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In this paper, we introduce the concepts of slightly double fuzzy continuous functions and
slightly generalized double fuzzy semicontinuous functions in double fuzzy topological spaces. Several
interesting properties and characterizations are introduced and discussed. Furthermore, the relation-
ships among the new concepts are introduced and established with some interesting counter examples.
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1. Introduction

The concept of fuzzy topological spaces was introduced by
Chang [1]. In Chang’s fuzzy topological spaces, each fuzzy
set is either open or closed. These spaces and its generalization
are later developed by Goguen [2], who replaced the closed
interval [0, 1] by more general lattice L. On the other hand,
Kubiak and Sostak’s [3,4] by the independent and parallel
generalization, made topology itself fuzzy besides their
dependence on fuzzy set in 1985.
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As a generalization to fuzzy sets, the notion of intuitionistic
fuzzy sets was introduced by Atanassove [5-10]. After that
Coker [11] defined intuitionistic fuzzy topology in Chang’s
sense. Later, Samanta and Mondal [12] introduced the notion
of intuitionistic gradation of openness of fuzzy sets. The term
“intuitionistic” is still used in literature until 2005, when Gut-
ierrez Garcia and Rodabaugh [13] concluded that the most
appropriate work under the name “double’.

In 1980, Jain [14] introduced the notion of slightly continu-
ous functions. Recently, Nour [15] defined slightly semi-
continuous functions as a weak form of slight continuity and
investigated its properties. On the other hand, Takashi Noiri
[16] introduced the concept of slightly f-continuous functions.
M. Sudha et al. [17] introduced slightly fuzzy w-continuous
functions. Also in 2004, Ekici and Caldas [18] introduced the
notion of slightly y-continuity (slightly b-continuity). After
that slightly fuzzy continuous functions are introduced by
Sudha et al. [19].

In this paper, the concepts of slightly double fuzzy
continuous functions and slightly generalized double fuzzy
semicontinuous functions are introduced. Several interesting
properties and characterizations are introduced and discussed.

1110-256X © 2014 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.
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Furthermore, the relationships among the concepts are intro-
duced and established with some interesting counter examples.

2. Preliminaries

Throughout this paper, X will be a non-empty set, [ is the
closed unit interval [0,1], 7, = (0,1] and 7, = [0, 1). The set of
all fuzzy sets on X is denoted by I*. Pt(X) is the family of
all fuzzy points in X. By 0 and 1, we denote the smallest and
the greatest fuzzy sets on X. For a fuzzy set A€ IV, 1 — 2
denotes its complement. Given a function f: X— Y, f(1) and
f’ (4) defined the direct image and the inverse image of f,
are defined by /14)(1) = Vo, A() and /(1) = u(/(x)
for each A € I, u € I and x € X, respectively. All other nota-
tions are standard notations of fuzzy set theory.

Definition 2.1. //2,/3]. A double fuzzy topology (t,7*) on X
is a pair of maps t,7* : I¥ — I, which satisfies the following
properties:

(O1) (1) < 1 —1*(4) for each 1 € I".
(02) ‘L'(/ll A /12) = T(;Ll) /\‘L’(/{z) and
v1*(4,) for each Ay, A, € I¥.

(03) T(vier;ﬁ) = /\igrf()“i) and T*(Viel'/‘ti) <

each , € IX,ieT.

‘E*()ul A /{2) < ‘L'*(;q)

Viert(4;) for

The triplet (X,t,7*) is called a double fuzzy topological
spaces (dfts, for short). A fuzzy set A is called an (r,s)-fuzzy
open ((r,s)-fo, for short) if 7(1) = r and t*(1) <s. A fuzzy
set A is called an (r,s)-fuzzy closed ((r,s)-fc, for short) set iff
1—/Zis an (r,s)-fo set. Let (X,rl,r’{) and (Y,1,,15) be two
dfts’s. A function f: X — Y is said to be a double fuzzy contin-
wous iff ©(f71(v)) = ©(v) and i (F'(v)) < ti(v) for each
vel.

Theorem 2.1. /20,2]]. Let (X,t,7*) be a dfts. Then for each
relysel;, and A€IX, we define an operator
Cov : X x Iy x I, — I¥ as follows:

Ceo(4,1,5) /\{,uEIXM (l—p) =T (l—p) <sh

For J,u e I*,ri,r, € Iy and sy,s, € I,, the operator C. . satis-
fies the following statements:

(C]) Cr,r* (Qv V7S) = Q,

(C2) A< Crpe(Ayrys),

(C3) Copv(A,ry8) V Cope(u,1,8) = Cor (AV p, 1, 8),

(C4) Core(Ayr1,81) < Croe(A,12,80) if 1y <1y and sy = s,
(C5) Coni(Crne(Ayry8),7,8) = Croe(2,1,5).

Theorem 2.2. /20,21]. Let (X,t,t*) be a dfts. Then for each
relysel, and JL€I*, we define an operator
L. I x Iy x I = I* as follows:

VAue Flu<itw = rt(u) <sh.

For J,pe X r,r\,r, € Iy and s, 51,5, € I, the operator I .- sat-
isfies the following statements:

(Ayry8) =

I LA —=2rs)=1—Cor(4,r,s),

I2) I,(1,r,s) =

(I13) I, (4,r,5) <

(14) 1. (2,r,s) /\I”*(y,r s)=1.(ANur,s),

(A5) I (A, r1,81) = Lo (A7, 82) if 1y <1y and 51 = 53,

16) 1o (Iyns (Ayrys),1ys) = Lo (4,1, 5),

an If 1..(C T(/1rs) r,s) =4, then C,p(l(1—4,r,5),
rs) = 1-

Definition 2.2. Let (X,t,1*) be a dfts. For each 1€ IX,re€ I,
and s € [;.

(1) A fuzzy set 4 is called an (r,s)-fuzzy semi open [22]
(briefly, (r,s)-fso) if 2 < Cooo(I2(4,r,5),r,s). Ais called
an (r,s)-fuzzy semi closed (briefly, (r,s)-fsc) iff 1 — 4 is
an (r,s)-fuzzy semi open set.

(2) An (r,s)-fuzzy semi closure of A [23] is defined by
SCo - (Ay7,8) = N{n € IF|A < pand pis (r,s)-fsc}.

(3) A fuzzy set A is called an (r,s)-generalized fuzzy closed
[24] (briefly, (r,s)-gfc) if Cou(d,r,s) < p, A< p,t(p)
> rand t*(p) <s. Ais called an (r,s)-generalized fuzzy
open (briefly, (r,s)-gfo) iff 1 — 1 is (r,s)-gfc set.

(4) A fuzzy set . is called an (r,s)-generalized fuzzy semi
closed [23] (briefly, (r,s)-gfsc) if C. (A, r,s) < A< 1
and p is (r,s)-fso set. A is called an (r,s)-generalized
fuzzy semi open (briefly, (r,s)-gfso) iff 1 — 4 is (r,s)-gfsc
set.

(5) An (r,s)-generalized fuzzy semi-closure of A [23] is
defined by GSC..(A,r,s) = AN{u€I*|A < u and p is
(r,s)-gfsc}.

Remark 2.1. Let (X,7,7*) beadfts, ic I",r€ Lhandsc I;. A
fuzzy set A is called:

(1) (r,s)-fuzzy semi clopen set (briefly, (r,s)-fsco) iff 1 is
(r,s)-fso set and (r,s)-fsc set.

(2) (r,s)-generalized fuzzy semi clopen set (briefly, (r,s)-
gfsco) iff 4 is (r,s)-gfso set and (r,s)-gfsc set.

Definition 2.3. Let (X,7,7]) and (Y,7,,75) be a dfts.
A function f: (X,11,7}) — (Y, 12, 73) is called:

(1) double fuzzy open [12] (briefly, dfo) if 72(f (1)) = ©1(4)
and t5(f(4)) < ©(4) for each . € I*,r € Iy and s € 1.

(2) generalized double fuzzy continuous [24] (briefly, gdfc)
iff f~'(u) is (r,s)-gfc set for each u€I',r €I, and
sel; with 15(1 — ) > rand (1 — p) <s.

(3) generalized double fuzzy semicontinuous [23] (briefly,
gdfsc) iff £~ (u) is (r, s)-gfsc set for each u € I such that
(1 —p) = rand 5(1 — u) <s.

(4) double fuzzy irresolute [25] (briefly, dfir) if f~'(u) is
(r,s)-fso set for each (r,s)-fso set pecI',r €, and
NS 11.

Definition 2.4 [22]. Let (X,t,7*) be a dfts. For 4,u,p € I*,
and u are called an (r,s)-fuzzy separated iff for r € I, and
NS 11,

Cf.r* (/H r, S) A H= C‘E“[* (,Ll, l’,S) NA= Q
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A fuzzy set A is called an (r,s)-fuzzy connected if there is not
exist (r,s)-fuzzy separated fuzzy sets 4, u € ¥ — {0} such that
p = AV . A fuzzy set 1 is called double fuzzy connected if it is
(r,s)-fuzzy connected for all re€l, and se€l,. A triplet
(X,7,7%) is called (r,s)-fuzzy connected if 1 is (r,s)-fuzzy
connected.

Definition 2.5 [26]. A dfts (X, t,7*) is said to be an (r, 5)-fuzzy
extremelly  disconnected  if  7(C..(4,r,5)) = r and
(Cere (A, 1,5)) < 5, for every A € I¥ with t(4) = r,t*(J) < s.

3. Properties and characterizations of slightly double fuzzy
continuous functions

Definition 3.1. Let (X,7y,7}) and (Y,72,75) be dfts’s. A
function /: (X,11,7}) — (Y,12,73) is called:

(1) almost *-double fuzzy continuous function (briefly,
axdfc) if for every 2 € I, u € I,y € Iy and s € I, such
that 7,(u) = r,75(n) <s and f(Z) < u, there exists
v € I such that 7, (v) = r,7¢(v) < 5,4 < v and

S) < Ly <CTN§(,L¢, rs),r, S>.

(2) O%-double fuzzy continuous function (briefly, O%dfc) if
for every A€l ucl',rel, and s€l, such that
Ta(p) = r,15(w) <s and f(2) < p, there exists v € I*
such that 7,(v) > r,7j(v) < s,4A < vand

,f(CTI,IT(v7 r, S)) < Crz,rz (,Ll, r, S)'

(3) weakly *-double fuzzy continuous function (briefly,
wxkdfc) if for every A € I, u € I",r € Iy and s € I, such
that ©(u) = r,75(n) <s and f(2) < p, there exists
v € I such that 7, (v) = r,7t(v) < 5,4 < v and

f(V) < sz,r; (,Lt, }", S)'
slightly double fuzzy continuous function (briefly, sdfc)
if for every A€ I, ucI”,r €I, and s € I, such that u

is (r,s)-fco set and f(4) < p, there exists v € I* such that
T(v) = rti(v) <s,A<vand

Sv) <

4

=

Definition 3.2 [19]. Let (D, >) be a directed set. Let X be an
ordinary set and f be the collection of all fuzzy points in X.
The function S: D — f'is called a fuzzy net in X. In other
words, a fuzzy net is a pair (S, =) such that S is a function
:D — fand > directs the domain of S. For n € D,S(n) is
often denoted by S, and hence a net S is often denoted by
{S,:n € D}.

Proposition 3.1. Let (X,rl,ﬁ) and (Y7 12,13) be dfts’s. For the
function f*: (X, ‘cl,r’l‘) — (Y, Ts, 1'2) the following statements are
equivalent:

(1) fis sdfc function.

@) tu(f~'(v)) = rand tj(f7'(v)) < sforeach ve I',r €I,
and s € I, such that v is (r,s)-fco set.

(3) f7'(v) is (r,s)-fco set for each v € ¥, r €1y and s € I,
such that v is (r,s)-fco set.

(4) For each fuzzy set L €IX,rcly,s €l and for every
Sfuzzy net {S, :n € D} which converges to 1., the fuzzy
net {f(S,) : n € D} is eventually in each (r,s)-fco set p
with (1) < p.

Proof. (1)=(2): Let ve I',r € I, and s € I, such that v is an
(r,s)-fco set and let 4 € I* such that 2 < f'(v). Since v is an
(r,s)-fco set with f{2) < v. By (1), there exists u € I* such that
r(w) = rti(w) <s, A< pand f(u) < v. Hence 7 (/' (v)) = r
and 7} (v) < s.

(2)=(3): Clear.

(3)=(4): Let {S,:n € D} be a fuzzy net converging to
2 € IX and let u € I be an (r,s)-fco set such that f(2) < u. By
using (3), £~ '(u) is an (r,s)-fco set. Since 71(f~'(u)) = r and
i (f~'(0)) < s, there exists v € I such that 7,(v) = r,ti(v)
<s,A<v and f(v) <. Since the fuzzy net {S,:n € D}
converges to 1,5, < 4. Now, S, <A< v. Thus f{S,) <Av)
< . Hence {f(S,) : n € D} is eventually in u.

(4)=-(1): Suppose that f'is not sdfc function. Then for every
reF uel’,reland s € I; such that g is an (r,s)-fco set
and f(A) < u, there doesn’t exists ve ¥ such that
71(v) = r, 75 (v) < 5,4 < vand f(v) < p. Hence f{S,) < p. That
is, the fuzzy net {f(S,) : n € D} isn’t eventually in an (r, s)-fco
set u with f(1) < w, which is a contradiction. Hence, f is sdfc
function. O

Proposition 3.2. Let (X,t,7}),(Y, 12, 73) and (Z,13,7;) be
dfts’s. For the functions f:(X,rl,rT)—>(Y,rz,r§) and
g:(Y,‘cz,‘L';)—>(Z71:37‘c§), the following statements are
satisfied:

(1) If fand g are sdfc functions, then so is go f.

(2) If fis a surjective double fuzzy irresolute and double
fuzzy open function and g be any function, then go f
is sdfc function iff g is sdfc.

Proof.

(1) Clear.

(2) Suppose that go f is sdfc function, 4 € I, r € I, and
s € I, such that 4 an (r,s)-fco set. By using Proposition
312, w(f (g () =ullges) (1) =r and
T (/g7 (4) = 7i((gof)'(#) <s. Since f is dou-
ble fuzzy open. ©(g () = n(/(f~ (g (1) > r
and (g7 '(4) = (f(f'(g7'(4))) <s. Therefore by
Proposition 3.1, g is sdfc function.

Conversely, let v € IZ,r € Iy and s € I| such that v an (r, s)-
fco set. Since g is sdfc function, w(g7'(v)) = r and
w5(g71(v)) < 5. Since f is double fuzzy irresolute function,
(e ) =nl(geN ') = and (g ()
=1i((g of)fl(v)) > 5. Therefore by Proposition 3.1, gof is
sdfc. O

Proposition 3.3. Let (X,71,7}) and (Y,15,75) be dfis’s and
I (X;EI,TT) — (Y,‘L’z,‘l.';) be a function. If (Y,rz,rz) is an
(r, 8)-fuzzy connected, then f is sdfc function.
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Proof. Let (Y, T2, 'r:;) be an (r, s)-fuzzy connected spaces. Then
0 and 1 are the only (r,s)-fco sets. Since 7,(f'(0)) = 7,(0)
>rn('0) =10 <s  and  n(FD) =u(l) >
r(1(1) =7(1) <, then f is sdfc function (by using
Proposition 3.1). O

Proposition 3.4. Let (X,7,7}) and (Y,72,75) be dfts’s and
f: (X,‘L'l,‘L'T) — (Y,‘cz,‘c’z‘) be sdfc function. If (X,rl,rf) is
(r,s)-fuzzy connected, then so is (Y, 15, 73).

Proof. Suppose that (Y,1,,73) be an (r,s)-fuzzy disconnected
space and v € I — {0,1} be an (r,s)-fco set. Since f is sdfc
function, f~'(v) € I — {0,1} is (r,s)-fco set which is contra-
diction. Hence (Y, 12,73) is (r,s)-fuzzy connected. [

Proposition 3.5. Let (X,71,7}) and (Y,12,73) be dfts’s. If
f: (X7‘L'1,‘L'T) — (Y;cz;c;) be sdfc function and (Y,‘cz,rg) be
an (r,s)-fuzzy extremally disconnected, then f is akdfc function.

Proof. Let Jc X ucl’,rcly and sclI, such that
(u) = r,75(n) < s and f{A) < p. Since (Y, 12,1,) is an (r,s)-
fuzzy extermally disconnected, Ci, . (p,r,s) is (r,s)-fco set.
Now, f(4) < C,,(u,r,s) and since f is sdfc function, there
exists ve X ~ such T(v) =) <s,A<y and
S) < Cpp s (ps1y9). Since 1 (Copy (1 7,8)) = 1 and
75(Cryrz (1,1, 8)) < s, then

Jv) < 112.5 (sz,g (u,r,8),r, S).

Hence f'is axdfc function. [

4. Slightly generalized double fuzzy semicontinuous functions

Definition 4.1. Let (X,7y,7}) and (Y,12,75) be dfts’s. A
function /: (X,11,7}) — (Y,12,73) is called:

(1) almost *-generalized double fuzzy semicontinuous
(akgdfsc, for short) if for each A€ X uecl’ rel,
and s € I; such that 7,(u) > r,75(1) < s and f(1) < u,
there exists an (r,s)-gfso set v € I* such that 1 < v and

JO) < Ly (CTN;(,LL, r,s),r, s).

(2) O0%-generalized double fuzzy semicontinuous (6% gdfsc,
for short) if for each A€ X, uecl’,rcl, and s €1,
such that 7,(u) > r,75(u) < s and f(1) < u, there exists
an (r,s)-gfso set v € I* such that 4 < v and

f(CT] (v, s)) < Com(prs5).

(3) weakly *-generalized double fuzzy semicontinuous
(wkgdfsc, for short) if for each A€ X ucl’ rel,
and s € [, such that 7,(u) > r,5(1) < s and f(4) < u,
there exists an (r,s)-gfso set v € I and 4 < v such that

S0) < Coss(bo19).

(4) slightly generalized double fuzzy semicontinuous
(sgdfsc, for short) if for each A € I*,uc1”,r € I, and
s € I such that p is an (r,s)-fco set and f (1) < p, there
exists an (r,s)-gfso set v & I* such that A< v and
f) <

Proposition 4.1. Let (X7 TI,TT) and (Y, ‘L'z,‘EZ) be dfts’s. For the
Sfunction f (X, ‘cl,ﬁ) — (Y, Ta, 1:2) the following statements are
equivalent:

(1) fis sgdfsc function.

(2) f~'(v) is an (r,s)-gfso set for each v e I',r €1, and
s € I, such that v is (r,s)-gfsco set.

(3) f7'(v) is an (r,s)-gfsco set for each v e I¥,r €, and
s € I, such that v is (r,s)-gfsco set.

(4) For each fuzzy set A€ I*,r€ly,s €I, and for every
fuzzy net {S,:n € D} with converges to 7, the fuzzy
net {f(S,) : n € D} is evantually in each (r,s)-gfsco set
pu with f(2) < p.

Proof. (1) = (2): Let ve I',r € I and s € I; such that v is
(r,s)-gfsco set and let 4 € I* such that A < f~'(v). Since v is
an (r, s)-gfsco set with f(4) < v. By (1), there exists u € I* such
that u is an (r,s)-gfso, 4 < u and f(n) < v. Hence f7!(v) is an
(r, 5)-gfso set.

(2) = (3): Clear.

(3) = (4): Let {S,:ne€ D} be a fuzzy net converges to
the (r,s)-gfsco set 4 € I and let u € I' be an (r,s)-gfsco set
such that f{4) < p. By using (3), there exist an (r,s)-gfso set
ve X such that A< v and f(v) < u. Since the fuzzy net
{S, : n € D} converges to 4,S, < A <v. Thus {f(S,) : n € D}
is eventually in each (r,s)-gfsco set u.

(4) = (1): Suppose that f'is not sgdfsc function. Then for
every A€ IX,uc I',r € Iy and s € I, such that u is an (r,s)-
gfso set and f(4) < u, there does not exist v € I such that
A< v and f(v) < u. Hence f(S,) < p. That is the fuzzy net
{f(S,) : n € D} is not eventually in an (r,s)-gfsco set u with
f(2) < u, which is a contradiction. Hence f is sgdfsc func-
tion. O

Definition 4.2. Let (X, 1;,7}) and (Y, 12, 73) be dfts’s. A function
f:(X,11,7}) — (Y, 12,73 is said to be generalized double fuzzy
semi irresolute (gdfsi, for short) if /~!(4) is an (r, s)-gfsc set, for
each (r,s)-gfscset L € I" regand s € 1.

Proposition 4.2. Let (X,7,7}),(Y,12,73) and (Z,13,7;) be
dfts’s. For the functions f:(X,7),7}) — (Y,72,75) and
g: (X,Tg,’f;) — (Y,7135,7), the following statements are
satisfied:

(1) If fand g are sgdfsc functions, then so is go f.
(2) If f'is a surjective gdfsi, gdfso function and g be any
function, then g o f is sgdfsc function iff g is sgdfsc.

Proof. (1): clear.

(2): Suppose that g o f'is sgdfsc function, / € IZ is an (r, s)-
gfsco set. By using Proposition 4.1 (2), £~ (g'(v)) = (g o.f) ' (v)
is an (r, s)-gfso set in I'. Since fis gdfso, g7 (1) = f(f1 (g~ (1))
is an (r,s)-gfso set. Therefore by Proposition 4.1, g is sgdfsc
function.

Conversely, let v € I be an (r, s)-gfsco set where r € Iy and
s € I. Since g is sgdfsc function, g~'(v) is an (r, 5)-gfso set € IV
and f'is gdfsi function, /' (g' (v)) = (g o) "' (v) is an (r, 5)-gfso
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set € I¥. Therefore by Proposition 4.1,
function. [

(gof) is sgdfsc

Definition 4.3. A dfts (X, 7,1*) is said to be an (r, s)-generalized
fuzzy semi-connected iff 0 and 1 are the only fuzzy sets which
are both (r,s)-gfso and (r, s)-gfsc.

Proposition 4.3. Let (X,11,1}) and (Y, 12, 73) be dfts’s and let
[ (Xr,1) = (Y.0.15) be a function. If (Y, 15,73) is an
(r,5)-generalized fuzzy semi-connected, then f is sgdfsc function.

Proof. Let (Y,1,,73) be an (r,s)-generalized fuzzy semi-con-
nected space. Then 0 and 1 are the only (r,s)-gfsco sets. Since
f7'(0) and £71(1) are both (r, s)-gfso in I*. Hence by Proposi-
tion 4.1, fis sgdfsc function. [

Proposition 4.4. Let (X,11,7}) and (Y,12,73) be dfts’s and let
f: (X,rhr*l‘) — (Y7 12715) be sgdfsc function. If (X;L'l,r*l‘) is
an (r,s)-generalized fuzzy semi-connected, then so is (Y7 Ta, 13).

Proof. Suppose that (Y,1;,735) be an (r,s)-generalized fuzzy
semi-disconnected space and v € I*-{0,1} be an (r,s)-gfsco
set. Since /~'(v) is an (r,s)-gfsco set which is contradiction.
Hence ( Y, 15, 'c;) is an (r,s)-generalized fuzzy semi-connected
function. O

Definition 4.4. A dfts (X, 7,1*) is said to be an (r, s)-generalized
fuzzy semi-extremely disconnected if GSC, .+ (4, r,s) is an (r, s)-
gfso set for each /. € I, r € Iy and s € I; such that 1 is an (r, s)-
gfso set.

Proposition 4.5. Let (X,Tl,TT) and (Y,T2,T§) be dfts’s. If
[ (X, n,T) — (Y, rz,rz) is sgdfsc function and (Y, rz,ré) is
an (r,s)-generalized fuzzy semi-extremely disconnected, then f
is akgdfsc function.

Proof. Let 2 € FX,uc I',r €l and s € I; such that 1 and p
are (r, s)-gfso sets. Since (Y, 12, 75) is an (r, s)-generalized fuzzy
semi-extremely disconnected, GSC,, ., (u, 7, 5) is an (r,s)-gfsco
set. Now, f(4) < GSC., ; (u,r,s) and smcefls sgdfsc function,
there exists an (r,s)- gfso set veI¥ such that A< v and

where A— B represents A implies B and 4 <-\— B means
the reverse implication is not true.

Example 5.1. Let X = {a,b,¢} and [ (X,71,7}) —
be a function defined by:

(X7 T2, TE)

f(a) =D, f(b) =4a,, (C) =

dfc == axdfc ——= Oxdfc ——= wxdfc —S—=sdfc

gdfsc = axgdfsc = Oxgdfsc = wxgdfsc = sgdfsc

Jv) < Cry iy (n, 1, 5). Therefor, fis akgdfsc function. [

5. Interrelations

The following implication illustrates the relationships between
different functions:

(1) Define p, v,y and ¢ as follows:
u(a) =0.5, u(b) =0.5, u(c) =0.5,
v(a) = 0.5, v( ) =0.5, v(c) =0.5,
(a) = 1.0, y(b) =0.5, 7(c) =0.5,
o(a) = o(b) =0.0, 6(c) =0.3,
and define (7, 7}) and (12, 75) as follows:
1, if 2€{0,1}, 0, if 2€{0,1},
n(A) =<4, ifi=y, () =<4, if A=y,
0, otherwise. 1, otherwise.
and
1, if 21€{0,1}, 0, if 2e€{0,1},
1, if A=y, i, if A=y,
TZ()“) = %7 if A= 7 T;(j') = %7 if A= Vs
1, ifA=9, 3, if A=y,
0, otherwise. 1, otherwise.
Then f'is sdfc function but not wxdfc.
(2) Define p and v as follows:
u(a) = 0.3, u(b) =0.0, u(c)= 0.6,
v(a) = 0.0, v(b) =0.2, v(c) =0.3,
and define (t1,7}) and (12, 73) as follows:
1, if 2€{0,1}, 0, if 2€{0,1},
n(A) =<4, ifi=y, () =<4, ifi=y,
0, otherwise. 1, otherwise.
and
1, if 2e€{0,1}, 0, if 2e€{0,1},
n(A) =<3, if A=y, () =<3, if A=y,
0, otherwise. 1, otherwise.

Then fis wxdfc function but not O%dfc.
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(3) Define i, v,y and o as follows:

v(a) = 0.4, ( ) =0.0, v(c) =0.5,
y(a) = 007 ( ) - 005 ’y(C) = 055
o(a) = 1.0, 6(b) =0.5, 6(c) =0.5.
and define (7,7}) and (12, 73) as follows:
I, if 2 € {0,1}, 0,
1o ifi=up 1
NEXES ’ )=
Tl() %7 ifi:v, Tl() %7
0, otherwise. 1,
and
I, if 2 € 0,1}, 0,
Lo ifl=up 1
NERE ’ =<
12() %’ if/lzv, 7’-2() %7
0, otherwise. 1,
Then fis O%dfc function but not axdfc.
(4) Define p and v as follows:
wu(a) = 1.0, u(b) =1.0, p(c) =0.6,
v(a) = 1.0, v(b) = 0.5, v(c) =0.5,
and define (r,7}) and (2, 73) as follows:
I, if 2 € {0,1}, 0,
Tl()"): %7 lfi:/h TT(A): %7
0, otherwise. 1,
and
1, if 7€ {01}, 0,
n(A) =<1, ifi=v, 7(4) =<1,
0, otherwise. 1,
Then f'is axdfc function but not dfc.
(5) Define p,v,y,6 and 5 as follows:
v(a) = 0.7, v(b) = 0.6, v(c) = 0.5,
y(a) = 0.5, (b) =0.5, y(c) = 0.5,
d(a) = 1.0, 6(b) =0.5, 6(c) =0.5,
n(a) =0.0, 6(b) =0.0, 6(c) =0.3,
and define (r,7}) and (12, 73) as follows:
I, if 2 € {0,1}, 0,
Lo ifl=up 1
NERES ’ =<K
Tl() %7 ifi:\), T]() %7
0, otherwise. 1,
and

if € {01},
if 1=u,

if 1=y,
otherwise.

if 2 € {0,1},
if A=y,

if A=y,
otherwise.

if 1€ {013,

if 4=y,
otherwise.

if )=y,

otherwise.

if 1€ {013,

if =g,
if 7 =v,

otherwise.

1, if e {01}, 0,
Loifz=y, L
n(l) =44, ifA=9, 5(4) =42,
Loifa=n, 3,
0, otherwise. 1

Then f'is sgdfsc function but not wxgdfsc.
(6) Define p, v,y and ¢ as follows:

u(a) = 0.3, u(b) =0.0, u(c) =0.5,
v(a) = 0.7, v(b) = 1.0, v(c) = 0.5,
ﬂ@=03ﬂ)—03ﬂ)—0&
o(a) = o(b) = 0.5, o(c) =0.5.

and define (t,7}) and (12, 73) as follows:

1, if e {01}, 0,
l7 lf /1 =K l7
(A =43" | () =<1
1 if A=y, 1
0, otherwise. 1,
and
1, if 2€{0,1}, 0,
la lf )° =7 la
() =42 . . () =12
1, if A=, 2
0, otherwise. 1

Then fis wxgdfsc function but not O%gdfsc.
(7) Define u,v and y as follows:

u(a) =03, u(b) =04, u(c) =05,

v(a) = 0.7, v(b) = 0.6, v(c) =0.5,

y(a) = 0.0, y(b) = 0.0, y(c) =0.5.

and define (t;,7}) and (t2,73) as follows:

1, if 2€{0,1}, 0,
L 1
NEREE )=( ¥
Tl() %’ if/'{:V, Tl() %’
0, otherwise. 1,

and
1, if 2€{0,1}, 0,
(4) = %, if A=y, () = %,
0, otherwise. 1

Then f'is O%gdfsc function but not a%gdfsc.

Example 5.2. Let X = {a,b} and f: (X,7,7}) —

if ¢ 0.1},
if 1=y,

if A =9,

if L=n,
otherwise.

if 2 € {0,1},
if 1=u,

if 1=y,
otherwise.

if 2 € {0,1},
if 1=y,

if 1 =29,
otherwise.

if 2 € {0,1},
if A=p,

if L=y,
otherwise.

if 1€ {0,1},
if 1=y,
otherwise.

(X,12,73) be

the identity function. Define y, v,y and 6 as follows:

u(a) = 0.1, u(b) =0.2,
v(a) = 0.9, v(b) =0.8,
(@) = 0.1, y(b) = 0.1,
o(a) =0.9, 6(b) =0.9
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and define (t1,7}) and (1, 73) as follows:

1, if2€{0,1}, 0, if2€{0,1},

Loifi=ap . Loifi=ap
=0 e R B I

8 - " 4 - M

0, otherwise. 1, otherwise.
and

I ifZe{0.1}, 0, if 1€ {01}

Loif A=y, . Loif A=y,
ROR TR sA=00 s

8 - Y 4 - Y

0, otherwise. 1, otherwise.

Then f'is axgdfsc function but not gdfsc.
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