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1. Introduction

Recently, some new distributions using sine
function has been presented in (Kumar and et al
(2015); Hassan and Abdel-Salam (2010); Sinha
(2012)). The called Sinoform distribution “Sinoform
distribution” has been provided in (Sinha (2012)).
This statistical distribution can be obtained if a sine
term is incorporated in the uniform distribution. An
insight has been given as to how a trigonometric
function can change the density curve. The uniform
distribution on [a, b] "U([a , b])"is used to include the
sine function. The sine term is incorporated in U([a ,
b]) and the obtained probability density function
"pdf" has been given in the following form:

1
Fsinoform (X; @, b,6,n) = —a (1+
§ sin( 2w =—2));

aEbe.OESEﬁ.nEN, )

where I+ is the set of natural numbers. This form has
been considered in (Sinha (2012))as Sinoform
distribution with four parameters a,b,& and N . The
author referred that it is a statistical distribution,
satisfying some conditions and it is considered a
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simplest example of distribution involving a
trigonometric function with multi-modes.

From our point of view, the form (1) can't be
considered as pdf of distribution under the given
assumptions in (Sinha (2012)) because the conditions
of the pdf can't be satisfied.

In this paper, one of the goals is concerned to
suggest a correction of these assumptions which can
be allowed to this given form (1) to be pdf.
According to this correction, we study some
properties and measures of Sinoform distribution.

The deformation technique has been applied for
hyperbolic or trigonometric distributions (functions)
in (Hassan and Abdel-Salam (2010); EI-Shehawy
(2012); ElI-Shehawy (2017)). The obtained deformed
distribution is constructed by introducing two
deformation parameters in ]0, 1] as factors of the two
exponential terms of the considered hyperbolic or
trigonometric function. Since Sinoform distribution is
one of the distributions, which includes the sine
function, then the second goal in this paper is
concerned to study effect of applying the deformation
technique for this distribution. Moreover, we study
applying this technique to transform Sinoform
distribution to a corresponding deformed distribution.
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This paper is organized as follows. Section 2
presents a correction of the assumptions of the
parameters of Sinoform distribution and studies its
properties in regard of this suggested correction.
Section 3 discusses applying the deformation
technique on Sinoform distribution. The main results
are concluded in Section 4.

2. Correction of Sinoform-distribution and
studying its properties

If a sine term is incorporated in U([a, b]), the
form (1) can be obtained. In (Sinha (2012)), the form
(1) has been provided as pdf of Sinoform distribution
with four parameters @, b, & and n, but it can't be

considered under the given assumptions. In this
section we suggest an appropriate assumption that
makes the form (1) represent pdf.

Firstly, we give the following lemma which
contains some results of integrations to be used
directly in the proofs of the main results.

Lemma 1 Forn €17 and (b—a)n! €17, we find
that:
I,,=fé’x"sin[2n%a'}dx=
0:r=0
—-(b—a)r=1
_Mep2 o2y
m(b a“)r =2 (2)
_ B3 — ) =
m(b a ajr=3
M pt gt 2_ g2y =
(b - )+ (b a?)ir =4
b ey x— _ nm m.
IE—J'ae““sm(Z?rTa)dx——w = (e
eG[I),
®)
R x— Znm
Iﬁ:fa el Slﬂ(Z]‘TTa) dx = — m( Ebt
eiar)_
(4)

Proof: Since (b — a)n~! € 17, then

b— . b— .
cos[ZnTa) = 1and sm(ZnTa) = 0. Using the
integration by parts we can obtain on I, {4, 5, I3, 14,15

and | as follows:

I,= f; sin(Zn%a) dx = —;—F (CGS(Z]‘IB%I) -
cos0)=——(1-1) =0,
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b . x—
L=/ xsm(ZnTa) dx =
_n Favp 4 P xa
- [xcos(2m na)]a + [, cos(2m na) dx

n b—
——g[b cos(ZnTa') —a)+
b— . n
Ta) —s5in0) = —E(b—a),

= [P, 2 x= -
L= x sm[Zn’Ta'}dx—

n 2 x— B n b x—
- CGS(ZHTG'}]J—l-;faxcos(ZnTa‘}dx

= —;—F (bzcos(ZRB;a) —a?) +
_;_F(bz_az)’

{U_Iu}_

Ig=fbx3.sin(2nx;a)dx=
——[x cos( 2m= a)]b+3nfbx cos( 2m= a)dx

b_
=—;—H[bacos(2n "na)—a3)+ {0 21} =

—%(zﬁ—a —a),

_ b 4 . A—- _
L= x sm[Zn’Ta'}dx—

n 4 X—Oap , Zn pb o x—
—g[x CGS[ZH—RG}]G+?Lx cos[Zn:—na'}dx

_ 2
= —;—F (b“cos(an—a) —a?) +n—3{0 —3L}=

~L (bt a*) + 25 (0% - ),

N - S = —
Is=] e sm(ZnTa)dx—

n o =, .5 ne o e x—
——le cos[ZnTa)]a—i-gfa e cos[Zn’Ta'}dx

n

= [e"F — e%] + {[e”‘ sin( 2m= r;')]'[J
n

uﬁ=—gw“—ﬂﬂ—4g

. inm

l.e. 15 = —m (Bbt - Bat),

_ b iex o = —
Ig= [ e™ sin(2m —)dx =
M oriex x=a\1b

= [e™ cos( 2m - a +

b _iex x—a
mfae cos( 2w na‘)dx
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— _2“_]? [eibr zar] + {[ezm Slﬂ[ ZTI—)]'D
. n E n I

itle} = — - [e™ — e*“] -,

i _ Inm bt _ piat ;
e Ig=— 15 =332 (e ). The proof is
completed.

For the considered form (1), we conclude its
properties in the following theorem.

Theorem 1 The constructed form (1) under the
assumption that (b — a)/neN satisfies following
properties:

(i) This form can be considered as pdf of Sinoform
distribution with 4 parameters a,b,§ and N, where
nell

(i) Sinoform distribution has the following
cumulative distribution function "cdf”
FSmafarm(xa b 5“) _+_(1_
Ecos[Zn Ta)),Vx € [a, b].

®)

(iii) The 1% and 2" non-central moments of Sinoform
distribution are given respectively as follows:

o __b+a né
Hsinoform = M1 Sinoform = T2 on and
. b®+ab+a® nd
Hasingform = 3 T om (b + Q). ©)

(iv) The variance (the 2" central moment) of
Sinoform distribution is a real valued function of the

parametersa, b, & and n in the following form:

— Xy,

2

(b—a)®
Jszinafarm =717 (7)
(v) The 3" and 4™ non-central moments of Sinoform
distribution are given respectively as follows:

' b*—a* ng an®
Hasinoform = m T ((bz +ab + (12) — F)
(8)
and
' bi-ad n&(b+a) 3n
Hasinoform = S(—-a) o (bz + (12)) 9)

(vi) The 3™ and 4™ central moments of Sinoform
distribution are given respectively as follows:
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('b+a| 3:15

Hasinoform = — 4 4]? (H___(b +a)+(b+

2 bta_ ndys
@) +2(22 -1

(10)
And
EJE—G[ 2 2

ﬂ-i.s:'nafarmzlsw ) _(12_ (b*+a“))(b+
a) —4(==2 a——)[m—g(bz+ab+a -
in®
)
_p(ra _nbypditabra’  nmbra, g bra  néyy

6(2 2]’!')( 3 n 20-) 3(2 ZIr)'

(11)

(vii) The moment generating function and the
characteristic function of Sinoform distribution are
given respectively as follows:

gt —gat Znmdt
M Smafarm(t) = (b—a)r [ T ant+nt z] t+0(12)
and
gibf_giat Zinmwdt
sinoform (t) = i)t [ Tl rg] lt] # 0 —

ﬂ@
Proof:
(i) Using (2) for r=0 in Lemma 1, we find that:

- b1
J._ fSinafarm (x:a,b,8,n)dx =J- P (1 +
8 sin( 2w a))dx— 1+—J’0=1

Moreover it is clear that
(x;a,b,8,n) >0, since
X-a b-a
0<2r—<2x——
n n

Smoform

This implies that the constructed form (1) is pdf of
Sinoform distribution.

(ii) The cdf of Sinoform distribution can be deduced
as follows:

FS:’nafarm (x;a,b,6,n) =

J-j fSinafarm (;a,b,8,n)) du = J- — (1 +
8 sin( 2m= a‘)) du

_x—a nd L
“p—a T Tho

—a
1), ¥x € [a,b].

2
- cos( 2w
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(iii) Using (2) for r=1 in Lemma 1, the 1% non-central
moments of Sinoform distribution can be obtained as
follows:

e b+a
Hsinaform = I_xxfsmafarm (xv;a,b,6,n)dx = e +
& _b+a nd

b—a 1= 2 2

Similarly, using (2) for r=2 in Lemma 1 the 2" non-
central moment can be derived as follows;
“Z.Smafarm = f_ xszz'nafarm (x: Q,b,ﬁ, ’ﬂ.) dx =

1 bE-a®
(= )+—fz

_ b +ab+a®

né
3 —E(b+a).

(iv) The variance (the 2" central moment) of
Sinoform distribution can be derived directly from
the relation between the central and non-central
moments as follows:

2 — ’ 2 _
O—Sz'nafarm - -”'Z.Sz'nafarm - E-ul.Sz'nafarm)
b +ab+a® b+a c.!:l a)®

R0 - (-1 =
G-

(v) Using (2) for r=3 and r=4 in Lemma 1, the 3" and
4™ non-central moments of Sinoform distribution can
be derived respectively as follows:

w0
’ — 3 .
-”'E.Sinafarm - f x fS:’nafarm (x, a, b’ 5,?‘1) dx
-
& _ b*-a* nb 5
pala = ip-a) 2w (b% +ab +

2m?
and

e o}
. . 4 .
.un'-l.Sz'nafarm _f x fSinafarm [x, a, br 6!“) dx
—0
B —a’ 5 B%-a®  né(b+a) 3n®
)+ yale= -

—a 3(b—a) Zm i

(bz +a2)).

(vi) From the relation between the central and non-
central moments, we find that

ﬂB.Sz'nafarm = .U'B.Sz'nafarm - S.Lil.Sz'nafarmﬁz.Sinafarm

+2[-u1.51'nafarm)3
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= O I b ta) + (b))t

4 4w

And
ﬂ-i.s:'nafarm = .un'-l.Sz'nafarm - 4.”'1.Sz'nafarnn.u'3.51'nafarm

’ 2. ’ 4
+6[-u1.5='nafarm) .‘J'Z.Sz'nafarm - 3[”1.Sz'nafarm)

bs_as
= oo T (12—— (b+a?))(b+a)—

4(D+a n|5 (!J+a|c.[1 +a?)

- @

b+a

Z(b*+ab+a ——))— 6(=" —
b2 +ab+a®  néb+a b+a

)2( B RGN

T

(vii) Using (3) the moment generating function can
be obtained as follows:

M Sinaform (t) = E[‘QM] =

oo . 1 b .
f_-_\-_-emeinafarm (x: ab, 5!“) dx = h—a fa et (1 +
8 sin( 2m=—=)) dx

gPi-_g & ef_g?
lre— +Ef5= : [1-———F=]t+0.

Similarly, using (4) in Lemma 1, the characteristic
function of Sinoform distribution can be obtained in
the following form

i t giﬂr
ii:"FS:m:l_fm":*n (t) = E[e ] i(b—a)t [1 B
2inmét
pree iRl

The proof is completed.

The following figure 1and figure 2 exhibit pdf of
Sinoform distribution in two cases.

024
22
02

.18
o 1 3 . 3 4 5

Figure 1 the pdf of Sinoform distribution in the form (1)
on [0, 5] with n=8 and & = 0.02.
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.28
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X

Figure 2 the pdf of Sinoform distribution in the form (1)
on [1, 5] withn=2 and 6 =0.02

Here figure 1 shows pdf for Sinoform distribution
with only one mode when there are no restrictions on

(b—a)n™, while Fig. 2 illustrates the same

function with multi-modes when (b — a)n~! € 17.
3. A study of applying the pg-deformation on
Sinoform distribution

In this section, some main results about
applying the pg-deformation technique by
introducing two real values of the parameters P and

g in O, 1] on Sinoform distribution is provided.

The pg-Deformed form of the pdf of Sinoform
distribution can be given in the following form:

1 .
qu—?ﬁnafarm (x;a,b,8,n,p.q) = b—a (1+46 SMyq
(Zﬁ%a)): a<x<h, (14)

0<§<— neN(b—anteNpqeloi]
i X

_pe'* +qe”
2

For more details of the deformed trigonometric
functions sinpq X or COS,, X, see refs. (Hassan

and Abdel-Salam (2010); EI-Shehawy (2012); El-
Shehawy (2017)).

where Slnpq X

The following theorem gives one the main
results on applying of the pg-deformation technique,
where p#gq and p,g€]01], for Sinoform
distribution with pdf in the form (1).

Theorem 2 For unequal real valued deformation
parameters P and ( in the interval ]0, 1], Sinoform
distribution with pdf (1) can't be transformed to a
pg-deformed  distribution on the considered
corresponding interval.

Proof: The proof can be explained as follow.

Firstly, consider the pg-deformed function
foq-Dsinoform(%:@, b, 8,1, p,q) in (14) for Sinoform
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distribution with pdf f; ¢m (X;a,0,6,n)in the
form (1) on [a,b], where p and q are two
unequal deformation parameters in ]0, 1].

To test the two conditions that the pg-deformed
function qu—DSinafarm (x: a, b’ 5! np. ':?) on [a’ b]
isapdffor p #q , p. g €]0.1]:

. b-a
|

Using the facts e and
bea pgz:‘:.—b:—erqg—zimb:—f p+q

cospg(2m =) = ; =7

the integration of the function

foq-Dsinoform(X:@, b, 6, n,p,g) ONR equals 1, i.e.

- 1 b
I_xqu—ﬂﬁnafarm (x;a,b,8,n,p,q)dx= E[J.a (1+
8sin, [ZTI%G'})dx

& b 2 _2ig %
e""n —qe n |dx

Zi.'-l:'b—ﬂzl"[a[p q ]
né

B—
=1+ 2i(b—a)(2im) (ZCGSW(ZHTG) —ptah=1

The curve of the function
f (x;a,b,0,n,p,q) on [a,b] cant
be plotted for P #Q and moreover the value of
f o _osinoforn (X5@,0,6,N,p,q) is not real on [a,
b] for p#Q , e.g. at
X =2;a=1b=505=1/5n =2, we find that

pq—DSinoform

1 1 1g7
qu—DSz’nafarm (2; 1,5,5,2,17,(?) = (1 +ESInpq
B A S
P=ia-tEh) -ty lp_ger

p-q
mT=——

+im — :
for p # q, where e~ = —1 and sin,, =

Then, one of the conditions of pdf is not satisfied for
the pg-deformed form (14). This means that, for two
unequal deformation parameters p, g €]0,1] the pq
deformation technique can't transform Sinoform
distribution with pdf in the form (1) on [a, b] to a

pg-deformed distribution. The proof is completed.

In the rest of this section, we explain the
possibility of the pp-deformation for Sinoform

distribution where p €]0,1] and study some
properties of this case.

The following theorem concludes some results on
applying the pg-deformation technique for Sinoform
distribution with pdf in the form (1) in the case of
two equal deformation parameters p, g €]0,1].
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Theorem 3 If the deformation technique has been
applied by introducing two equal parameters (i.e.
p =q) in ]0,1] for Sinoform distribution with pdf

(1), then:
(i) The constructed pp-deformed form

1
fpp—DSz’nafarm (x;a,b,8,n,p) = h—a (1+
8 sin,, (anT_a)); as<x<h,

(15)
0<é<—,neN(b-an*eNO<p<l ,
sinpp[ZH%a) =psin(2m %a),

can be considered as pdf of the pp-deformed
Sinoform distribution "pp-DSinoform distribution™.

(ii) pp-DSinoform distribution has the following cdf :

Fpp—D?inofcrm(x'ﬂ b,6,n,p) :E +
npS —(1- —COS(ZTI—)) Vx € [a b].
(16)

(iii) The 1%t and 2" non-central moments of pp-
DSinoform distribution are given respectively as
follows:

v b+a rtpé'
K1 pp-DSinoform = S (7)
and
b +ab+a® np.S
1”*2 pp—DSinoform — f (b + R) (18)

(iv) The variance (the 2" central moment) of pp-
DSinoform distribution is

(b—a)? npd.
l::l'—;fp—L?Sz'.'rm_fm"m = 1z (;)2

(19)

(v) The 3 and 4" non-central moments of pp-
DSinoform distribution are given respectively as
follows:

b*—a*

H3pp-DSinoform — 4(b—a)

an®
2 |’

and

“"5((b2+ ab + a?) —

(20)
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b5 —g®

ﬂﬂg.pp—DSEnafarm = 5(b—a) ]

npé(b+a) [ 3n®
2n

(b2 +a2)>. (21)

(vi) The 3 and 4™ central moments are given
respectively as follows:

(b+a)® Bnp.S npd&(b+a)
U3 pp-DSinoform — — 2 (— — .

.
e
And

B®—a° np|5
Happ-Dsinoform = m (12 2+
b+a npés. HJ+LI|H_'J +ady
@) b+ a) — 422 )(f_
)

= (b2 + ab + a? _F)) _ (ﬁ‘_

npbg bitabta®  nmpébta, o bta  mpdy

2]1') ( 3 T Za) ( 2 21’!’) -

(23)

(vii) The moment generating function and the
characteristic function of pp-DSinoform distribution
are given respectively as follows:

glt —gt Inmpdtc
M pp-DSinaform (t) (b—a)t [1 - 4H3+n3t3]’t #0
(24)
and
gibt_giat szrpé“t
ippp—DSinafarm(t)z b-a) [ T aRiiEnt :| |t| *
2w '
0,—
n
(29)
Proof:

(i) For two equal deformation parameters (i.e. p=q)
in 10, 1], we find that the pp-Deformed form with pdf

"fop-psimoform(X; @b, 6,m,p) " of  Sinoform

distribution in the given form (15). For

(b—a)n~t el we find that
. _b—a . _b—a

e?™ % + e ™% = 2. This implies that

] 1 b
J-_- fpp DSz'nafarm (X' a,b,é,n, p) dx = B—a J-a (1 +
§sin, [21‘1 a‘})dx

_ p8  rbp 2in™ 2 —2in™ 2
=1+ s NG e ]dx
ﬂp5 Zz'rrﬂ —2:’1?ﬂ
=1 _—_— —-2)=1.
tap—o@m " te T t1=2)
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Since -1= Siﬂ(zn%a) =1, then J;:z;p—DSz'nafarm = .ulz.pp—DSz'nafarm -
: x— ' b® +ab+a® &
1—4dp =14 6psin( ZnTa) =1+ dp. (111 3p-Dsinoserm)” = % — % (b+a)—
w _@

But 0<dp <1 and so 1-op>0. This implies ( )
that the following inequality is satisfied: Th's |mplles that: ,
1+6psin[2?r:;a'}20. o2 :(b —a) _(n p5)2

pp—DSinoform 12 272_
Hence —— (1 4 pé sin(2m = a)) =0. _ _

(v) Using (2) for r=3 and r=4 in Lemma 1 the 3 and
. fop—psimororm (X @B, 6,m,p) is @ nonnegative 4‘_h _nor}-central moments of _ pp-DSinoform
real valued function on [, b] distribution can be respectively obtained as follows:
Then this function is pdf of pp-DSinoform ‘”’3 pp-DSinoform —
distribution. f_ x fpp DSinoform (x;a,b,6,n,p)dx =
1 b+ )

(ii) The cdf of this distribution can be derived as Gl S LY A
follows:

p*—a* npd 2 2 3n?

————((b*+ab+a")——)
Fpp DSinoform (x a, b 5 n, P) f fpp DSinoform (‘H a, b 5 n, Pi““!iﬂ“' n 2m?

and

='r; (1——503[211 a))VxE[a b].

e o}
. . 4 .
b- ﬂ-i.pp—ﬂjinafarm - f x fpp—DSinafarm (x, a, b! 5! n, p) dx
—ao

(iii) Using (2) for r=1 in Lemma 1 the expectation of

pp-DSinoform-distribution can be obtained as b5—a5.  pé B5-a®  npd(b+a) n

follows: =E( )t =t G2
_ (b + ﬂz))-

“i"‘”s"m’f orm - (vi) From the relation between the central and non-

J_oXfop-psimosorm(x; @, b, 8,0, p) dx = —+ central moments, we find that

pd __b+a an

£e e H3pp-Dsinoform — M2 pp-DSinoform —
—— 1= . . .
b—a 2 2n 3
-‘u'l.pp—DS:’nafarm-‘u'z.pp—DS:'nafarm +

.. . . zl:“l.pp—DSz'nafarm)g
Similarly, using (2) for r=2 in Lemma 1 the 2" non-

central moments of pp-DSinoform distribution can be (b+a)® 3nP5 -
also derived as follows: =-——0* (— -—G+a)+B+a))+
b+a rtpé' 3
22— —
1”*2 pp—DSmafarm ( )
J._ X fpp DSmafarm (x a,b,é,n, p) dx = And
1 ¥ —a®
—_— +—I .
b-a ( ) z ﬂ-i.pp—ﬂjinafarm = ﬂ-i.pp—ﬂjz’nafarm -
b® +ab & : '
= % e (b +a ) 4.”'l.pp—DSz'nafarm.u'B.pp—DSinafm'm +
(iV) The variance (the 2nd central moment) of pp- 6@i.pp—ﬂ$inafarm)Eﬂé.pp—ﬂsmafarm
DSinoform distribution can be obtained from the .
relation between the central and non-central moments —3(ly pp-psinoform)”
as follows: b5 _as npé‘ n2
12— — (b2 IN(b
“50 ot Pgm— PP a0+
2 2-
_4{E _ npﬁ)(cb+a'|(:| +a*) _%ﬁ'(bz + ab + (12 .

ﬁ))
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Then, the theorem is proved.

Corollary 1 For & = 0, each of Sinoform and pp-
DSinoform distributions on [a, b] is reduced to U([a,
b]) with the corresponding properties.

Proof: The proof is obtained directly by putting
0 =0 in the forms of pdf of Sinoform and pp-
DSinoform distributions. Moreover, the
corresponding properties in this case can be directly
obtained by putting & = 0 in the results of Theorem
2.

4. Conclusions

In this paper, we corrected the assumptions of
the parameters of the obtained form when a sine term
is incorporated in U([a, b]) by considering
(b —a)n~' €17 to construct Sinoform distribution
on [a, b]. Some properties of this constructed
distribution are discussed.

Effect of applying the pg-deformation technique
on Sinoform distribution has been discussed. In case
of unequal values of the deformation parameters
pandq in ]O, 1], Sinoform distribution on [a, b]
can't be transformed to a pg-deformed distribution on
the same interval, but when P and( are equal the
transformation of Sinoform distribution to a
corresponding  pp-DSinoform  distribution  is
applicable. Moreover, some measures of pp-
DSinoform distribution have been deduced.
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