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Abstract We describe and analyze some fractional order models for disease transmission with

vaccination. In particular, we give conditions for the existence of multiple endemic equilibria and

backward bifurcations. Numerical solutions of the models are given. Numerical simulations have

been used to verify the theoretical analysis.
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1. Introduction

Recently, mathematical models describing the dynamics of

human infectious diseases have played an important role in
the disease control in epidemiology. Researchers have pro-
posed many epidemic models to understand the mechanism

of disease transmission [1].
Usually, these classical epidemic models have only one en-

demic equilibrium when the basic reproduction number
R0 > 1, and the disease-free equilibrium is always stable when

R0 < 1 and unstable when R0 > 1. So the bifurcation leading
from a disease-free equilibrium to an endemic equilibrium is
forward. For a forward bifurcation, the bifurcation curve is

as shown in Fig. 1 [1–5].
But in recent years, the phenomenon of the backward bifur-
cations has caused interest in disease control (see [6–15]). In
this case, the basic reproduction number cannot describe the

necessary disease elimination effort any more. Thus, it is
important to identify backward bifurcations and establish
thresholds for the control of diseases.

When forward bifurcation occurs, the condition R0 < 1 is
usually a necessary and sufficient condition for disease eradica-
tion, whereas it is no longer sufficient when a backward bifur-

cation occurs. In fact, the backward bifurcation scenario
involves the existence of a subcritical transcritical bifurcation
at R0 ¼ 1 and of a saddle-node bifurcation at R0 ¼ Rc

0 < 1.

There may be multiple positive endemic equilibria for values
of R0 < 1 and a backward bifurcation at R0 ¼ 1. This means
that the bifurcation curve has the form shown in Fig. 2 with
a broken curve denoting an unstable endemic equilibrium that

separates the domains of attraction of asymptotically stable
equilibria.

Differential equations of fractional order have been the

focus of many studies due to their frequent appearance in var-
ious applications in fluid mechanics, economic, viscoelasticity,
biology, physics and engineering. Recently, a large amount of
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Figure 2 Backward bifurcation.
Figure 1 Forward bifurcation.
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literature has been developed concerning the application of
fractional differential equations in nonlinear dynamics [16].

In this paper we study some fractional order models for dis-

ease transmission with vaccination. The stability of equilib-
rium points is studied. Backward bifurcation in fractional
order systems is studied. Numerical solutions of these models
are given. Numerical simulations have been used to verify

the theoretical analysis.
The reason for considering a fractional order system in-

stead of its integer order counterpart is that fractional order

differential equations are generalizations of integer order
differential equations also fractional order calculus naturally
includes memory effects which are important.

We like to argue that the fractional order models are at
least as good as integer order ones in modeling biological,
economic and social systems (generally complex adaptive

systems) where memory effects are important.
In Section 2 the equilibrium points and their asymptotic

stability of differential equations of fractional order are
studied. In Sections 3–5 the models are presented and dis-

cussed. In Section 6 numerical solutions of the models are
given.

Now we give the definition of fractional-order integration

and fractional-order differentiation:

Definition 1. The fractional integral of order b 2 Rþ of the
function fðtÞ; t > 0 is defined by

IbfðtÞ ¼
Z t

0

ðt� sÞb�1

CðbÞ fðsÞ ds ð1Þ

and the fractional derivative of order a 2 ðn� 1; n� of
fðtÞ; t > 0 is defined by

DafðtÞ ¼ In�aDnfðtÞ; D ¼ d

dt
: ð2Þ

For the main properties of the fractional-orders derivatives
and integrals [17–22].
Figure 3 Stability region of the fractional-order system.
2. Equilibrium points and their asymptotic stability

Let a 2 ð0; 1� and consider the initial value problem [23,24]
DaxðtÞ ¼ fðxðtÞÞ; t > 0 and xð0Þ ¼ xo: ð3Þ

To evaluate the equilibrium points of (3) let DaxðtÞ ¼ 0,

then fðxeqÞ ¼ 0 from which we can get the equilibrium
points.

To evaluate the asymptotic stability, let xðtÞ ¼ xeq þ eðtÞ,
which implies that

DaeðtÞ ¼ f0ðxeqÞeðtÞ; t > 0 and eð0Þ ¼ xo � xeq: ð4Þ

Now let the solution eðtÞ of (4) be exists. So if eðtÞ is increas-
ing, then the equilibrium point xeq is unstable and if eðtÞ is
decreasing, then the equilibrium point xeq is locally asymptot-

ically stable.
Let a 2 ð0; 1� and consider the system [25–29]

Day1ðtÞ ¼ f1ðy1; y2Þ;
Day2ðtÞ ¼ f2ðy1; y2Þ; ð5Þ

with the initial values
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y1ð0Þ ¼ yo1 and y2ð0Þ ¼ yo2: ð6Þ

To evaluate the equilibrium points, let

DayiðtÞ ¼ 0) fi y
eq
1 ; y

eq
2ð Þ ¼ 0; i ¼ 1; 2 from which we can get

the equilibrium points yeq1 ; y
eq
2 .

To evaluate the asymptotic stability, let yiðtÞ ¼ yeqi þ eiðtÞ,
so the equilibrium point ðyeq1 ; y

eq
2 Þ is locally asymptotically

stable if both the eigenvalues of the Jacobian matrix

A ¼
@f1
@y1

@f1
@y2

@f2
@y1

@f2
@y2

" #

evaluated at the equilibrium point satisfies [25–29].

ðj argðk1Þj > ap=2; j argðk2Þj > ap=2Þ: ð7Þ

The stability region of the fractional-order system with
order a is illustrated in Fig. 3 (in which r;x refer to the real

and imaginary parts of the eigenvalues, respectively, and
j ¼

ffiffiffiffiffiffiffi
�1
p

). From Fig. 3, it is easy to show that the stability
region of the fractional-order case is greater than the stability

region of the integer-order case.
The eigenvalues equation of the equilibrium point yeq1 ; y

eq
2ð Þ

is given by the following polynomial [25]:

pðkÞ ¼ k2 þ a1kþ a2 ¼ 0: ð8Þ

The conditions for (7) are either Routh–Hurwitz conditions
or:

a1 < 0; 4a2 > ða1Þ2; tan�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a2 � ða1Þ2

q
=a1

� �����
���� > ap=2: ð9Þ
3. Fractional-order SIS model

Let SðtÞ and IðtÞ denote the numbers of susceptible, infective
individuals at time t respectively. The fractional-order SIS
model is given by [3]

DaSðtÞ ¼ K� bSI� lSþ cI;

DaIðtÞ ¼ bSI� ðlþ cÞI; ð10Þ

with the incorporation of a constant birth rate K in the suscep-

tible class and a proportional natural death rate l in each class
and no disease deaths, b is the infectious contact rate, c is the
recovery rate for the disease and 0 < a 6 1.

In (10) the total population size N ¼ Sþ I and
DaN ¼ K� lN.

Also we can reduce the dimension of the system (10) by

using S ¼ N� I ¼ K� I where K ¼ K=l is the population
carrying capacity to give the single fractional order differential
equation

DaIðtÞ ¼ bðK� IÞI� ðlþ cÞI: ð11Þ

To evaluate the equilibrium points, let DaIðtÞ ¼ 0, then

Ieq ¼ 0; K 1� 1
R0

� �
; R0 ¼ bK

ðlþcÞ are the equilibrium points.

Now, to study the stability of the equilibrium points [3,24],
we have

DaIðtÞ ¼ fðIðtÞÞ; fðIðtÞÞ ¼ bðK� IÞI� ðlþ cÞI;

f0ð0Þ ¼ bK� ðlþ cÞ < 0 if R0 < 1:

Hence a disease-free equilibrium I ¼ 0 is locally asymptotically
stable if R0 < 1.

Also for the equilibrium point I ¼ K 1� 1
R0

� �
we have

f0 K 1� 1
R0

� �� �
¼ �bK 1� 1

R0

� �
< 0 if R0 > 1. Hence if

R0 > 1 the disease-free equilibrium I ¼ 0 is unstable but there

is an endemic equilibrium K 1� 1
R0

� �
> 0 which is locally

asymptotically stable.

4. Existence of uniformly stable solution

Let x1ðtÞ ¼ SðtÞ; x2ðtÞ ¼ IðtÞ; f1ðx1ðtÞ; x2ðtÞÞ ¼ K � bx1ðtÞx2

ðtÞ � lx1ðtÞ þ cx2ðtÞ, and f2ðx1ðtÞ; x2ðtÞÞ ¼ bx1ðtÞx2ðtÞ�
ðlþ cÞx2ðtÞ. Let D ¼ fx1; x2 2 R : jxiðtÞj 6 a; t 2 ½0;T�; i ¼
1; 2g, then on D we have j @

@x1
f1ðx1; x2Þj 6 k1; j @@x2 f1ðx1; x2Þj

6 k2; j @@x1 f2ðx1; x2Þj 6 k3 and j @
@x2

f2 ðx1; x2Þj 6 k4, where

k1; k2; k3 and k4 are positive constants.
This implies that each of the two functions f1; f2 satisfies the

Lipschitz condition with respect to the two arguments x1 and

x2, then each of the two functions f1; f2 is absolutely continu-
ous with respect to the two arguments x1 and x2.

Consider the following initial value problem which repre-
sents the fractional-order SIS model (12) and (13)

Dax1ðtÞ ¼ f1ðx1ðtÞ; x2ðtÞÞ; t > 0 and x1ð0Þ ¼ xo1; ð12Þ
Dax2ðtÞ ¼ f2ðx1ðtÞ; x2ðtÞÞ; t > 0 and x2ð0Þ ¼ xo2: ð13Þ
Definition 2. By a solution of the fractional-order SIS model
(12) and (13) we mean a column vector ðx1ðtÞ x2ðtÞÞs; x1 and
x2 2 C½0;T�;T <1 where C½0;T� is the class of continuous
functions defined on the interval ½0;T� and s denote the

transpose of the matrix.



0

2

4

6

8

10

12

14

16

18

20

0 2 4 6 8 10 12 14 16 18 20

t

V(t)

α=1.0

α=0.95

α=0.9

Figure 6

0

2

4

6

8

10

12

14

16

18

0 5 10 15 20

t

I(t)

α=1.0

α=0.95

α=0.9

Figure 7

52 H.A.A. El-Saka
Now we have the following theorem:

Theorem 1. The fractional-order SIS model (12) and (13) has a
unique uniformly Lyapunov stable solution.

Proof. Write the model (12) and (13) in the matrix form

DaXðtÞ ¼ FðXðtÞÞ; t > 0 and Xð0Þ ¼ Xo ð14Þ

where XðtÞ ¼ ðx1ðtÞ x2ðtÞÞs, and FðXðtÞÞ ¼ ðf1ðx1ðtÞ; x2ðtÞÞ
f2ðx1ðtÞ; x2ðtÞÞÞs. Now applying Theorem 2.1 [30] we deduce that
the fractional-order SIS model (12) and (13) has a unique
solution. Also by Theorem 3.2 [30] this solution is uniformly
Lyapunov stable. h
5. Fractional-order vaccination model

According to the theory of asymptotically autonomous
systems, this result extends to the system [3]

DaSðtÞ ¼ KðNÞ � bðNÞSI� lSþ cI;

DaIðtÞ ¼ bSI� ðlþ cÞI;
ð15Þ

where the population carrying capacity K is now defined by

KðKÞ ¼ lK;K0ðKÞ < l and the contact rate bðNÞ is now a
function of total population size with NbðNÞ nondecreasing
and bðNÞ non-increasing.

To the model (15) we add the assumption that in unit time a
fraction / of the susceptible class is vaccinated. The vaccina-
tion may reduce but not completely eliminate susceptibility

to infection. We model this by including a factor
r; 0 6 r 6 1, in the infection rate of vaccinated members with
r ¼ 0 meaning that the vaccine is perfectly effective and r ¼ 1
meaning that the vaccine has no effect. We assume also that

the vaccination loses effect at a proportional rate h. We
describe the new fractional order model by including a vacci-
nated class V, with [3]

DaSðtÞ ¼ KðNÞ � bðNÞSI� ðlþ /ÞSþ cIþ hV;

DaIðtÞ ¼ bðNÞSIþ rbðNÞVI� ðlþ cÞI;
DaVðtÞ ¼ /S� rbðNÞVI� ðlþ hÞV;

ð16Þ

where 0 < a 6 1
In (16) the total population size N ¼ Sþ Iþ V and

DaN ¼ KðNÞ � lN.
We may replace N by K and S by K� I� V to give the

qualitatively equivalent fractional order system

DaIðtÞ ¼ b½K� I� ð1� rÞV�I� ðlþ cÞI;
DaVðtÞ ¼ /½K� I� � rbVI� ðlþ hþ /ÞV;

ð17Þ

with b ¼ bðKÞ. The system (17) is the basic vaccination frac-
tional order model which we will analyze. We remark that if
the vaccine is completely ineffective, r ¼ 1, then (17) is equiv-

alent to the fractional order SIS model (11). If there is no loss
of effectiveness of vaccine, h ¼ 0, and if all susceptibles are
vaccinated immediately (formally, /!1), the model (17) is

equivalent to DaIðtÞ ¼ rbIðK� IÞ � ðlþ cÞI, which is the
same as (11) with b replaced by rb and has basic reproductive
number R�0 ¼ rbK

ðlþcÞ 6 rR0 6 R0.

For the fractional order model (17) to evaluate the equilib-
rium points, let

DaI ¼ 0; DaV ¼ 0;

then there is a disease-free equilibrium ðIeq;VeqÞ ¼
ð0; /

ðlþhþ/ÞKÞ.
For ðIeq;VeqÞ ¼ ð0;/ K

ðlþhþ/ÞÞ we find that

A ¼
�ð1� rÞbV� ðlþ cÞ þ bK 0

�ð/þ rbVÞ �ðlþ hþ /Þ

� 	
;

and its eigenvalues are

k1 ¼ �ðlþ hþ /Þ < 0;

k2 ¼ �ð1� rÞb /
ðlþ hþ /ÞK� ðlþ cÞ þ bK < 0 if

Rð/Þ ¼ ðlþ hþ r/Þ
ðlþ hþ /Þ R0 < 1:

Hence the disease-free equilibrium ðIeq;VeqÞ ¼ 0; /
ðlþhþ/ÞK

� �
is

locally asymptotically stable if Rð/Þ < 1.

For / ¼ 0 is that of no vaccination with Rð0Þ ¼ R0, and if
/ > 0 then Rð/Þ < R0, that if R0 < 1 the disease-free equilib-
rium is locally asymptotically stable. We note that

lim/!1Rð/Þ ¼ rR0 < R0 [3].
If r ¼ 1, meaning that the vaccine has no effect, we have

seen that (17) is equivalent to the fractional order SIS model

(11) and if R0 > 1 there is a unique endemic equilibrium which
is locally asymptotically stable. If 0 6 r < 1 there is an
endemic equilibrium ðIeq;VeqÞ.
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An endemic equilibria are solutions of the pair of equations

b½K� I� ð1� rÞV� ¼ lþ c;

/½K� I� ¼ rbVIþ ðlþ hþ /ÞV;

which give an equation of the form

AI2 þ BIþ C ¼ 0 ð18Þ

with

A ¼ rb;B ¼ ðlþ hþ r/Þ þ rðlþ cÞ � rbK;

C ¼ ðlþ cÞðlþ hþ /Þ
b

� ðlþ hþ r/ÞK;

and its eigenvalues are given by an equation

k2 þ a1kþ a2 ¼ 0;

where

a1 ¼ ½lþ hþ /þ ðrþ 1ÞbI� > 0;

a2 ¼ bI½2AIþ B� > 0 ifð2AIþ BÞ > 0:

Hence if ð2AIþ BÞ > 0 an endemic equilibrium ðIeq;VeqÞ is lo-
cally asymptotically stable [25].

If r ¼ 0 Eq. (17) give I ¼ K 1� 1
Rð/Þ

h i
> 0 if Rð/Þ > 1. Thus

for r ¼ 0 there is a unique endemic equilibrium if Rð/Þ > 1

which approaches zero as Rð/Þ ! 1 and there cannot be an en-
demic equilibrium if Rð/Þ < 1. In this case it is not possible to
have a backward bifurcation at Rð/Þ ¼ 1.

If r > 0 so that (18) is quadratic and if Rð/Þ > 1 (C < 0),
then there is a unique positive root of (18)

I ¼ �Bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � 4AC
p

2A

and thus there is a unique endemic equilibrium.

If Rð/Þ ¼ 1 (C ¼ 0), we obtain

AI2 þ BI ¼ 0

I ¼ 0;�B=A > 0; if B < 0:

Then if B < 0 when C ¼ 0 (Rð/Þ ¼ 1) there is a unique positive
endemic equilibrium.

If B ¼ �2
ffiffiffiffiffiffiffi
AC
p

< 0, Then there is a unique positive ende-
mic equilibrium I ¼ �B=2A.

If Rð/Þ < 1 (C > 0), we obtain

I ¼ �B�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2 � 4AC
p

2A
> 0 if

B < 0;B2 > 4AC; or B < �2
ffiffiffiffiffiffiffi
AC
p

:

Then if B < 0;B2 > 4AC, or B < �2
ffiffiffiffiffiffiffi
AC
p

when C > 0
(Rð/Þ < 1) there are two positive endemic equilibrium and if
C > 0 and either B P 0;B2 < 4AC, there are no endemic

equilibria.
Now we have the following theorem:

Theorem 2. The fractional order system (17) has a backward
bifurcation at Rð/Þ ¼ 1 if and only if B < 0 when b is chosen to

make C ¼ 0 [3].

We can give an explicit criterion in terms of the parameters
l; c; h;/; r for the existence of a backward bifurcation at
Rð/Þ ¼ 1 [3]. When Rð/Þ ¼ 1; ðC ¼ 0Þ so that

ðlþ hþ r/ÞbK ¼ ðlþ cÞðlþ hþ /Þ; ð19Þ

which reduces to

rð1� rÞðlþ cÞ/ > ðlþ hþ r/Þ2: ð20Þ

A backward bifurcation occurs at Rð/Þ ¼ 1, with bK given by
(19) if and only if (20) is satisfied.

If (20) is satisfied, so that there is a backward bifurcation at
Rð/Þ ¼ 1, there are two endemic equilibria for an interval of

values of b [3] from

bK ¼ ðlþ cÞðlþ hþ /Þ
ðlþ hþ r/Þ

corresponding to Rð/Þ ¼ 1 to a value bc defined by
B ¼ �2

ffiffiffiffiffiffiffi
AC
p

so that

bcK ¼
rðlþ cÞ þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rð1� rÞðlþ cÞ/

p
� ðlþ hþ r/Þ

r
; ð21Þ

and the critical basic reproductive number Rc is given by [3]

Rc ¼
ðlþhþr/Þ
ðlþhþ/Þ

rðlþcÞþ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rð1�rÞðlþ cÞ/

p
�ðlþhþr/Þ

rðlþ cÞ

" #
< 1: ð22Þ
6. Numerical methods and results

For the single fractional order SIS Eq. (11), the approximate
solutions are displayed in Figs. 4 and 5 for Ið0Þ ¼ 5:0 and dif-
ferent 0 < a 6 1.

In Fig. 4 we take b ¼ 0:1; l ¼ 0:5; K ¼ 20; c ¼ 0:5, and

found that the equilibrium point Ieq ¼ K 1� 1
R0

� �
¼ 10:0

� �
is

locally asymptotically stable where R0 ¼ 2:0 > 1.
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In Fig. 5 we take b ¼ 0:1; l ¼ 0:5;K ¼ 2:0; c ¼ 0:5, and
found that the equilibrium point (Ieq ¼ 0Þ is locally asymptot-
ically stable where R0 ¼ 0:2 < 1.

For the fractional-order vaccination model (17), the
approximate solutions are displayed in Figs. 6–9 for
Ið0Þ ¼ 6:0;Vð0Þ ¼ 20:0 and different 0 < a 6 1.

In Figs. 6 and 7 we take b ¼ 0:2;K ¼ 25:0; l ¼ 0:1; c ¼
12:0;/ ¼ 3:0; h ¼ 0:5; r ¼ 0:2, and found that the equilibrium
point (17:1484; 2:252Þ is locally asymptotically stable where

Rð/Þ ¼ 1:37741 > 1.
In Figs. 8 and 9 we take b ¼ 1:0;K ¼ 25:0; l ¼ 0:1; c ¼

12:0;/ ¼ 3:0; h ¼ 0:5; r ¼ 0:2, and found that the equilibrium
point (0; 20:8333Þ is locally asymptotically stable where

Rð/Þ ¼ 0:688705 < 1.

7. Conclusions

In this paper we study some fractional order models for disease
transmission with vaccination. The stability of equilibrium
points is studied. Backward bifurcation in fractional order sys-

tems is studied. Numerical solutions of these models are given.
Numerical simulations have been used to verify the theoretical
analysis.

The reason for considering a fractional order system in-
stead of its integer order counterpart is that fractional order
differential equations are generalizations of integer order

differential equations. Also bifurcation in fractional order
systems may differ from that of integer order.

We like to argue that fractional order equations are more
suitable than integer order ones in modeling biological, eco-

nomic and social systems (generally complex adaptive systems)
where memory effects are important.

To the best of my knowledge this is the first paper on back-

ward bifurcation in fractional order system.
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