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NEW PARAMETRIC HADAMARD TYPE INEQUALITIES WITH

APPLICATIONS

M. ADIL KHAN, M. AIZAZ ALI AND TINGSONG DU

Abstract. In this paper, we offer new parametric Hadamard type inequalities
for differentiable convex and concave functions. Moreover, some consequent

applications to special means of real numbers are obtained.

1. Introduction

A function Ψ : J → R is said to be convex on J if the following inequality holds:

Ψ(tξ + (1− t)η) ≤ tΨ(ξ) + (1− t)Ψ(η) (1)

where ξ, η ∈ J , t ∈ [0, 1]. For concavity of Ψ the inequality (1) will revered. The
function Ψ is strictly convex if strictly inequality holds in (1). Ψ is strictly concave
if inequality (1) is strict in reversed order. Let Ψ : J → R be a convex function
define on J, then the following inequality is known as Hermite-Hadamard inequality
for convex function.

Ψ

(
β1 + β2

2

)
≤ 1

β2 − β1

β2∫
β1

Ψ(ξ)dξ ≤ Ψ(β1) + Ψ(β2)

2
, (2)

where β1, β2 ∈ J , and β1 < β2. This inequality is a key to check whether the given
function is convex, concave or not. Moreover, it shows that every convex function
is integrable. The inequality (2) holds if and only if Ψ is a convex function. It
will reverse if Ψ is concave. In the last few decades, a huge class of important
inequalities have been designed which is connected with inequality (2), (see [1]-
[31]).
Kirmaci [32] proved the following results linked with the left part of (2).
Lemma 1 [[32, Lemma 2.1]] Let Ψ : J◦ → R be a differentiable function on J◦
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with β1, β2 ∈ J◦ and β1 < β2. If Ψ
′ ∈ L[β1, β2], then the following identity holds:

1

β2 − β1

β2∫
β1

Ψ(η)dη −Ψ

(
β1 + β2

2

)
= (β2 − β1)

[ 1
2∫

0

tΨ′(tβ1 + (1− t)β2) dt

+

1∫
1
2

(t− 1)Ψ′(tβ1 + (1− t)β2) dt

]
,

where and in what follows J◦ denotes the interior of J .
Theorem 1 [[32, Theorem 2.2]] Let Ψ : J◦ → R be a differentiable function on J◦

with β1, β2 ∈ J◦ and β1 < β2. If |Ψ′| is convex on the interval J, then the following
inequality holds:∣∣∣∣∣∣∣

1

β2 − β1

β2∫
β1

Ψ(η)dη −Ψ

(
β1 + β2

2

)∣∣∣∣∣∣∣ ≤
β2 − β1

8

(
|Ψ′(β1)|+ |Ψ′(β2)|

)
.

Theorem 2 [[32, Theorem 2.3]] Let Ψ : J◦ → R be a differentiable function on J◦

with β1, β2 ∈ J◦ and β1 < β2. If the function |Ψ′|
p

p−1 is convex on J, for p > 1,
then we have:∣∣∣∣∣∣∣

1

β2 − β1

β2∫
β1

Ψ(η)dη −Ψ

(
β1 + β2

2

)∣∣∣∣∣∣∣ ≤
β2 − β1

16

( 4

p+ 1

) 1
p

[(
|Ψ′(β1)|

p
p−1 + 3|Ψ′(β2)|

p
p−1
) p−1

p

+
(
3|Ψ′(β1)|

p
p−1 + |Ψ′(β2)|

p
p−1
) p−1

p
)]

The main aim of this paper is to offer certain parametric Hadamard type inequalities
for functions whose first derivative in absolute values are concave or convex. As
applications, inequalities for some means of real number are obtained.

2. Main Results

To prove our main results, first we need to prove the following lemma.
Lemma 2 Let ϑ ∈ R and Ψ : J◦ → R be a differentiable function on J◦ with
β1, β2 ∈ J◦ and β1 < β2. If Ψ

′ ∈ L[β1, β2], then the following identity holds:

1

β2 − β1

β2∫
β1

Ψ(η)dη −

[
(1− ϑ)Ψ(β1) + ϑΨ

(
β1 + β2

2

)]

= (β2 − β1)

[ 1
2∫

0

tΨ′(tβ1 + (1− t)β2)dt+

1∫
1
2

(t− ϑ)Ψ′(tβ1 + (1− t)β2)dt

]
.
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Proof. Using integration by parts we have

1
2∫

0

tΨ′(tβ1 + (1− t)β2 dt+

1∫
1
2

(t− ϑ)Ψ′(tβ1 + (1− t)β2) dt

=
Ψ(β1+β2

2 )

2(β1 − β2)
− 1

β2 − β1

1
2∫

0

Ψ(tβ1 + (1− t)β2dt+
Ψ(β1)(1− ϑ)−Ψ(β1+β2

2 )( 12 − ϑ)

β1 − β2
−

1∫
1
2

Ψ(tβ1 + (1− t)β2)dt

β1 − β2

=
Ψ(β1+β2

2 )

2(β1 − β2)
+

Ψ(β1)(1− ϑ)−Ψ(β1+β2

2 )( 12 − ϑ)

β1 − β2
− 1

β1 − β2

[ 1
2∫

0

Ψ(tβ1 + (1− t))β2dt+

1∫
1
2

Ψ(tβ1 + (1− t)β2)dt

]

=
Ψ(β1+β2

2 )

2(β1 − β2)
+

Ψ(β1)(1− ϑ)−Ψ(β1+β2

2 )( 12 − ϑ)

β1 − β2
− 1

β1 − β2

 1∫
0

Ψ(tβ1 + (1− t))β2dt


By changing of variable we get

=
Ψ(β1+β2

2 )

2(β1 − β2)
+

Ψ(β1)(1− ϑ)−Ψ(β1+β2

2 )(12 − ϑ)

β1 − β2
− 1

β1 − β2

β1∫
β2

Ψ(η)dη

β1 − β2

=
Ψ(β1+β2

2 )

2(β1 − β2)
+

Ψ(β1)(1− ϑ)−Ψ(β1+β2

2 )(12 − ϑ)

β1 − β2
+

1

(β2 − β1)2

β2∫
β1

Ψ(η)dη

=
1

(β2 − β1)2

β2∫
β1

Ψ(η)dη − 1

β2 − β1

[
2Ψ(β1)(1− ϑ) + 2ϑΨ(β1+β2

2 )

2

]

=
1

(β2 − β1)2

β2∫
β1

Ψ(η)dη − 1

(β2 − β1)

[
Ψ(β1)(1− ϑ) + ϑΨ

(
β1 + β2

2

)]

Multiply both side by (β2 − β1) we have

=
1

β2 − β1

β2∫
β1

Ψ(η)dη −
[
(1− ϑ)Ψ(β1) + ϑΨ

(
β1 + β2

2

)]

which is the required result.
Remark 1 If we put ϑ = 1 in Lemma 2, we get Lemma 1.
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Lemma 3 Let ϑ ∈ R, then

1∫
1
2

|t− ϑ|dt =


4ϑ−3

8 ϑ ≥ 1
8ϑ2−12ϑ+5

8
1
2 < ϑ < 1

3−4ϑ
8 ϑ ≤ 1

2 ,

1∫
1
2

t|t− ϑ|dt =


9ϑ−7
24 ϑ ≥ 1

8ϑ3−15ϑ+9
24

1
2 < ϑ < 1

7−9ϑ
24 ϑ ≤ 1

2 ,

1∫
1
2

(1− t)|t− ϑ|dt =


3ϑ−2
24 ϑ ≥ 1

−8ϑ3+24ϑ2−21ϑ+6
24

1
2 < ϑ < 1

2−3ϑ
24 ϑ ≤ 1

2 .

Theorem 3 Let ϑ ∈ R and Ψ : J◦ → R be a differentiable function on J◦ with
β1, β2 ∈ J◦ and β1 < β2. If |Ψ′| is convex on the interval J, then the following
inequality holds:∣∣∣∣∣∣∣

1

β2 − β1

β2∫
β1

Ψ(η)dη − (1− ϑ)Ψ(β1)− ϑΨ
(β1 + β2

2

)∣∣∣∣∣∣∣ ≤
β2 − β1

8

(
|Ψ′(β1)|+ 2|Ψ′(β2)|

3

)

+(β2 − β1)


|Ψ′(β1)|

(
9ϑ−7
24

)
+ |Ψ′(β2)|

(
3ϑ−2
24

)
, if ϑ ≥ 1

|Ψ′(β1)|
(

8ϑ3−15ϑ+9
24

)
+ |Ψ′(β2)|

(
−8ϑ3+24ϑ2−21ϑ+6

24

)
, if 1

2 < ϑ < 1

|Ψ′(β1)|
(
7−9ϑ
24

)
+ |Ψ′(β2)|

(
2−3ϑ
24

)
, if ϑ ≤ 1

2

Proof. Using the above Lemma 2 we have∣∣∣∣∣∣∣
1

β1 − β2

β2∫
β1

Ψ(η)dη −
[
(1− ϑ)Ψ(β1) + ϑΨ

(β1 + β2

2

)]∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣β2 − β1


1
2∫

0

tΨ′(tβ1 + (1− t)β2) dt+

1∫
1
2

(t− ϑ)Ψ′(tβ1 + (1− t)β2) dt


∣∣∣∣∣∣∣

≤ (β2 − β1)


1
2∫

0

|t||Ψ′(tβ1 + (1− t)β2| dt+
1∫

1
2

|t− ϑ||Ψ′(tβ1 + (1− t)β2)|dt



≤ (β2 − β1)

[ 1
2∫

0

(
t2|Ψ′(β1)|+ t(1− t)|Ψ′(β2)|

)
dt

+

1∫
1
2

(
t|t− ϑ||Ψ′(β1)|+ (1− t)|t− ϑ||Ψ′(β2)|

)
dt

]

= (β2 − β1)

[
|Ψ′(β1)|

24
+

|Ψ′(β2)|
12

]
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+ (β2 − β1)

 1∫
1
2

(
t|t− ϑ||Ψ′(β1)|+ (1− t)|t− ϑ||Ψ′(β2)|

)
dt


=

β2 − β1

8

(
|Ψ′(β1)|+ 2|Ψ′(β2)|

3

)

+ (β2 − β1)


|Ψ′(β1)|

(
9ϑ−7
24

)
+ |Ψ′(β2)|

(
3ϑ−2
24

)
, if ϑ ≥ 1

|Ψ′(β1)|
(

8ϑ3−15ϑ+9
24

)
+ |Ψ′(β2)|

(
−8ϑ3+24ϑ2−21ϑ+6

24

)
,

if 1
2 < ϑ < 1

|Ψ′(β1)|
(
7−9ϑ
24

)
+ |Ψ′(β2)|

(
2−3ϑ
24

)
, if ϑ ≤ 1

2 .

Which completes the proof.
Remark 2 If we put ϑ = 1 in Theorem 2, we get Theorem 1.
Theorem 4 Let ϑ ∈ R and Ψ : J◦ → R be a differentiable function on J◦ with
β1, β2 ∈ J◦ and β1 < β2. If the function |Ψ′|

p
p−1 is convex on J with p, q > 1, and

1
p + 1

q = 1, then the following inequality holds:

∣∣∣∣∣ 1

β2 − β1

β2∫
β1

Ψ(η)dη −
[
(1− ϑ)Ψ(β1) + ϑΨ

(
β1 + β2

2

)]∣∣∣∣∣
≤ β2 − β1

4(p+ 1)
1
p

(
|Ψ′(β1)|

p
p−1 + 3|Ψ′(β2)|

p
p−1

4

) p−1
p

+
β2 − β1

2
p−1
p

(
3|Ψ′(β1)|

p
p−1 + |Ψ′(β2)|

p
p−1

4

) p−1
p



(
(2ϑ−1)p+1−(ϑ−1)p+1

2p+1(p+1)

) 1
p

, if ϑ ≥ 1(
(2ϑ−1)p+1+(1−ϑ)p+1

2p+1(p+1)

) 1
p

, if 1
2 < ϑ < 1(

(1−ϑ)p+1−(1−2ϑ)p+1

2p+1(p+1)

) 1
p

, if ϑ ≤ 1
2

Proof. Using Lemma 2 we have

∣∣∣∣∣ 1

β2 − β1

β2∫
β1

Ψ(η)dη −
[
(1− ϑ)Ψ(β1) + ϑΨ

(
β1 + β2

2

)] ∣∣∣∣∣
≤ (β2 − β1)


1
2∫

0

|t||Ψ′(tβ1 + (1− t)β2| dt+
1∫

1
2

|t− ϑ||Ψ′(tβ1 + (1− t)β2)|dt



= (β2 − β1)


1
2∫

0

t|Ψ′(tβ1 + (1− t)β2|dt+
1∫

1
2

|t− ϑ||Ψ′(tβ1 + (1− t)β2)|dt



≤ (β2 − β1)

[( 1
2∫

0

tpdt
) 1

p
( 1

2∫
0

|Ψ′(tβ1 + (1− t)β2)|qdt
) 1

q
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+
( 1∫

1
2

|t− ϑ|pdt
) 1

p
( 1∫

1
2

|Ψ′(tβ1 + (1− t)β2)|qdt
) 1

q

]

( Using Hölder integral inequality )

≤ (β2 − β1)


1
2∫

0

tpdt


1
p


1
2∫

0

[t|Ψ′(β1)|q + (1− t)|Ψ′(β2)|q]dt


1
q

+(β2 − β1)

 1∫
1
2

|t− ϑ|pdt


1
p
 1∫

1
2

t|Ψ′(β1)|q + (1− t)|Ψ′(β2)|q


1
q

(By convexity of |Ψ′|q, where q = p
p−1 )

= (β2 − β1)

(
1

2p+1(p+ 1)

) 1
p
(
|Ψ′(β1)|q + 3|Ψ′(β2)|q

8

) 1
q

+ (β2 − β1)

(
3|Ψ′(β1)|q + |Ψ′(β2)|q

8

) 1
q



(
(2ϑ−1)p+1−(ϑ−1)p+1

2p+1(p+1)

) 1
p

, if ϑ ≥ 1(
(2ϑ−1)p+1+(1−ϑ)p+1

2p+1(p+1)

) 1
p

, if 1
2 < ϑ < 1(

(1−ϑ)p+1−(1−2ϑ)p+1

2p+1(p+1)

) 1
p

, if ϑ ≤ 1
2

=
β2 − β1

4(p+ 1)
1
p

(
|Ψ′(β1)|

p
p−1 + 3|Ψ′(β2)|

p
p−1

4

) p−1
p

+
β2 − β1

2
p−1
p

(
3|Ψ′(β1)|

p
p−1 + |Ψ′(β2)|

p
p−1

4

) p−1
p



(
(2ϑ−1)p+1−(ϑ−1)p+1

2p+1(p+1)

) 1
p

, if ϑ ≥ 1(
(2ϑ−1)p+1+(1−ϑ)p+1

2p+1(p+1)

) 1
p

, if 1
2 < ϑ < 1(

(1−ϑ)p+1−(1−2ϑ)p+1

2p+1(p+1)

) 1
p

, if ϑ ≤ 1
2

This completes the proof.
Remark 3 If we put ϑ = 1 in Theorem 2, we get Theorem 1.
Theorem 5 If the function |Ψ′|q is convex on J, with q ≥ 1, then the following
inequality holds:∣∣∣∣∣ 1

β2 − β1

β2∫
β1

Ψ(η)dη −
[
(1− ϑ)Ψ(β1) + ϑΨ

(
β1 + β2

2

)]∣∣∣∣∣
≤ β2 − β1

8

[
|Ψ′(β1)|q + 2|Ψ′(β2)|q

3

] 1
q

+ (β2 − β1)



( 4ϑ−3
8 )1−

1
q

[
|Ψ′(β1)|q

(
9ϑ−7
24

)
+ |Ψ′(β2)|q

(
3ϑ−2
24

) ] 1
q

, if ϑ ≥ 1

( 8ϑ
2−12ϑ+5

8 )1−
1
q

[
|Ψ′(β1)|q

(
8ϑ3−15ϑ+9

24

)
+ |Ψ′(β2)|q

(
−8ϑ3+24ϑ2−21ϑ+6

24

) ] 1
q

,

if 1
2 < ϑ < 1

( 3−4ϑ
8 )1−

1
q

[
|Ψ′(β1)|q

(
7−9ϑ
24

)
+ |Ψ′(β2)|q

(
2−3ϑ
24

) ] 1
q

, if ϑ ≤ 1
2
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Proof. Using Lemma 2 we have:

∣∣∣∣∣ 1

β2 − β1

β2∫
β1

Ψ(η)dη −

[
(1− ϑ)Ψ(β1) + ϑΨ

(
β1 + β2

2

)]∣∣∣∣∣
≤ (β2 − β1)


1
2∫

0

t|Ψ′(tβ1 + (1− t)β2)|dt+
1∫

1
2

|t− ϑ||Ψ′(tβ1 + (1− t)β2)|dt



= (β2 − β1)
[ 1

2∫
0

t|Ψ′(tβ1 + (1− t)β2)|dt
]
+ (β2 − β1)

[ 1∫
1
2

|t− ϑ||Ψ′(tβ1 + (1− t)β2)|dt
]

(By power mean inequality)

≤ (β2 − β1)


1
2∫

0

t.dt


1− 1

q


1
2∫

0

t.|Ψ′(tβ1 + (1− t)β2)|qdt


1
q

+ (β2 − β1)

 1∫
1
2

|t− ϑ|dt


1− 1

q
 1∫

1
2

|t− ϑ||Ψ′(tβ1 + (1− t)β2)|qdt


1
q

(By convexity of |Ψ′|q, we have)

≤ (β2 − β1)


1
2∫

0

t.dt


1− 1

q


1
2∫

0

t2.|Ψ′(β1)|qdt+

1
2∫

0

t(1− t)|Ψ′(β2)|qdt


1
q

+ (β2 − β1)

 1∫
1
2

|t− ϑ|dt


1− 1

q
 1∫

1
2

t|t− ϑ||Ψ′(β1)|qdt+
1∫

1
2

(1− t)|t− ϑ||Ψ′(β2)|qdt


1
q

=
β2 − β1

8

[
|Ψ′(β1)|q + 2|Ψ′(β2)|q

3

] 1
q

+ (β2 − β1)



( 4ϑ−3
8 )1−

1
q

[
|Ψ′(β1)|q

(
9ϑ−7
24

)
+ |Ψ′(β2)|q

(
3ϑ−2
24

) ] 1
q

, if ϑ ≥ 1

( 8ϑ
2−12ϑ+5

8 )1−
1
q

[
|Ψ′(β1)|q

(
8ϑ3−15ϑ+9

24

)
+ |Ψ′(β2)|q

(
−8ϑ3+24ϑ2−21ϑ+6

24

) ] 1
q

,

if 1
2 < ϑ < 1

( 3−4ϑ
8 )1−

1
q

[
|Ψ′(β1)|q

(
7−9ϑ
24

)
+ |Ψ′(β2)|q

(
2−3ϑ
24

) ] 1
q

, if ϑ ≤ 1
2

Hence proved.
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Remark 4 If we put ϑ = 1 in Theorem 2 we get the following inequality.∣∣∣∣∣∣∣
1

β2 − β1

β2∫
β1

Ψ(η)dη −Ψ
(β1 + β2

2

)∣∣∣∣∣∣∣ ≤
β2 − β1

8

[( |Ψ′(β1)|q + 2|Ψ′(β2)|q

3

) 1
q

+
(2|Ψ′(β1)|q + |Ψ′(β2)|q

3

) 1
q
]
.

Theorem 6 If the function |Ψ′|q is concave on J , with q ≥ 1, then the following
inequality holds:∣∣∣∣∣ 1

β2 − β1

β2∫
β1

Ψ(η)dη −

[
(1− ϑ)Ψ(β1) + ϑΨ

(
β1 + β2

2

)]∣∣∣∣∣
≤ (β2 − β1)

8

∣∣∣∣Ψ′
(
β1 + 2β2

3

)∣∣∣∣

+ (β2 − β1)



( 4ϑ−3
8 )

∣∣∣Ψ′
(

(9ϑ−7)β1+(3ϑ−2)β2

3(4ϑ−3)

)∣∣∣ , if ϑ ≥ 1

( 8ϑ
2−12ϑ+5

8 )
∣∣∣Ψ′
(

(8ϑ3−15ϑ+9)β1+(−8ϑ3+24ϑ2−21ϑ+6)β2

3(8ϑ2−12ϑ+5)

)∣∣∣ ,
if 1

2 < ϑ < 1

( 3−4ϑ
8 )

∣∣∣Ψ′
(

(7−9ϑ)β1+(2−3ϑ)β2

3(3−4ϑ)

)∣∣∣ , if ϑ ≤ 1
2

Proof. By concavity of |Ψ′|q and power mean inequality we may write:

|Ψ′(λx+ (1− λ)y)|q ≥ λ|Ψ′(x)|q + (1− λ)|Ψ′(y)|q

|Ψ′(λx+ (1− λ)y)|q ≥ (λ|Ψ′(x)|+ (1− λ)|Ψ′(y)|)q

|Ψ′(λx+ (1− λ)y)| ≥ λ|Ψ′(x)|+ (1− λ)|Ψ′(y)|

So, |Ψ′| is also concave.
Now using Lemma 2, and Jensen’s integral inequality we have∣∣∣∣∣ 1

β2 − β1

β2∫
β1

Ψ(η)dη −

[
(1− ϑ)Ψ(β1) + ϑΨ

(
β1 + β2

2

)]∣∣∣∣∣
≤ (β2 − β1)


1
2∫

0

t|Ψ′(tβ1 + (1− t)β2| dt+
1∫

1
2

|t− ϑ||Ψ′(tβ1 + (1− t)β2)|dt



= (β2 − β1)


1
2∫

0

t|Ψ′(tβ1 + (1− t)β2)| dt

+ (β2 − β1)

 1∫
1
2

|t− ϑ||Ψ′(tβ1 + (1− t)β2|dt



≤ (β2 − β1)

1
2∫

0

t.dt

∣∣∣∣∣∣∣∣∣∣
Ψ′


1
2∫
0

t(tβ1 + (1− t)β2) dt

1
2∫
0

tdt


∣∣∣∣∣∣∣∣∣∣
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+ (β2 − β1)

 1∫
1
2

|t− ϑ| dt


∣∣∣∣∣∣∣∣∣∣
Ψ′


1∫
1
2

|t− ϑ|(tβ1 + (1− t)β2) dt

1∫
1
2

|t− ϑ|dt


∣∣∣∣∣∣∣∣∣∣

= (β2 − β1)

1
2∫

0

t.dt

∣∣∣∣∣∣∣∣∣∣
Ψ′


1
2∫
0

t2β1 + t(1− t)β2 dt

1
2∫
0

tdt


∣∣∣∣∣∣∣∣∣∣

+ (β2 − β1)

 1∫
1
2

|t− ϑ|dt


∣∣∣∣∣∣∣∣∣∣
Ψ′


1∫
1
2

(t.|t− ϑ|β1 + (1− t)|t− ϑ|β2) dt

1∫
1
2

|t− ϑ|dt


∣∣∣∣∣∣∣∣∣∣

≤ (β2 − β1)

8

∣∣∣∣Ψ′
(
β1 + 2β2

3

)∣∣∣∣+ (β2 − β1)



( 4ϑ−3
8 )

∣∣∣Ψ′
(

(9ϑ−7)β1+(3ϑ−2)β2

3(4ϑ−3)

)∣∣∣ , if ϑ ≥ 1

( 8ϑ
2−12ϑ+5

8 )
∣∣∣Ψ′
(

(8ϑ3−15ϑ+9)β1+(−8ϑ3+24ϑ2−21ϑ+6)β2

3(8ϑ2−12ϑ+5)

)∣∣∣ ,
if 1

2 < ϑ < 1

( 3−4ϑ
8 )

∣∣∣Ψ′
(

(7−9ϑ)β1+(2−3ϑ)β2

3(3−4ϑ)

)∣∣∣ , if ϑ ≤ 1
2 .

Hence proved.

Remark 5 If we put ϑ = 1 in Theorem 2 we get the following inequality.

∣∣∣∣∣∣∣
1

β2 − β1

β2∫
β1

Ψ(η)dη −Ψ

(
β1 + β2

2

)∣∣∣∣∣∣∣ ≤
(β2 − β1)

8

[∣∣∣∣Ψ′
(
β1 + 2β2

3

)∣∣∣∣+ ∣∣∣∣Ψ′
(
2β1 + β2

3

)∣∣∣∣] .
3. APPLICATIONS TO SPECIAL MEANS

Here we consider some particular means for two positive real numbers µ1, µ2.
Therefore we recall the following definitions:

(1) The arithmetic mean:

A = A(µ1, µ2) :=
µ1 + µ2

2
, µ1, µ2 ∈ R+.

(2) The logarithmic mean:

L = L(µ1, µ2) :=
µ2 − µ1

lnµ2 − lnµ1
, µ1 ̸= µ2, µ1, µ2 ∈ R+.

(3)The harmonic mean:

H = H(µ1, µ2) =
2

1
µ1

+ 1
µ2
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(4) The generalized logarithmic mean:

Lm = Lm(µ1, µ2) :=

[
µm+1
2 − µm+1

1

(µ2 − µ1)(m+ 1)

] 1
m

, µ1 ̸= µ2, m ̸= 0,−1, m ∈ R.

(5) The weighted arithmetic mean:

A(µ1, µ2;w1, w2) =
w1µ1 + w2µ2

w1 + w2
,

where µ1, µ2, w1, w2 ∈ R+.
Proposition 1 If β1, β2 ∈ R+ and m ≥ 2, then the following inequality holds:

|Lm
m(β1, β2)− (1− ϑ)βm

1 − ϑAm(β1, β2)| ≤
m(β2 − β1)

8
A

(
|β1|m−1, |β2|m−1; 1, 2

)

+m(β2 − β1)


|β1|m−1

(
9ϑ−7
24

)
+ |β2|m−1

(
3ϑ−2
24

)
, if ϑ ≥ 1

|β1|m−1
(

8ϑ3−15ϑ+9
24

)
+ |β2|m−1

(
−8ϑ3+24ϑ2−21ϑ+6

24

)
, if 1

2 < ϑ < 1

|β1|m−1
(
7−9ϑ
24

)
+ |β2|m−1

(
2−3ϑ
24

)
, if ϑ ≤ 1

2

Proof. The proof directly follows from Theorem 2 applied for Ψ(η) = ηm, η ∈ R+.
Proposition 2 Let β1, β2 ∈ R+ and β1 < β2 with m ≥ 2, and p > 1, then the
following inequality holds:∣∣∣∣∣Lm

m(β1, β2) − (1− ϑ)βm
1 − ϑAm(β1, β2)

∣∣∣∣∣
≤ m(β2 − β1)

4(p+ 1)
1
p

[
A
(
|β1|

(m−1)p
p−1 , |β2|

(m−1)p
p−1 ; 1, 3

)] p−1
p

+
m(β2 − β1)

2
p−1
p

[
A
(
|β1|

(m−1)p
p−1 , |β2|

(m−1)p
p−1 ; 3, 1

)] p−1
p



(
(2ϑ−1)p+1−(ϑ−1)p+1

2p+1(p+1)

) 1
p

,

if ϑ ≥ 1(
(2ϑ−1)p+1+(1−ϑ)p+1

2p+1(p+1)

) 1
p

if 1
2 < ϑ < 1(

(1−ϑ)p+1−(1−2ϑ)p+1

2p+1(p+1)

) 1
p

if ϑ ≤ 1
2

Proof. The proof directly follows from Theorem 2 applied for Ψ(η) = ηm, η ∈ R+.

Proposition 3 Let β1, β2 ∈ R+ and β1 < β2 with m ≥ 2, q ≥ 1, then the
following inequality holds:∣∣Lm

m(β1, β2)− (1− ϑ)βm
1 − ϑAm(β1, β2)

∣∣ ≤ m(β2 − β1)

8
A

(
|β1|(m−1)q, |β2|(m−1)q; 1, 2

)

+ (β2 − β1)



( 4ϑ−3
8 )1−

1
q

[
|β1|(m−1)q

(
9ϑ−7
24

)
+ |β2|(m−1)q

(
3ϑ−2
24

) ] 1
q

, if ϑ ≥ 1

( 8ϑ
2−12ϑ+5

8 )1−
1
q

[
|β1|(m−1)q

(
8ϑ3−15ϑ+9

24

)
+ |β2|(m−1)q

(
−8ϑ3+24ϑ2−21ϑ+6

24

) ] 1
q

,

if 1
2 < ϑ < 1

( 3−4ϑ
8 )1−

1
q

[
|β1|(m−1)q

(
7−9ϑ
24

)
+ |β2|(m−1)q

(
2−3ϑ
24

) ] 1
q

, if ϑ ≤ 1
2
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Proof. The proof directly follows from Theorem 2 applied for Ψ(η) = ηm, η ∈ R+.
Proposition 4 Let β1, β2 ∈ R+, and β1 < β2, then the following inequality holds:

|L−1(β1, β2)−
(1− ϑ

β1

)
− ϑH(β1, β2)| ≤

β2 − β1

8
A
(
|β1|−2, |β2|−2; 1, 2

)

+(β2 − β1)


|β1|−2

(
9ϑ−7
24

)
+ |β2|−2

(
3ϑ−2
24

)
, if ϑ ≥ 1

|β1|−2
(

8ϑ3−15ϑ+9
24

)
+ |β2|−2

(
−8ϑ3+24ϑ2−21ϑ+6

24

)
, if 1

2 < ϑ < 1

|β1|−2
(
7−9ϑ
24

)
+ |β2|−2

(
2−3ϑ
24

)
, if ϑ ≤ 1

2

Proof. The proof directly follows from Theorem 2 applied for Ψ(η) = 1
η , η ∈ R+.

Proposition 5 Suppose β1, β2 ∈ R+ with 0 < β1 < β2, then for p > 1, the following
inequality holds:∣∣L−1(β1, β2)−

(1− ϑ

β1

)
− ϑH(β1, β2)

∣∣ ≤ β2 − β1

4(p+ 1)
1
p

[
A
(
|β1|

−2p
p−1 , |β2|

−2p
p−1 ; 1, 3

)] p−1
p

+
β2 − β1

2
p−1
p

[
A
(
|β1|

−2p
p−1 , |β2|

−2p
p−1 ; 3, 1

)] p−1
p



(
(2ϑ−1)p+1−(ϑ−1)p+1

2p+1(p+1)

) 1
p

, if ϑ ≥ 1(
(2ϑ−1)p+1+(1−ϑ)p+1

2p+1(p+1)

) 1
p

, if 1
2 < ϑ < 1(

(1−ϑ)p+1−(1−2ϑ)p+1

2p+1(p+1)

) 1
p

, if ϑ ≤ 1
2

Proof. The proof directly follows from Theorem 2 applied for Ψ(η) = 1
η , η ∈ R+.

Proposition 6 Suppose β1, β2 ∈ R+ with 0 < β1 < β2, then for q ≥ 1, the
following inequality holds:

|L−1(β1, β2)−
(1− ϑ

β1

)
− ϑH(β1, β2)| ≤

β2 − β1

8

[
A
(
|β1|−2q, |β2|−2q; 1, 2

)] 1
q

+ (β2 − β1)



( 4ϑ−3
8 )1−

1
q

[
|β1|−2q

(
9ϑ−7
24

)
+ |β2|−2q

(
3ϑ−2
24

) ] 1
q

, if ϑ ≥ 1

( 8ϑ
2−12ϑ+5

8 )1−
1
q

[
|β1|−2q

(
8ϑ3−15ϑ+9

24

)
+ |β2|−2q

(
−8ϑ3+24ϑ2−21+6

24

) ] 1
q

,

if 1
2 < ϑ < 1

( 3−4ϑ
8 )1−

1
q

[
|β1|−2q

(
7−9ϑ
24

)
+ |β2|−2q

(
2−3ϑ
24

) ] 1
q

, if ϑ ≤ 1
2

Proof The proof directly follows from Theorem 2 applied for Ψ(η) = 1
η , η ∈ R+.
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