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1. Introduction and preliminaries

Mursaleen and Noman [1] introduced the notion of A-conver-
gent and /-bounded sequences as follows :

Let 2 = (A);—, be a strictly increasing sequence of positive
real numbers tending to infinity i.e.

0< <A <---and A — oo as k — oo

and said that a sequence x = (x;) € w is A-convergent to the
number L, called the A-limit of x if A, (x)—L as m — oo,
where

] m
In(X) =3 (e = )i

Ao 15
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The sequence x=(xx)€w is A-bounded if
sup,,|4,,(x)] < oo. It is well known [1] that if lim,,x,, = a in
the ordinary sense of convergence, then

) 1 m
h/}}l (; (Z()vk — A1) Xk — a|) =0.
fm\ k=1

This implies that

«LZ(/M — Jx—1)(Xx — a)

Am 1

lim|4,,(x) — a] = lim =0

m

which yields that lim,,4,,(x) = @ and hence x = (x;) € w is 4-
convergent to a.

Let w be the set of all sequences, real or complex numbers
and /., c and ¢y be respectively the Banach spaces of bounded,
convergent and null sequences x = (x;), normed by
sup,|xx|, where k € N, the set of positive integers.

A modulus function is a function f: [0, 00) — [0, 00) such
that

X

(1) f(x) =0 if and only if x =0,
@ flx+y) <fx)+f(y) forallx =0,y = 0,
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(3) fis increasing
(4) f'is continuous from right at 0.

It follows that fmust be continuous everywhere on [0, 00).
The modulus function may be bounded or unbounded. For
example, if we take f(x) =}, then f(x) is bounded. If
fix)y=x" 0<p<1, then the modulus f(x) is unbounded.
Subsequently, modulus function has been discussed in ([2-15])
and many others.

Let X be a linear metric space. A function p : X — R is

called paranorm, if

(1) p(x) = 0, for all x € X,

(2) p(—x) = p(x), for all x € X,

(3) plx + ) < plx) + p(v), for all x,y € X,

4) if (4,) is a sequence of scalars with 4, — 1 as n — oo
and (x,) is a sequence of vectors with p(x, —x) —
0 as n — oo, then p(A,x, — Ax) — 0 as n — oco.

A paranorm p for which p(x) = 0 implies x = 0 is called to-
tal paranorm and the pair (X, p) is called a total paranormed
space. It is well known that the metric of any linear metric
space is given by some total paranorm (see [16], Theo-
rem 10.4.2, P-183).

Let F = (f;) be a sequence of modulus function, X be a lo-
cally convex Hausdorff topological linear spaces whose topol-
ogy is determined by a set Q of continuous seminorm
g, p = (p;) be a bounded sequence of positive real numbers.
By w(X) be denotes the spaces of all sequences defined over
X. Now, we define the following sequence spaces in the present

paper:

- L))" =0,

Z [ﬁ\ A/(

w(A, F,p,q) = {x e w(X

as n — oo for some L},

wo(A,F,p,q) = {x ew(X) I%i[ﬁ((ﬁl(/l/c(x)))]l’k —0,asn— oo}
and
WA, Fop,q) = {x € wX)supt S gL < oo}.

If F(x) = x, we have

X

(q(Ae(x) = L))" =0,
k=1

S| =

w(A,p,q) = {x e w(X):

as n — oo for some L},

B

1
n

wo(A4,p,q) = {x ew(X):
=1

(q(Ac(x)))™ — 0, as n — oo}

and

Weo (A, p,q) = {x e w(X): sgp%i(q(/lk(x)))pk < OO}.

If p=(p,) =1, for all k € N, we shall write above spaces
as

w(A, F,q) = {x e w(X E fi(g(Ax(x

L)) =0,

as n — oo for some L},

wo(A, F,q) = {x € w(X)

% En fi(q(Ax(x))) — 0, as n — oo}
k=1
and

Weo(A, F,q) = {x e w(X): sgp%if}f(q(/lk(x))) < oo}.

The following inequality will be used throughout the paper.
If0 < h=infp, <p, <supp, = H, D =max(1,27"") then

lax + bil™ < D{|a|™ + [bx]"*} (L.1)

for all k and a;, by € C. Also |a”* < max(1,|a|") foralla € C.

The main purpose of this paper is to introduce the sequence
spaces defined by a sequence of modulus function F = (f;). We
study some topological properties and prove some inclusion
relations between these spaces.

2. Main results

Theorem 2.1. Let F = (f;) be a sequence of modulus function,
p = (pi) be a bounded sequence of positive real numbers. Then
w(A, F,p,q), wo(A, F,p,q) and ws (A, F,p,q) are linear spaces
over the field of complex numbers C.

Proof. Let x, y € wo(A, F,p,q) and o, € C, there exists M,
and N integers such that |o| < M, and |f| < Ny. Since F is
subadditive and ¢ is a seminorm. Therefore

%immwwxwy)))w <%ﬁ[<ma\qu(x>>+ﬁ,|ﬁ\q<Ak(y)>>1”'\
D)L Il
N/f Z[fk (Ax()]* —0.

Ak X) ]p/

This proves that wy(A, F,p,q) is a linear space. Similarly,
we can prove that w(A, F,p,q) and w. (A, F,p,q) are linear
spaces. [

Theorem 2.2. Let F = (fi) be a sequence of modulus function,
p = (pi) be a bounded sequence of positive real numbers. Then
wo(A, F,p,q) is a paranormed space with paranorm

L
Sup{ Z[fk Ak ][]A } )

where H = sup p, < oo and M = max(l, H).

Proof. Clearly, g(x) = g(—x), x =0 implies A;(x) =6 and
such that ¢(6) = 0 and f;(0) = 0, where 6 is the zero sequence.
Therefore g(0) =0. Since p,/M <1 and M > 1, using the
Minkowski’s inequality and definition of F = (f;) for each n,
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() + A >>>} }

I
}' v {12 ﬁ(q(Akum} } .

Now it follows that g is subadditive. Finally, to check the
continuity of multiplication, let us take any complex number
u. By definition of F = (f;), we have

(i

k=1

1 n
< {ZZ

1 (q(Ak(x)) + (A (»)

k=1

{2

k

k(g(Ax(x)))

g(uX)—sup{ii L(q(Ak(MX)))] } < KM (x),

n k=1

where K, is an integer such that |u| < K,,. Now, let u — 0 for
any fixed x with g(x) # 0. By definition of f for |u| < 1, we
have

1 n

Also, for 1 < n < N, taking A small enough, since F = (f;)
is continuous, we have

fk(q(/lk(ﬂx)))] <e 2.1

(2.2)

1<
n k=1

Eqgs. (2.1) and (2.2) together imply that g(ux) — 0 as u — 0.
This completes the proof of the theorem. [

fk(q(/lk(x))):| <e

Theorem  23. Let  F=(fi),F = (f,),F' = (f}) are
modulus  functions and 0 <h=infp, < p, <supp, =
H < 0o. Then

(l) WO(A»F/7P7q) gWU(AvFOF/ap7q)’

(11) WO(A7F,7p7q) mWO(A>F”7P7CI) QWO(/LFI +FN7P7‘])'

Proof. (i) Let x € wo(A, F,p,q). Let € > 0 and choose § with
0<d<1 such that fi(f)<e for 0<r<d. Write
v =/fi.(q(Ax(x))) and consider

i[ﬁ”( Pk _Z[f" ]PA _,’_ka m(

where the first summation is over y < é and the second over
y > 9. Since F = (f;) is continuous, we have

AR

and for y > 6 we use the fact that

h II)

7 < nmax(e", e (2.3)

y v
Y142,
5<%

By the definition of F =

yr<
(f+), we have for y > 6,

A0 <aO[1+ (3)] <203

Hence

%;m( f’k<max< (2fk (2.4)
By (2.3) and (2.4),
FoF,p,q).

(i) Let x € wo(A, F,p,q) Nwo(A, F',p,q). Then using
inequality (1.1) it can be shown that x & wy(A,F+
F'.p,q). Hence wo(A,F,p,q) \wo(A, F',p,q) Cwo(A, F+
F'.p,q). O

) ) > by~

we have wy(4,F,p,q) Twy(A,

Corollary 2.4. Let F = (f),
Sfunctions. Then

F =) F

= (f}) are modulus

(1) w(A,F',p,q) Cw(A,F o F',p,q);
(i) w(A, F',p,q) " w(A,F",p,q) Cw(A,F' + F",p,q);
(iil) Woo (A, F',p,q) CWool A, F 0 F', p, q);

(V) Woo (A, F', p, @) "Woo (A, F", p,q) CWoo (A, F' + F", p,q).

Proof. Itis easy to prove by using Theorem 2.3, so we omit the
details. [

Theorem 2.5. Let F = (fi.) be a sequence of modulus functions.
For any two sequences p = (p,) and t = () of positive real
numbers and q,,q, be any two seminorms. Then, we have

) WO(A>F7P7‘]1) mWO(A7F7t7q2)7£¢;
(ll) W(AvFapaql) mW(AvFv taq2)¢¢;
(111) WOC(Avvav ql) mWOO(A’Fv tqu) # ‘zb

Proof. (i) Since the zero element belongs to wy(A, F,p, ¢,) and
wo(A, F,1,q,), thus the intersection is non-empty. Similarly, we
can prove (ii) and (iii) in view of (i). [

Proposition 2.6. Let F = (fi) be a sequence of modulus func-
tions. Then

(1) WO(A>p7q)gW0(A7F7paq);
(i) w(A,p,q) CW(A,F.p.q);
(111) WOC(A7p7q) QWOO(Avvavq)

Proof. It is easy to prove, so we omit it. []

Theorem 2.7. Let 0 < p, <r, and ({:—’) be bounded, then
W(A, F7 r, q) c W(A7 F7p7 q)

Proof. Let x € w(A, F,r,q). Let # = [fi(q(Ax(x) — L))]"* and
W, = (f—:) for all k € N so that 0 < u <y < 1. Define the

sequence (u;) and (vx) as follows:

Fort# > 1,letu; =t and vy = 0 and for 7, < 1, let up =0
and v, = 1.

Then cledrly for all k¢ N we have 1 =uy + v, (4
= + v u < < 1 and vi* <. Therefore

1 1 "
—ZZM \;;l‘k-i‘ E}{Z}V{{| .

Hence x € w(A, F,p, q). Thus w(A, F,r,q) Cw(A, F,p,q).
This completes the proof of the theorem. [J
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3. Statistical convergence

The notion of statistical convergence of sequences was intro-
duced by Fast [17], Buck [18], and Schoenberg [19] indepen-
dently. It is also found in Zygmund [20], later on it was
studied from sequence space point of view and linked with
summability theory by Fridy [21], Connor [22], Salat [23],
Maddox [24], Kolk [25], Rath and Tripathy [26], Tripathy
[27] and many others. The notion depends on the density of
subsets of the set N of natural numbers. A subset E of N is said
to have density 6(E) if §(E) =lim, 137 xp(k) exists,
where y is the characteristic function of E

A sequence x is said to be statistically convergent to L(i.e
xe C) if for every € > 0,0({k € N: |x| = €}) =0. We write
x5 L or stat-limx = L.

A sequence x is said to be A-statistically convergent to
LeX if for all qeQ and any
€>0, lim,_ L {k <n:q(A(x) — L) < e}| =0, where the
vertical bars indicate the number of elements in the closed
set. In this case we write x — L(S(A)). The set of A-statistical
convergent sequences will be denoted by S(A).

Theorem 3.1. Let F = (f;) be a sequence of modulus function
and supyp, = H < 0o. Then w(A, F,p,q) C S(A).

Proof. Let x € w(A, F,p,q). Take ¢ € Q,e > 0 and ), denote
the sum over k < n with ¢(Ax(x) — L) > eand ), denote the
sum over k < n with g(A(x) — L) < e. Then

))]”’)

S ) - P
k=1
()~ L)

= % (Z[fk(fl(/lk(x) NP+ ka
> LS e - DI > 1S (RO
> 1 Y min(((o]" (o)) = Ik < s g(4

> e} min([fi(e)]", [(e)]")
Hence x € S(4). O

Theorem 3.2. Let F=() be
0 <h=infp, < p, <sup, = H < oo.
S(A) C w(A,F,p,q).

bounded and
Then

Proof. Suppose that F= (f;) be bounded. Let g € Q,e >0
and ), and ), was denoted in Theorem 3.1. Since F = (f;)
is bounded there exists an integer K such that f;(x) < K for
all x > 0. Then

LS g - Ly
k=1

< (Zm(mm -
SR

gmax(K”,KH)rll\{kgn:q(/lk(x) —L)

)P+ S Al ()~ me>
g%Zmax(Kh,KH)

> e} +max([fi(e)]", [(e)]").
Hence x € w(A, F,p,q). O

Theorem 3.3. S(A) =
bounded.

w(A,F,q) if and only if F=(f;) is

Proof. Let F = (f;) be bounded. By Theorems 3.1 and 3.2, we
have S(A) = w(A, F, q).

Conversely, suppose that S(A) = w(A, F,q) and F = (f;) is
unbounded, then there exists a positive sequence (z,) with
flt) =n*,n=1,2,3,....1f we choose

Ae(x) {tn, k=n* n=1,2,.
X) =
, 0, otherw1se

Then we have

N

%|{k<n:q(/1k(x) )2 <0 n oo

Hence x — 0(S(A)), but x ¢ w(A, F,q) for ¢ = |x| and X = C.
Indeed let ¢ = |x| and X = C. Then

Ar(x) = (A (x1), Ar(x2), Ak (x3), Ar(X4), - - -,
Ak(x8)7/1k(x9)7/1k(x10)7--~a/1k(x16)a-~-)
= ([170,0,t2,0,...,0,[3,0,...707t470,...,0,[5,0,....)
Let
1 n
Sn :;kau/lk(x))
k=1
Then
1 +1D(2n+1
S0 =;(12+22+32+ ..+n2):%.

Now the subsequence (s,2) of (s,) is unbounded. Therefore
(8n) & W (4, F,q) and hence (s,) ¢ w(A, F, ). This contradicts
S(A) =w(A,F,q). This completes the proof of the
theorem. O
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