3
 3
 6
CRðϕÞð1=bÞ
 0
 undefined
 0
 0
 0
 0
C�RðϕÞð1=bÞ
 0
 undefined
 0
 0
 0
 0
CRðUÞð1=bÞ
 1
 0
 1
 1
 2
 0
C�RðUÞð1=bÞ
 4
 0
 3
 4
 4
 2
Conclusion and future work
The multiset approximations suggested in this work can help to compute measures and

ordering of effectiveness and certainty of concepts in information systems. More work

on using multi relation to approximate rough multi sets will be discussed in the future.

Also, the use of a relation between two universes (objects and attributes) can be

extended to construct another relation between attributes and decisions for

constructing a rough set model over three universes.
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