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NEW PARAMETRIC HADAMARD TYPE INEQUALITIES WITH
APPLICATIONS

M. ADIL KHAN, M. AIZAZ ALI AND TINGSONG DU

ABSTRACT. In this paper, we offer new parametric Hadamard type inequalities
for differentiable convex and concave functions. Moreover, some consequent
applications to special means of real numbers are obtained.

1. INTRODUCTION

A function ¥ : J — R is said to be convex on J if the following inequality holds:

Ut + (1 —t)n) <tU(E) + (1 - 1)¥(n) (1)

where £, € J, t € [0,1]. For concavity of ¥ the inequality (1) will revered. The
function W is strictly convex if strictly inequality holds in (1). W is strictly concave
if inequality (1) is strict in reversed order. Let ¥ : J — R be a convex function
define on J, then the following inequality is known as Hermite-Hadamard inequality
for convex function.

B2
B+ B2 1 U(B1) + V(B2)
w( ! )§52_61!W<f>d5§2, (2)

where 1, 82 € J, and 1 < 2. This inequality is a key to check whether the given
function is convex, concave or not. Moreover, it shows that every convex function
is integrable. The inequality (2) holds if and only if ¥ is a convex function. It
will reverse if ¥ is concave. In the last few decades, a huge class of important
inequalities have been designed which is connected with inequality (2), (see [1]-
31)).

Kirmaci [32] proved the following results linked with the left part of (2).

Lemma 1 [[32, Lemma 2.1]] Let ¥ : J° — R be a differentiable function on J°
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with 81,82 € J° and 1 < B. If U’ € L[, B2], then the following identity holds:

B2 1
1 61 +52 . ,
By — Blﬁ/\l'(n)dn -V (2> = (B2 — B1) O/t\p (tBr + (1 —1)Bs) dt

1

+ / (b= )W (1B + (1 — 1)) dt|

Nl

where and in what follows J° denotes the interior of J.

Theorem 1 [[32, Theorem 2.2]] Let ¥ : J° — R be a differentiable function on J°
with 81,82 € J° and 81 < fB2. If |¥’| is convex on the interval J, then the following
inequality holds:

B2
! Pt Be Ba— P11 ,
62—,815/‘1’@)"”‘1’( 22| < 2w+ v ).

Theorem 2 [[32, Theorem 2.3]] Let ¥ : J° — R be a differentiable function on J°
with 81,82 € J° and 51 < (. If the function |\I"|P%1 is convex on J, for p > 1,
then we have:

B2

1 B+ B2 Bo—PBry 4 \»
52_61!\1/(7])6177_\1/( 2 )S 16 (p+1)

p—1

(1 (81755 + 3|0 (8)|77) 7

p—1

+(3IW(B) 7T + W (Bo)[7T) 7))

The main aim of this paper is to offer certain parametric Hadamard type inequalities
for functions whose first derivative in absolute values are concave or convex. As
applications, inequalities for some means of real number are obtained.

2. MAIN RESULTS

To prove our main results, first we need to prove the following lemma.
Lemma 2 Let ¥ € R and ¥ : J° — R be a differentiable function on J° with
B1, 82 € J° and By < Bo. If W' € L[, B2], then the following identity holds:

B2
1 Bi+ Bo
— ﬁ/ W)y - [(1—@)@(/31”19\1/( )

1

/t\If’(tﬁl + (1 —¢)B2)dt + /(t — N (81 + (1 — t)B2)dt|.

0

N

= (B2 —p1)

N|=
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Proof. Using integration by parts we have

1

/t\p’(tﬁl +(1—t)B2dt + /(t — W (B + (1 —t)B2) dt

=

1

(7552) 1 V()1 —9) - (BEE) (3 —9)
2wrﬂ@_@—&zwwr”“ﬁ&“+ e

(B + (1 —t)B2)dt
B1 — B2

Nl=
—

W(BEBy () (1 - 9) — U(AER) (L )
2(B81 — P2) B1 — Ba

U\I:t,81+ (1 —1))Badt +

(=)

/\I/(tﬂl + (1 —1t)B2)dt

Nl

—

2(B1 — B2) B1— B2
By changing of variable we get

B1+B2 _ _ BitBoy(1l _
_ ) | (B -9) - (T )G ﬂ [ (th + (1 —1) Bzdt]
2

0

o) wE)0 -9 - v G o) 7wmm
fr—P2) B

2(B1 — B2) B — B

vy w1 -v) e G-y 1

2(81 — Ba) b1 — B + (B2 — B1)2 /‘I’("?)dn
B2

B 1 1 20(B1)(1 — V) + 200 (2rEP2)
_<&—mﬁ/“m“_&—m 2 ]

1

B2

- m/w(n)dn— (52151) [ (B1)(1 =) + 0w (ﬂl;r&ﬂ

1

Multiply both side by (82 — 81) we have
B2

= ot [ |- opeea +ow (212
B1

which is the required result.
Remark 1 If we put 4 = 1 in Lemma 2, we get Lemma 1.
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Lemma 3 Let ¥ € R, then

1 4195:3 9 >1
/|t—19|dt = (8°-les 1oy o
} ES
1 91977 19>1
/t|t—19|dt = w l<v<1
: 5 V<3,
! N 021
/(17t)|t719|dt = SRl Loy <
1 St U<y

Theorem 3 Let ¥ € R and ¥ : J° — R be a differentiable function on J° with
B1,B2 € J° and 1 < Bo. If |¥’| is convex on the interval J, then the following
inequality holds:

B2
| Bit B | _ B i (VB0 +21W(8y)]
s [ ¥ (- 0w - ow(P P < B ' )

B1
(W8] (%557) + V' (B2)] (P572), if9>1
(B2 — B1) 4 [T ()] (8193 1519+9> + |0 (Bs)] <78193+2419272119+6> ’ if% <9 <1
(W (B0 (522) + ¥/ (B2)] (3552) , if 9 < 3

Proof. Using the above Lemma 2 we have

B2
) /\1/ Jan -~ [(1 —19)\1/(51)“9\1/(61‘2%2)}
B1

1

— |- /tw’ 16 + 1—t)62)dt+/(t— DV (16) + (1— 1) B) dt
0

N|=

IN

|t||w wl+<1—t>ﬁz|dt+/\t—z9||m (tBy + (1 — 1) B)|dt

2

IN

/ (P19 (B1)] + t(1 — 6)] W' (B2)]) dt
0

+

/ (t]t — 019 (By)| + (1 — t)]t — z9||\v'<52>|)dt]

1
2

=) |

24 + 12

(Bl I‘I”(Bg)l}
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L (B B) /(t|t—ﬂ|\x1v’<m>| + (1= )]t — 0| W (Bs))dt

_ Be=h <|‘I//(ﬁ1)| + 2|‘I//(ﬁ2)|)
8 3

O/ (B1)] (2577) + [ (B2)] (3552), if 0 > 1

(1)) (B0 4 ()] (=822 )

ifl<v<1

W (B0)| (5532) + 19/ (B2)| (3532) , if 9 < §

+ (B2 — 1)

Which completes the proof.

Remark 2 If we put ¥ = 1 in Theorem 2, we get Theorem 1.

Theorem 4 Let ¥ € R and ¥ : J° — R be a differentiable function on J° with
B1, 82 € J° and By < Bo. If the function |\Il’|ﬁ is convex on J with p,q > 1, and
% + % =1, then the following inequality holds:

B2
‘ % iﬁlﬁ[w)dn— = opwien) + ow (2 ‘ﬁ)}‘
. Bh <|\P’</31>|p’ﬁ +3|\1ﬂ</52>|p’9>p'71
T A+ 1) 4
. N G e L TR
v B (WOATWGIE) T (mmpptgor ) g <o
(=) <4
Proof. Using Lemma 2 we have
1 i B1+ B2
st o a-mon-con (252
p 1
< (B2—P) /ItII\If’(tﬁl+<1—t) 62|dt+/\t—19||\11’(tﬁ1+(1—t) Bo)|dt
0 1
C ;
= (B2—5) /tI‘If’<tb’1+(1—t) 52|dt+/|t—19||\11’(t61+(1—t)52)|dt
0 1

1

2

(B2 — B1) [(/ztpdt)é</ |/ (8, + (1 — t)52)|th>%
0

0

IN
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w(fre-oear) ([ |m'<wl+<1—t>ﬁ2>|th)‘l‘]

( Using Holder integral inequality )

< (8- B1) / wat / [ (801 + (1 — 1) (8)| 1)t
0 0
1 P 1

(B — ) / it — ot / W (B)[7 + (1 — )]0 (Ba) 7

(By convexity of [W'|?, where ¢ = £7)

Q=

D=

(g =) o=
3[W(B1)|7 + |W'(B ‘ Y pHI 3
+ (52_51)<| (1)|8| (B2 )|> (29— 12p111(pj1)19)+1) ,if%<79<1
1
Jify<i

<
(s
Leserepe

By — B <|x11 (8|7 +3|\1/ (Bo)| 7T

Ap+1)7
- ((w_l%ﬁif(ff)””l)% i > 1
— p ) -
62 - Bl 3|\I/ (ﬁl)' 14 ‘\II (62)'7 (219_1)P+1+(1_19)p+1 % e 1
= : (B2 ) 7 it <o <1
1

(1—9)PHl_(1—29)Pt1\» . 1
( )2p+1(p+1) ) ) ; if ¥ < b

This completes the proof.

Remark 3 If we put ¥ = 1 in Theorem 2, we get Theorem 1.

Theorem 5 If the function |¥’|? is convex on J, with ¢ > 1, then the following
inequality holds:

B2
Ba iﬁl /‘P(n)dn - {(1 =)V (p1) + IV <ﬁl ;ﬁQ) ]|
B1
< BB [lwwnqmw'wz)wr
= 738 3
(4959) =5 ([0 (Bl (2557) + W' (A7 (3572) ] ", it 0 =1
+ (o ) (82°=12045 )1} [|\I,/(51)‘q (8193—2?”9) W (By)]1 (—8193-&-242112—2119-&-6) } .

if 1 <v<1

IS

Q=

(S [l (52) + WGl (55
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Proof. Using Lemma 2 we have:

B2

0 0

1 B1+ B2
- Blﬁ/\ll(n)dn— [(1—19)\1/(61”19\1/( ! ) ‘
1 1
< (BB {/N(tﬁl (= 0)lde+ [l 01w (e + (1 - t)ﬁz)dt]
0 1
= (B2 B0 [ W e+ (- 0B at] + (52— )| [ 1t 911w (e5n + (1 - )5 ]
0 1
(By power mean inequality)
1 -3 1 7
< (B2 5) /t-dt) (/t-‘l”(tﬂl +(1- t)ﬁz)th)

1
q

1 =7/ a
+ (B2 = pB1) /tﬂdt) (/tﬁ‘l"(tﬂ1+(1t)52)th)

1

1
2 2

(By convexity of |¥’|%, we have)

(82— 1) ( / t.dt) ( / 210(8))]%dt + / e t)xIﬂwz)‘ldt)

0 0 0

+ (B2 — ) (/tﬂdt) (

B h [l‘l”(ﬁl)“r?l‘l"(ﬁz)lqr

IA

1

1 E
tt — O[T (B1)|"dt + /(1 -t — ﬁ‘P'(ﬁz)th)

[N
Ju—

[

8 3

() [ B (S557) + W (Bl (572) |7, it o >
b (am | IR [ () ¢ e (g |
if $ <v<1

2y =a (W (B (T522) + (Bl (582) |7, it < 4

Q=

Hence proved.
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Remark 4 If we put 9 = 1 in Theorem 2 we get the following inequality.

B2
1 B1 + B2 Ba — B[P (B1)|9+2]T'(B2)]7\ 2
%—&JWWM_W > )| <73 K 3 )

+(2I\If’(ﬁ1>lq3+ I‘I”(ﬁz)\qf]

Theorem 6 If the function || is concave on J, with ¢ > 1, then the following
inequality holds:

B2

G [ W - [(1—19»1/(&1)%@ (2 ;BQ)H

B1
< (B2 — 1) @/<51+252)‘
- 8 3

49— (99—T7)B1+(39—2): :
(83WW( Ll ﬁL i >1

( 89212945 )| (893 —159+9) 81 +(—89° 42492 —219+6) B2
8 3(8092—120+5)

)

+ (B2 h) if1<v<1

—49 (7—99)B1+(2—39)3
(3512) |wr (L2, )

, if9 <3

Proof. By concavity of |¥’|? and power mean inequality we may write:
WAz + (1 =Ny)|? = AV ()] + (1 - N)[¥(y)|?
WAz + (1=Ny)|? = A (@) + (1 =N ()"
WAz + (1 =Ny)| = AW (@) + 1 -\ (y)|

~— —
~

So, |¥'| is also concave.
Now using Lemma 2, and Jensen’s integral inequality we have

B2

[%15L/WWMU—%1—®WWﬁ+0W<B“;&)

B1
[ 3 1

< (a8 | [0+ () Balde+ [l oIV (5 + (1 0) )l
0 1
", 1

= (BB | [ W+ (-0 aa)lde| + (5= 51) | [ It 0N @8+ (1~ 0) Balas
0 1
) T8y + (1= 1) o) di

< (&—&)/tdt v |2
0

%
[ tdt
0
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1
J It =D/(tB1 + (1 —t) B2) dt

1
(B2 — B1) /\t—ﬁ\dt v’

+ 1
[ |t —9)dt
/é ftQBl—i—tl—t),Bgdt
= (By—p) [ tdt|v |2 S
0 [tdt
0
1
1 St =91+ (1= t)|t — 9| B2) dt
+ Ba=p) | [l olae | o] 2

1
[ |t —9|dt

1
2

419 3 ‘\I/ ((9&—73@)@;3;;4)@)‘7 9> 1

192 129 5 (893 —159+9) 81+ (—89° 42492 —21946) 3
< gt ’\I’/<ﬁl+262)‘+(52—51) ( S ‘\p ( 3(802—129+5) 2)"
B 8 3 ifi<v<1
— 7—99 239 .
(3 8419)‘@/(( %?éiiﬂ) )52)’, 11:193%'

Hence proved.

Remark 5 If we put ¥ = 1 in Theorem 2 we get the following inequality.

B2
1 B1 + B (B2 — B1) , [ B1+ 282 (281 + B2
52—51[3/\11(77)@_\1/( 2 ) = 8 H\P< 3 >’+‘\I]< 3 )H

3. APPLICATIONS TO SPECIAL MEANS

Here we consider some particular means for two positive real numbers p1, ps.
Therefore we recall the following definitions:

(1) The arithmetic mean:

_|_
A = A(pi,pe) = %; g1, po € RY.
(2) The logarithmic mean:
L = L(p,p2) = IM;M fin # b2y pas iz € R
npe —Inpy
(3)The harmonic mean:
H = H(u.) =
M1, K2 + 1
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(4) The generalized logarithmic mean:

1
m+1 m—+1 m
Ha !

(p2 — pa)(m +1)
(5) The weighted arithmetic mean:

Ly = Lm(u17/~‘62) = M1 # H2, ™ 7é 07_17 m € R.

w11 + w2

A(pr, pos wi,we) = P

where piq, po, wy, wy € RT.
Proposition 1 If 31,3, € RT and m > 2, then the following inequality holds:

LB, ) — (L= D)3y —0A™ (B, )| < "2 1)y (w L By )

1B1|™ 1 (2557) + B2l (3552), it >1

m(Ba = B1) B (SR ) 4 [yt (SR i Ly <1
B (1520) + 6o (252), 9 < )

Proof. The proof directly follows from Theorem 2 applied for ¥(n) = n™, n € RT.

Proposition 2 Let 31,8, € RT and 8; < B2 with m > 2, and p > 1, then the
following inequality holds:

LB, B2) — (1=0)B" —9A™ (B, B2)

p—1
m(By — (m—1) »
< M[(W“sz 1.3)]
4(p+1)»
((21971)1’“7(1971)?“)%
2r+L(p+1) ’
ifd>1
1
— n—1 p=1 (21971)P+1+(1719)p+1 P
+ 7m(62p;1ﬂ1) { (\5 |(p 2 |52 )} ’ ( 20FL(p1) )
P if 1<v<1
((1—19)1’*1—(1—219)1’“)%
2P FI(p+1)
if 9 < 3

Proof. The proof directly follows from Theorem 2 applied for ¥(n) = n™, n € RT.

Proposition 3 Let 31,6: € RT and 31 < B2 with m > 2, ¢ > 1, then the
following inequality holds:

L2050, 80) — (1= D)3 = 94" 61, )| < "B 4 (15 om0y 1, 2)

|~

(419:%3)1—% [|ﬁ1‘(mfl)q(9ﬂ 7)_’_|ﬁ Im 1)q (319 2):| , if9>1

1
892 —1294+5\1—1 -1 893 —159+9 -1 —89342492-219+46 ) | ¢
(SE=12045)1=3 |y [(m—a (8213049 ) . |y |(m—Da ((=s%4242-21046 ) |

)

+ (B2—b)
if1<v<1

(351215 (|1 m 9 (1592) 4 o] e (2532) |, i 9 <

Q=

1
2
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Proof. The proof directly follows from Theorem 2 applied for ¥(n) = n™, n € RT.
Proposition 4 Let 81,32 € RT, and 81 < Ba, then the following inequality holds:

L7 (80 e) = (F50) — 9B, )] < 21002, el 1.2)

B2 (2555) + 182172 (3552), 9 >1

+(B2 = B1) 18:]2 ( 1519+9) +|Ba| 2 <78193+24211272119+6) Jifl<v <1
16172 (5532) + 1B2| 72 (3552) , it 9 <
Proof. The proof directly follows from Theorem 2 applied for ¥(n) = %, n € RT.

Proposition 5 Suppose 31, 52 € RT with 0 < 31 < 32, then for p > 1, the following
inequality holds:

1-9 Ba— B 2
L7181 B) = (o) = 9H By, Bo)| < 22t [A (1817 |8l 7H51,3)
fE31 4(p+ 1)P
1
(20—1)PT1—(9—1)PT1\ P .
B B — ( 2p+1 p+1 ) ) lf 19 Z 1
1 P (20—1)PH1 4 (1—9)PT1\ P
+ Y= [ (|/31|p T |62|p T : 3, 1)} ( T (1) )1 1f%<19<1
(1—9)PH —(1— 219)P+1 P
( ST (p T 1) ) if 9 < %
Proof. The proof directly follows from Theorem 2 applied for ¥(n) = , neRT.

Proposition 6 Suppose (1,3 € RT with 0 < 81 < B, then for ¢ > 1, the
following inequality holds:

IL~"(B1, B2) — (1[;—119) —9H (1, B2)] <

_1 _ _ _ P E
(4052)177 (181720 (%557) + 182l 720 (3532 |“, ifw =1
(8192_;219%)1—5 {|51|72q (8193_2145194-9) + | Ba| 24 (—8193-{-2421292_214-6)} :
if1<v<1
1
aga1_1 _ _ _ T .
(B52)' 418172 (T592) + 161721 (2522 | *, itw <4

Proof The proof directly follows from Theorem 2 applied for ¥(n) = %, neRT.

B2 — B1

3 [A(|51|_2q7\52|_2q;1,2)]%

Q=

+ (B2 — )
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