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Abstract In this paper, translation surfaces generated by two arbitrary space curves in 3-dimen-

sional Euclidean space have been investigated. Furthermore, a classification of some special points

on these surfaces have been given. Moreover, we have obtained the associated geometric attributes

for these surfaces, e.g. the Gaussian curvature and the mean curvature. Finally, some important

results and examples that show the idea were presented.
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1. Introduction

The famous type of a translation surface is generated by two

planar curves lying on orthogonal planes. This type will be
called as a translation surface of plane type and takes the form:

Xðu; vÞ ¼ ðu; 0; fðuÞÞ þ ð0; v; gðvÞÞ; ð1Þ

where fðuÞ and gðvÞ being smooth functions of the variables u
and v, respectively.
The translation surfaces of plane type have been investi-
gated from the various viewpoints by many differential
geometers. Verstraelen et al. [1] have investigated minimal

translation surfaces of plane type in n-dimensional Euclidean
spaces. Liu [2] has given the classification of the translation
surfaces of plane type with constant mean curvature or con-

stant Gauss curvature in 3-dimensional Euclidean space E3

and 3-dimensional Minkowski space E3
1. Yoon [3] has studied

translation surfaces in the 3-dimensional Minkowski space

whose Gauss map G satisfies the condition DG ¼ AG;A
2Matð3;RÞ where D denotes the Laplacian of the surface with
respect to the induced metric and Matð3;RÞ the set of 3� 3
real matrices. Dillen et al. [4] have derived a classification of

translation surfaces in the 3-dimensional Euclidean and Min-
kowski space, satisfying the Weingarten condition. Yoon [5]
has classified a polynomial translation surfaces in Euclidean

3-space satisfying the Jacobi condition with respect to the
Gaussian curvature, the mean curvature and the second
Gaussian curvature. Munteanu and Nistor [6] have studied
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the second fundamental form of translation surfaces of plane
type in E3. They have given a non-existence result for polyno-
mial translation surface with vanishing second Gaussian cur-

vature. Bekkar and Senoussi [7] have studied the translation
surfaces in the 3-dimensional Euclidean and Lorentz-Minkow-
ski space under the condition DIII ri ¼ liri; li 2 R, where DIII

denotes the Laplacian of the surface with respect to the third
fundamental form III. They shown that in both spaces a trans-
lation surface satisfying the preceding relation is a surface of

Scherk. Cetin et al. [8,9] have investigated the translation sur-
faces according to Frenet frames in Euclidean and Minkowski
3-space. They have given some properties of these surfaces
using non-planer space curves.

The general form of translation surface is the surface that
can be generated from two arbitrary space curves by translat-
ing either of them parallel to itself. In such a way that each of

its points describes a curve that is a translation of the other
curve. A generalized type of a translation surface parameter-
ized by:

Xðu; vÞ ¼ aðuÞ þ bðvÞ; ð2Þ

where a and b are arbitrary space curves of the parameters u
and v (may be the arc-length parameters).

In this paper, we investigated the translation surfaces in

3-dimensional Euclidean space generated by two arbitrary
space curves. Furthermore, a classification of flat and minimal
translation surfaces has been obtained and some examples for
geometric points on these surfaces were introduced.

2. Preliminaries

The Euclidean 3-dimensional space E3 is provided with the
metric given by [10–12]:

h; i ¼ dx2
1 þ dx2

2 þ dx2
3;

where x1; x2; x3ð Þ is a rectangular coordinate system of E3. Let

d : I � R! E3 : s # dðsÞ be an arbitrary curve in E3. The

curve d is said to be of unit speed (or parameterized by the

arc-length parameter s) if hd0ðsÞ; d0ðsÞi ¼ 1 for any s 2 I. Let
ftðsÞ; nðsÞ; bðsÞg be the moving frame of d, where the vectors

t; n and b are the tangent, normal and binormal vectors,
respectively. The Frenet equations for d are given by

t0ðsÞ

n0ðsÞ

b0ðsÞ

2
664

3
775 ¼

0 jðsÞ 0

�jðsÞ 0 sðsÞ

0 �sðsÞ 0

2
664

3
775

tðsÞ

nðsÞ

bðsÞ

2
664

3
775: ð3Þ

Let S : U ¼ Uðu; vÞ � E3 be a regular surface. Then the unit

normal vector field of the surface S is given by

U ¼ Uu ^ Uv

kUu ^ Uvk
; Uu ¼

@Uðu; vÞ
@u

; Uv ¼
@Uðu; vÞ
@v

; ð4Þ

where ^ stands the vector product of E3. The first fundamental

form of the surface is induced from the metric of the ambient
space E3

I ¼ hdU; dUi ¼ E du2 þ 2F du dvþ G dv2; ð5Þ

with coefficients

E ¼ hUu;Uui; F ¼ hUu;Uvi; G ¼ hUv;Uvi:
Also, the second fundamental form of the surface S is given by

II ¼ �hdU; dUi ¼ L du2 þ 2M du dvþN dv2; ð6Þ

where

L ¼ hUuu;Ui; M ¼ hUuv;Ui; N ¼ hUvv;Ui:

Under this parametrization U, the Gauss and mean curvatures
have the classical expressions, respectively

K ¼ L N�M2

EG� F2
; ð7Þ

H ¼ E Nþ G L� 2F M

2ðEG� F2Þ
: ð8Þ

The principal curvatures of the surface S are defined by

k1 ¼ Hþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2 � K

p
; k2 ¼ H�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2 � K

p
: ð9Þ

In the light of the above, the sectional curvature jn and geode-

sic torsion sg are given by

jn ¼
KH

2H2 � K
; sg ¼ �

K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2 � K
p

2 2H2 � K
� � : ð10Þ

Now, we can write the following important definition:

Definition 2.1. A regular surface in E3 is a flat (developable)

surface if K ¼ 0 and a minimal surface if H ¼ 0.
3. Curvatures on the translation surface

Let Xðu; vÞ be a translation surface in Euclidean 3-space E3

taking the form (2), where the variables u and v are the arc-

length parameters for the two generating curves aðuÞ and
bðvÞ, respectively. Let fta; na; bag be the Frenet frame field
of the curve a with curvature ja and torsion sa. Also, let

ftb; nb; bbg be the Frenet frame field of the curve b with cur-
vature jb and torsion sb.

Calculating the partial derivative of (2) with respect to u

and v respectively, we get

Xu ¼ ta; Xv ¼ tb; ð11Þ

since Xu and Xv are principal directions as any tangent vectors.

From which, the components of the first fundamental form are

E ¼ hta; tai ¼ 1; F ¼ hta; tbi ¼ cos½/ðu; vÞ�;
G ¼ htb; tbi ¼ 1; ð12Þ

where/ðu; vÞ is the angle between tangent vectors of aðuÞ andbðvÞ.
Then, the unit normal of the translation surface can be given by

Uðu; vÞ ¼ ta ^ tb
sin½/ðu; vÞ� ; sin½/ðu; vÞ�–0: ð13Þ

Also, the components of the second fundamental form of X are
obtained by

L ¼ ja cos½haðu; vÞ�;
M ¼ 0;

N ¼ jb cos½hbðu; vÞ�;

8><
>: ð14Þ

where haðu; vÞ and hbðu; vÞ are the angles between U and na; nb,
respectively.

It is worth noting that: for the degenerate curves (j ¼ 0),
the tangent, normal and binormal are constant vectors. From
this note, it is easy to prove the following theorem:
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Theorem 3.1. For the translation surface (2), we have:

(1) The two variables u and v must appear in the angle /
between the tangent vectors ta and tb if and only if the

two curves aðuÞ and bðvÞ are non-degenerate curves
(ja – 0 and jb – 0).

(2) The variable u must only appear in the angle / between
the tangent vectors ta and tb if and only if ja – 0 and

jb ¼ 0.
(3) The variable v must only appear in the angle / between

the tangent vectors ta and tb if and only if ja ¼ 0 and

jb – 0.
(4) The angle / between the tangent vectors ta and tb is con-

stant if and only if the two curves aðuÞ and bðvÞ are degen-
erate curves (ja ¼ jb ¼ 0).

From the above theorem, we can write the following
lemma:

Lemma 3.2. If the curvatures of the two generating curves of the
translation surface (2) are vanished (ja ¼ jb ¼ 0), then all

angles ha; hb and / are constants.

Now, the principal curvatures j1 and j2, the Gaussian cur-

vature K and the mean curvature H can be computed as the
following:

j1 ¼
ja cos½ha� þ jb cos½hb�

2 sin2½/�
1þ 1� 4jajb cos½ha� cos½hb� sin2½/�

ðja cos½ha� þ jb cos½hb�Þ2

" #1=20
@

1
A;

ð15Þ

j2 ¼
ja cos½ha� þ jb cos½hb�

2 sin2½/�
1� 1� 4jajb cos½ha� cos½hb� sin2½/�

ja cos½ha� þ jb cos½hb�
� �2

" #1=20
@

1
A;

ð16Þ

K ¼ k1k2 ¼
jajb cos½ha� cos½hb�

sin2½/�
; ð17Þ

H ¼ k1 þ k2
2

¼ ja cos½ha� þ jb cos½hb�
2 sin2½/�

: ð18Þ

From the Eq. (17), we can write the following:

Theorem 3.3. If one of the generating curves is a degenerate

curve, then the translation surface generated by two space curves
is developable surface.

Lemma 3.4. The translation surface generated by two space

curves in Euclidean 3-space is developable if and only if one of
the following is satisfied:

(1) The angle / is only a function of u.
(2) The angle / is only a function of v.
(3) The angle / is constant.

Proof. The proof of parts (1)–(3) is resulted from parts (2)–(4)
in theorem (3.1), respectively. h

From the Eq. (18), we can deduce the following theorem:
Theorem 3.5. The translation surface X generated by two space

curves in Euclidean 3-space is minimal surface if and only if the
following condition is satisfied:

cos½haðu; vÞ�
cos½hbðu; vÞ�

¼ � jbðvÞ
jaðuÞ

: ð19Þ

On the other hand, if the translation surface is minimal,
then the angle hb is given by:

hbðu; vÞ ¼ cos�1 � jaðuÞ cos½haðu; vÞ�
jbðvÞ

� �
: ð20Þ

Substituting the above equation in (17), we get

K ¼ � ja cos½ha�
sin½/�

	 
2

: ð21Þ
4. Classification of some points on translation surface

In this section, we will investigate how the normal curvature at
a point on a surface varies when a unit tangent vector varies. It
is known that a regular parameterized surface X : X! E3 (X is

an open subset of the plane) has two principal curvatures
j1ðu; vÞ and j2ðu; vÞ at each point p ¼ Xðu; vÞ of the surface.
If j1ðu; vÞ 6 j2ðu; vÞ then j1ðu; vÞ is the minimum of normal

curvatures in different directions at p, while j2ðu; vÞ is the max-
imum of them. If j1ðu; vÞ < j2ðu; vÞ then the principal direc-
tions corresponding to j1 and j2 are uniquely defined,

however if j1 ¼ j2 then the normal curvature is constant in
all directions and every direction is principal. Recalling that
EG� F2 is always strictly positive, we can classify some special

points such as elliptic, hyperbolic, parabolic, singular as well as
umbilical on the surface depending on the value of the Gauss-
ian curvature K, and on the values of the principal curvatures
j1 and j2 (or H). For the surface given by (2), we have the nor-

mal curvature jn as well as the geodesic torsion sg of that sur-
face in the following forms

jn ¼
jajb cos½ha� cos½hb� ja cos½ha� þ jb cos½hb�

� �
j2

a cos
2½ha� þ j2

b cos
2½hb� þ 2jajb cos½ha� cos½hb� cos2½/�

;

ð22Þ

sg¼
jajb cos½ha�cos½hb�½ðja cos½ha�þjb cos½hb�Þ2�4jajb cos½ha�cos½hb�sin2½/��

1
2

2 j2
a cos

2½ha�þj2
b cos

2½hb�þ2jajb cos½ha�cos½hb�cos2½/�
h i :

ð23Þ

Here, it is important to give the following definitions [13]:

Definition 4.1. Given a surface S, a point p 2 S belongs to one
of the following kinds:

(1) Elliptic if L N �M2 > 0, or equivalently K > 0.
(2) Hyperbolic if L N �M2 < 0, equivalently K < 0.

(3) Parabolic if L N �M2 ¼ 0 and L2 þM2 þ N 2 > 0 or
equivalently K ¼ 0 but either j1 – 0 or j2 – 0 i.e., only
one from the principal curvatures equals zero.

(4) Umbilical point (or umbilic) if the principal curvatures
at p are equal. An umbilical point p is said to be spher-
ical if j1 ¼ j2 – 0, and flat (planar) if j1 ¼ j2 ¼ 0.

Definition 4.2. A point p is an umbilical point if and only if
H2 � K ¼ 0 at this point.
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Definition 4.3. Let aðuÞ be a curve in Euclidean 3-space lying

on a surface S. The following are well-known:

(1) aðuÞ is an asymptotic line if and only if the normal cur-

vature jn vanishes.
(2) aðuÞ is a principal line if and only if the geodesic torsion

sg vanishes.
(3) aðuÞ is a geodesic curve if and only if the geodesic curva-

ture jg vanishes.

Now, according to (17), we investigate the geometric points
on the translation surface (2), so let us distinguish the follow-
ing cases:

Case (1) The point p is an elliptic point of the surface (2)
if and only if K > 0. In this case

jajb cos½ha� cos½hb� > 0 and the principal curva-
tures of the surface k1 and k2 have the same
sign. If ja and jb have the same sign, then ha

and hb 2 0; p
2

� �
or ha and hb 2 p

2
; p

� �
. When ja

and jb have opposite signs, then ha 2 ½0; p
2
Þ

and hb 2 p
2
; p

� �
or ha 2 p

2
; p

� �
and hb 2 0; p

2

� �
.

Case (2) The point p is a hyperbolic point of the surface

(2) if and only if K < 0. In this case
jajb cos½ha� cos½hb� < 0 and the principal curva-
tures of the surface k1 and k2 have opposite

signs. If ja and jb have the same sign, then
ha 2 ½0; p

2
Þ and hb 2 p

2
; p

� �
or ha 2 p

2
; p

� �
and

hb 2 0; p
2

� �
. When ja and jb have opposite signs,

then ha and hb 2 0; p
2

� �
or ha and hb 2 p

2
; p

� �
.

Case (3) The point p is a parabolic point of the surface (2)
if and only if K ¼ 0. In this case, jn ¼ 0 and
sg ¼ 0. From (17), we have jajb cos½ha� cos½hb�
¼ 0. So that one of the following is satisfied:
(3.1): ja ¼ 0 or jb ¼ 0 or cos½ha� cos½hb� ¼ 0. If
cos½ha� ¼ 0, then ha ¼ p

2
2nþ 1ð Þ; n 2 Z, so aðuÞ

is an asymptotic line as well as principal line.
Similarly, if cos½hb� ¼ 0, then hb ¼ p

2
2nþð

1Þ; n 2 Z, then bðvÞ is also an asymptotic line.

Case (4) If cos½ha� ¼ 0 and cos½hb� ¼ 0, then
ha ¼ p

2
ð2nþ 1Þ and hb ¼ p

2
ð2nþ 1Þ; n 2 Z. In

this case, the point p is a planar point of the sur-

face (2) and k1 ¼ k2 ¼ 0.
Case (5) The point p is an umbilical point of the surface

(2) if and only if H 2 � K ¼ 0. From the Eqs.
(17) and (18), we easily obtain

H2 � K ¼ 1

4 sin4½/�
j2

a cos
2½ha� þ j2

b cos
2½hb�

h
þ2jajb cos½ha� cos½hb�ð1� 2 sin2½/�Þ

�
¼ 0: ð24Þ

Based on the above equation, the point p is an umbilical

point of the surface (2) if and only if one of the following is
satisfied:

(I) ja ¼ jb ¼ 0, which implies the Gaussian and mean cur-

vatures are vanished. In this case, the point p is a planar
point and k1 ¼ k2 ¼ 0.

(II) ja ¼ 0 and hb ¼ p
2
ð2nþ 1Þ; n 2 Z, again we have

K ¼ H ¼ 0 and the point p is again a planar point.
(III) jb ¼ 0 and ha ¼ p
2
ð2nþ 1Þ; n 2 Z, one can get

K ¼ H ¼ 0 and the point p is a planar point too.
(IV) ha ¼ hb ¼ p

2
2nþ 1ð Þ; n 2 Z, lead to K ¼ H ¼ 0.

As a consequence of the above cases, we give the following
theorem:

Theorem 4.4. If the surface (2) is not a developable surface,
then there are not umbilical points on the translation surface (2)

in Euclidean 3-space.

Now, by considering Eqs. (2), (11) and (13), the singular

points on the translation surfaceXðu; vÞ are the points such that

Xu ^ Xv ¼ 0;

or equivalently

sin½/ðu; vÞ� ¼ 0;

therefore, /ðu; vÞ ¼ np; n 2 Z. So, one can get the following

theorems:

Theorem 4.5. The point Xðu0; v0Þ of the translation surface
Xðu; vÞ is a singular point if and only if

sin½/ðu; vÞ� ¼ 0;

Theorem 4.6. If the point Xðu0; v0Þ of the translation surface

Xðu; vÞ is a singular point, then we have:

(1) The angle between tangent vectors of aðuÞ and bðvÞ is
equal to np; n 2 Z.

(2) The generated aðuÞ and bðvÞ are degenerate curves, i.e.,
ja ¼ jb ¼ 0.

(3) The point X ðu0; v0Þ of the translation surface X ðu; vÞ is
an umbilical point.
5. Applications

We consider some important examples to illustrate the main
results that we have presented in our paper.

Example 5.1. Let S be the translation surface which is not

minimal and defined by (2) with generating two circular helices
curves [8]:

aðuÞ ¼ sin
u

2

h i
; cos

u

2

h i
� 1;

ffiffiffi
3
p

u

2

 !
; bðvÞ

¼ cos
v

3

h i
� 1; sin

v

3

h i
;
2
ffiffiffi
2
p

v

3

 !
: ð25Þ

The components of the first and second fundamental forms
of this surface are given by, respectively:

E ¼ 1; F ¼
ffiffiffi
2

3

r
� 1

6
sin

3 uþ 2 v

6

� �
; G ¼ 1; ð26Þ

L ¼
4þ

ffiffiffi
6
p

sin 3 uþ2 v
6

� �
4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
23þ cos 3 uþ2 v

3

� �
þ 8

ffiffiffi
6
p

sin 3 uþ2 v
6

� �q ;

M ¼ 0;

N ¼
ffiffiffi
6
p
þ 4 sin 3 uþ2 v

6

� �
9
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
23þ cos 3 uþ2 v

3

� �
þ 8

ffiffiffi
6
p

sin 3 uþ2 v
6

� �q :

ð27Þ
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At the origin, we get the following:

E ¼ G ¼ 1; F ¼
ffiffiffi
2

3

r
; L ¼ 1

2
ffiffiffi
6
p ; M ¼ 0; N ¼ 1

18
: ð28Þ

j1 ¼
2þ 3

ffiffiffi
6
p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
58þ 4

ffiffiffi
6
pp

24
; j2 ¼

2þ 3
ffiffiffi
6
p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
58þ 4

ffiffiffi
6
pp

24
;

ð29Þ

jn ¼
237� 7

ffiffiffi
6
p

4470
; sg ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
29þ 2

ffiffiffi
6
pp

4
ffiffiffi
3
p

29þ 4
ffiffiffi
6
p� � : ð30Þ

Since K > 0 and L N�M2 > 0, the origin is an elliptic point.

Example 5.2. Scherk’s Surface, obtained by H. Scherk in 1834,
is the only non-flat minimal surface that can be presented as a

translation surface of plane type [14]. Scherk’s Surface is given
by (2) with generating curves
aðuÞ ¼ u; 0;
1

a
log½sec½a u��

	 

; bðvÞ ¼ 0; v;

1

a
log½cos½a v��

	 

:

ð31Þ

For the two generating curves (31), we have

ta ¼ ðcos½a u�; 0; sin½a u�Þ; tb ¼ ð0; cos½a v�;� sin½a v�Þ;
na ¼ ð� sin½a u�; 0; cos½a u�Þ; nb ¼ �ð0; sin½a v�; cos½a v�Þ
ba ¼ ð0;�1; 0Þ; bb ¼ ð�1; 0; 0Þ
ja ¼ a cos½a u�; jb ¼ a cos½a v�:

8>>><
>>>:

ð32Þ

Then, the unit normal vector is given by

Uðu; vÞ ¼ 1

sin½/ðu; vÞ� ð� sin½a u� cos½a v�; cos½a u�

� sin½a v�; cos½a u� cos½a v�Þ; ð33Þ

where

sin½/ðu; vÞ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2½a u� sin2½a v�

q
: ð34Þ

From the above, we can obtain the following:

cos½haðu; vÞ� ¼
cos½a v�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� sin2½a u� sin2½a v�
q ; cos½hbðu; vÞ�

¼ � cos½a u�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2½a u� sin2½a v�

q : ð35Þ

On the other hand, the components E; F and G of the first fun-
damental form and L; M and N of the second fundamental

form are given by

E ¼ sec2½a u�; F ¼ � tan½a u� tan½a v�; G ¼ sec2½a v�;
L ¼ a sec2 ½a u�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sec2 ½a v�þtan2 ½a u�
p ; M ¼ 0; N ¼ �a sec2 ½a v�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sec2 ½a v�þtan2 ½a u�
p :

ð36Þ

Hence, the Gaussian curvature of the Scherk’s surface is:

K ¼ � a cos½a u� cos½a v�
1� sin2½a u� sin2½a v�

	 
2

: ð37Þ

The mean curvature is vanished, i.e., H ¼ 0.
Remark 5.1. For the minimal surface generated by the two

plane curves (31) and from the above results we can write the
following:

(1) Eq. (34) of the two variables u and v appeared in the
angle / is harmonic with Part (1) in theorem (3.1).

(2) The results in the Eqs. (32) and (35) are harmonic with
lemma (3.4) and the main theorem (3.5) of minimal

surface.
The principal curvatures as well as the normal curvature
and the geodesic torsion of Scherk’s surface are given by,

respectively:

j1 ¼ �j2 ¼
a cos½a u� cos½a v�

1� sin2½a u� sin2½a v�
; jn ¼ 0;

sg ¼ �
a cos½a u� cos½a v�

2ð1� sin2½a u� sin2½a v�Þ
: ð38Þ

At the origin, we have

E ¼ G ¼ 1; F ¼ 0; L ¼ �N ¼ a; M ¼ 0;

K ¼ �a2; j1 ¼ �j2 ¼ a; jn ¼ 0; sg ¼ � a
2
:

ð39Þ

Since, the Gaussian curvature is negative at the origin, then the
origin is a hyperbolic point.

Example 5.3. Let the translation surface S be the cylinder

defined by (2) such that one of the generating curves is a circle
with radius a and the other is a straight-line perpendicular to
the plane of the circle. These two curves can be written as:

aðuÞ ¼ ða cos½u�; a sin½u�; 0Þ; bðvÞ ¼ ð0; 0; vÞ: ð40Þ

For these curves, one can easily get the following:

E ¼ a2; F ¼ 0; G ¼ 1; L ¼ �a; M ¼ N ¼ 0;

K ¼ 0; H ¼ � 1

2 a
; j1 ¼ 0; j2 ¼ �

1

a
; jn ¼ sg ¼ 0:

ð41Þ

because L N�M2 ¼ 0 and L2 þM2 þN2 > 0, then, all points

on the cylinder are parabolic points.

Example 5.4. Let S be a translation surface given by (2) with
generating two plane curves lying on parallel planes and given
by [15]:

aðuÞ ¼
R

cos
R

jaðuÞ du
� �

; sin
R

jaðuÞ du; 0
� �� �

du;

bðvÞ ¼
R

cos
R

jbðvÞ dv
� �

; sin
R

jbðvÞ dv
� �

; 0
� �

dv;
ð42Þ

where ja and jb are the curvatures of the two curves aðuÞ and
bðvÞ, respectively. By straightforward computations, one can
obtain the following:

E ¼ 1; F ¼ cos
R

jaðuÞ duþ
R

jbðvÞ dv
� �

; G ¼ 1;

L ¼M ¼ N ¼ K ¼ H ¼ j1 ¼ j2 ¼ 0:
ð43Þ

In this case Uu ¼ Uv ¼ 0, therefore the normal vector is con-
stant along the surface. The derivative of the function hU;Xi
with respect to u and v is hU;Xui ¼ hU;Xvi ¼ 0 because U is

perpendicular to the tangent vectors Xu;Xv, hence hU;Xi is
constant and the surface is contained in a plane. This means
that all points of the surface S are planar points while this sur-
face has not umbilical points.
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Example 5.5. Let S be a surface in Euclidean 3-space, then S is

written as

Xðu; vÞ ¼ aðuÞ þ bðvÞ; ð44Þ

with generated curves

aðuÞ ¼ ðu3; 0; 0Þ; bðvÞ ¼ ð0; v3; 0Þ; u 2 ½�1; 1�; v 2 ½�1; 1�:

Calculating the partial derivative of (44) with respect to u and v
respectively, we get

Xu ¼ ð3u2; 0; 0Þ;
Xv ¼ ð0; 3v2; 0Þ:

�

Then

Xu ^ Xv ¼ ð0; 0; 9u2v2Þ:

At the origin, by a straightforward computations, one can get

the following:

Xu ^ Xv ¼ ð0; 0; 0Þ:

Since Xu ^ Xv ¼ 0, hence the origin is a singular point.
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