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عمميش مملشكقؾؾمماشوكومممووشعـمملشوجمم  شش2891معؽمم وشوت  مم ششتمماشتقمم ؼوزشت   مم 

مـحـمممممطشل ع مممممواشدشزاكمممممونشتلمممممل واشع ؾمممممميشعممممم شمـحـقمممممونشت   عمممممونشتل مممممم حق ش

ش.تدعاوف شسوبؼوشمث شتل     شتلآدشوت    شوت   

شدش شت  قؼو شوأكثاهو شتل    عونشتلاح مالق  شأها شم  شتع  وره شتا شتك شوفه ومـذ

تقؽقهشم شتلأجفوةشوكثاشتس خلتمهشللرتس شتل  حق ش رتس شص حق شتلأجوتءشتلاس و

ش.وتل بش مث شتلهـلسش وتلػش شدشتلعل لشم شتلعؾ مشوتل   قؼونشتلحق  

شتق قشخونش شأكثا شماوك  شوإع وئه شتس خلتمه شلو و ة ت    شش1222ودشزووله

 ؿؽ شتس خلتمهششىمعؽ وشوت   شع شطا قشل غور  اشمعؽ وشبق وشوت   شح ش–بق وش

ش.معوش وتءشتدقؽوكقؽق شوتلاس وتقؽقتلأجدش

)شمعؾؿ شتل  نشومعؾؿ شتلشؽ (شوإيجو ششيهلفشتل حثشإلىش رتس شمعولمشتل     

سمممؾ برشك سمممقؽطشوطا ؼممم شبققممموشلتؼمممل اتنشلهممموشبوسممم خلتمشأسمممؾ برشت مؽمممونشتلأكممم شك

شكلسؾ برشحل ثشوعؿ شمؼوركهشبقـفاشلاخ قورشأفض شأسؾ برشتؼل اشفقماشبقـفا

                                                           
()ش.جومع شتلأ هاشممفاعشتػفـوشتلأذتفشممشقساشت ح وءشش-ملروشبؽؾق شتل جورةشبـونش
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 معؽ وشوت   ششبوس خلتمشطا ؼهشبققوش)تحتشش–دعولمشت    شبق وشتاشإيجو شتؼل اتنش

ش.عل شم ش وتاشتلخسورةشتد ماثؾ شوتلغيرشم ماثؾ (

 شيجو شمؼلرتنشت مؽونشتلأك شدعولمشتل     إتاش

 ش شت ح وئط شتل كومج شبوس خلتم شبقـفا شرقؿق  شمؼوركه شعؿ  شMathCADتا

 تلخ لش.شوتخ قورشأفض شأسؾ برشع شطا قشتق شم  سطشدابعون

 شتاشرساشمـحـقونشتل     شعـلشققاشمخ ؾػ شلؾؿعولم
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ABSTRACT 

The inverse Weibull distribution which was presented by 

Keller and Kamath (2891), this distribution was derived on the basis 

of physical considerations of failure of dynamic mechanical 

components subject to degradation phenomena. The system fails 

especially when the load pressure exceeds the stress resisting 

capacity (strength) of the component. A generalization of inverse 

Weibull distribution referred to as the Beta Inverse Weibull 

distribution (BIW) which is generated from the logit of beta random 

variable was introduced  by Khan (1222) as a life time distribution to 

give more flexibility to the inverse Weibull distribution. The  

Bayesian estimators (under the complete linear exponential (LINEX) 

and general entropy loss functions) and maximum likelihood 

estimator to the unknown parameters  will be introduced. 

Keywords: Beta Inverse Weibull distribution, Bayesian Estimation, 

maximum likelihood estimation , (LINEX)   loss function, inverted 

gamma distribution. 
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2. INTRODUCTION 

As noted by Keller and Kamath (2891) and Calabria and 

Pulcini (2898882), the maximum likelihood estimates to the scale 

and shape parameters of the inverse Weibull distribution in the 

case of complete sampling can be obtained by using the same two 

equations derived for the parameters of the Weibull distribution. 

Thus the maximum likelihood estimator's scale and shape have 

the same statistical properties of the corresponding estimators of 

the Weibull distribution.  

Erto (2898) showed that the Inverse Weibull distribution 

provides a good fit to several data given in literature, such as times to 

breakdown of an insulating fluid subject to the action of a constant 

tension. Also, Drapella (2881) and Jiang et al. (1222) introduced 

graphical plotting techniques, Yahgmae et al . (1221) presented a 

Beyesian estimation to the scale parameter of inverse Weibull 

distributionusing quasi, gamma, and uniform priors distributions 

under the square error, entropy, and precautionary loss functions. 

In this paper, the focus of our attention is concentrated on the 

generalization of the inverse Weibull distribution referred to as the 

Beta inverse Weibull distribution which is generated from the logit of 

a beta random variable. Generalized beta distributions have been 

widely studied in statistics and numerous authors have developed 

various classes of these distributions. One major benefit of the class 
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of beta generalized distributions is its ability of fitting of skewed data 

that cannot be properly fitted by existing distributions.  

We will obtain the estimators of the unknown parameters  for 

BIW distribution using maximum likelihood  and Bayesian 

estimation  methods. The aim of likelihood estimation is to determine 

the estimates for the parameters, to define a sequence of roots of the 

likelihood equation that is consistent and asymptotically of The 

method of maximum likelihood (MLE) estimation is applicable 

mainly in situations where the true distribution is known apart from 

the values of a finite number of unknown real parameters efficient. 

 Generalized class of probability distributions discussed by 

Eugene et al. (1221). Let be the cumulative distribution function 

(cdf) of a  random variable  . The cdf’s for a generalized class of 

distributions for the random variable  , defined by Eugene et al. 

(1221) as the logit of beta random variable, is given as: 

.                                             (2) 

Where 

       and       (1) 

     The BIW distribution was first introduced by Khan (1222) as a 

new reliability model by taking  to be the cdf of the inverse 

Weibull distribution. 
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 Eugene et al. (1221) introduced the Beta normal distribution 

by taking  to be the cdf of the normal distribution. The only 

properties of the beta normal distribution known are some first 

moments derived by Eugene et al. (1221). Cordeiro et al. (1229) 

proposed the Beta generalized exponential (BGE) distribution which 

generalizes the beta exponential distribution discussed by Nadarajah 

and Kotz (1222) and the generalized exponential (also named 

exponentiated exponential) distribution introduced by Gupta and 

Kundu (2888). They provided a comprehensive mathematical 

treatment of BGE distribution with the hope that this generalization 

might attract wider applications in reliability and biology. 

           Kersey (1222) analyzed the behavior of the probability 

density function by plotting the probability density function for some 

fixed values of the parameters and he derived the moments and 

moment generating function for this distribution. He also obtained 

very useful transformations which showed him the relationships 

between beta distribution and inverse beta distribution, Beta 

distribution and BIW distribution that provide a way to generate data 

from the BIW distribution.  

1. THE BETA INVERSE WEIBULL PROBABILITY DENSITY 

FUNCTION  

The probability density function (pdf) of the Beta inverse Weibull 

(BIW) distribution is given by(Kersey 1222) as follows: 
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for

 and      (1)  

The pdf of the BIW distribution in (1) also can be found by using this 

transformation  where  is a random variable that 

follows a beta distribution with parameters a and b as follows: 

 

 

 and  

Figures show the differentshapes of the pdf for  selected values of 

the parameters of the BIW distribution.  
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Figure 2.plot of pdf of the BIW distribution with fixed values  
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Figure 1.plot of pdf of the BIW distribution with fixed values  
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Figure 1.plot of pdf of the BIW distribution with fixed values  
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Figure 4.plot of pdf of the BIW distribution with fixed values  

 

1. Bayesian Estimation of the Parameters  

In this section, the Bayesian estimators of unknown 

parameters  function   in  case of the complete sample  for BIW 

distribution, using non-informative prior distribution based on 

squared error,  linear exponential (LINEX) and general entropy loss 

functions will be obtained. 

The likelihood function has had the following form: 

  ,                                                                                             

From (4) and assumed that the unknown four 

parameters  have independent non-informative prior 

distributions defined ,respectively, as follows:   

                                                                              (2) 
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                                                                              (6) 

  (7) 

    (9) 

Then, the joint non-informative prior distribution will be given 

as follows: 

  (8) 

The joint posterior distribution of in case of the complete 

sample will be defined as follows: 

  (22) 

 (22), 

where   and  

(21) 

The marginal posterior distribution of one parameter will 

obtained by integrating the joint posterior distribution with respect to 

the other parameters as follows: 

 (21) 

                         (24) 
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 (22) 

   (26) 

 

Consequently ,the marginal posterior distribution of  will be 

(27) 

Similarly, the marginal posterior distributions of  and 

,respectively, will be 

 

                                                                (29), 

    (28), 

  (12) 

2.Bayesian Estimation Under Squared Error Loss Function 

Based on squared error loss function , Bayesian estimators  

and of   and , respectively , are given  as follows: 

     (12), 
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     (11), 

  (11), 

  (14) 

The equations (12) to (14) can be solved numerically. 

2.Bayesian Estimation Under Linear Exponential Loss Function 

Based on LINEX loss function , Bayesian estimators  

and of  , respectively , are given as follows: 

    (12 ) 

   (16 ) 

             (17 ) 

and 

                                  (19 ) 

The equations  from (12 ) to (19 ) can be solved numerically.  

1.Bayesian Estimation Under General Entropy Loss Function 

Based on general entropy loss function , Bayesian estimators  

 and of   and , respectively , are given  as follows: 

     (18) 

     (12) 
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                                                  (12)    

and 

     (11 )  

The equations  from (18 ) to (11 ) will be solved numerically.   

 

4.Maximum Likelihood Estimation of the Parameters  

        In this section, we will obtain the estimators of the unknown 

parameters  in case of the complete sample for BIW distribution, 

using the maximum likelihood estimation method  .  

The likelihood function has had the following form: 

                       

(11), 

to obtain the MLE's of the  and  we will find the natural 

logarithm of the likelihood function in (11) as follows: 

(14) 

By taking the first derivative of  in (14) with respect to  and 

and equating to zero, then, 
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     (12) 

 

           (16) 

                                (17) 

                 (19) 

where  is the digamma function defined as , 

, 

consequently, the MLE's and of parameters for BIW are the 

solutions of the equations (12-19). 

The MLE of reliability function ,  , can be obtained by: 

        (18) 

 

4.2Asymptotic Variance Covariance Matrix 

The asymptotic variance covariance matrix  of the parameters 

 and is the inverted of the fisher information matrix I which is 

given as follows: 
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,       (42) 

where  

 

 

2.Simulation Study 

 In this section The Bayesian estimators (under the complete 

linear exponential (LINEX), general entropy and square loss 

functions) and maximum likelihood estimator to the unknown 

parameters α,β,a and b will be introduced in the simulation study by 

using Mathcad program in the case of complete data. A simulation 

study of size 2222 is taken and three sample sizes are taken: n=12, 

12, 12 and 222. The result are displayed in table (2)      

Table (2) 

N parameter M.L Squared LINEX General Entropy 

12 a 

b 

α 

α 

2.118 

2.726 

2.122 

2.494 

2.211 

2.722 

2.149 

2.418 

2.291 

2.671 

2.122 

2.122 

2.249 

2.761 

2.182 

2.122 

12 a 

b 

α 

α 

2.121 

2.266 

2.118 

2.176 

2.222 

2.674 

2.242 

2.114 

2.228 

2.221 

2.289 

2.176 

2.221 

2.721 

2.142 

2.192 
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22 a 

b 

α 

α 

2.214 

2.242 

2.122 

2.111 

2.226 

2.482 

2.286 

2.162 

2.294 

2.192 

2.241 

2.222 

2.224 

2.426 

2.121 

2.288 

222 a 

b 

α 

α 

2.277 

2.174 

2.278 

2.121 

2.276 

2.127 

2.226 

2.268 

2.222 

2.122 

2.211 

2.281 

2.291 

2.122 

2.216 

2.289 

6. Comments  

- The Baysian estimation of Linex loss function better than the 

other loss functions   

- Sometimes the LINEX gave to us results are closed to MLE 

- When the sample size became bigger the result became best 

 

7. Conclusion  

In this paper, the Bayesian estimationand maximum likelihood 

estimation to the parameters of Beta Inverse-Weibull distribution was 

presented. Bayes estimators are obtained using squared, LINEX and 

general entropy, and the maximum likelihood estimation to the same 

parameters are obtained, then we make a comparison between both of 

them. We expect that the new Beta Inverse-Weibull distribution will 

be useful for the practitioners. 
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