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HERMITE POLYNOMIALS AND HAHN’S THEOREM WITH
RESPECT TO THE RAISING OPERATOR

BAGHDADI ALOUI

ABSTRACT. Let {Hp},>0 be the monic Hermite polynomial sequence, It is
well known that . Hy, (z) = Hp11(x), n > 0, where # is the raising operator
associated to the monic Hermite polynomial and given by ¢ := 2l — (1/2)D,
with I represents the identity operator. In this paper, we introduce the no-
tion of #-classical orthogonal polynomials, where ¢ := zl + e¢D (e € C*).

Then we show that the scaled Hermite polynomial sequence {a~" Hy (az)}n >0,

where a? = —(2¢)71, is the only J#-classical orthogonal sequence. As an il-

lustration, we give some properties related to this operator.

1. INTRODUCTION AND MAIN RESULTS

Let P be the linear space of polynomials in one variable with complex coefficients.
Let P’ be the algebraic linear dual of P. We write (u,p) := u(p) (u € P, p € P).
A linear functional u € P’ is said to be regular [10, 14] if it is quasi-definite,
ie., det{u,x"™); ;=1 ., # 0 for n > 0. This is equivalent to the existence of a
unique sequence of monic polynomials {p, }n>0 of degree n such that (u,pypm) =
Tn0n,m, N, m >0, with 7, # 0 (n > 0). Then the sequence {p, }n>0 is said to be
the sequence of monic orthogonal polynomials (SMOP) with respect to wu.

Proposition 1.1. (Favard’s Theorem[10]). Let {P,},>0 be a monic polynomial
sequence. Then {P,}n>0 is orthogonal if and only if there exist two sequences of
complex number {By}n>0 and {vn}n>0, such that v, # 0, n > 1 and satisfies the
three-term recurrence relation
Py(z) =1, Pi(z) =2z — P, (1)
Pn+2(x) = (x - 5n+1)Pn+1(x) - 7n+1pn(x)7 n > 0.
When {P,, },>0 is a SMOP, then {Pn}nzo, where P, (z) = a~" P, (ax+b), (a,b) €
C* x C, is also a SMOP and satisfies [12, 13]

{Eo@c) =1, Pi(x) =2 f, )
Ppio(z) = (x — Brg1) Prs1(x) — Ant1Palx), n >0,

where Bn = a_l(ﬁn —b) and Ap41 = a_2’Yn+1-
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An orthogonal polynomial sequence {P,},>¢ is called classical, if {P)},>0 is
also orthogonal (Hermite, Laguerre, Bessel or Jacobi), (Hahn-property|7, 8]).
Next we collect some properties of the monic Hermite polynomials that we will
need in the sequel [4, 10].
The monic Hermite polynomial sequence {H,},>0 can be expressed by the Ro-
drigues formula (see [11, 15])
1" d"
( 273 ef%(e*“), n>0. (2)
The monic sequence of Hermite polynomials {H, },>0 is an Appell sequence [4],
i.e.,

H,(z)=

H)  (x)=(n+1)Hy(z), n>0. (3)

So {H,,}n>0 also satisfies the three-term recurrence relation (1), where
n+1
5
By starting from (2), with n replaced by n + 1, we obtain

(_1)n+1 z? d" —z?
Hn+1(l'):w€ dxin(—2l'€ ), TLZO

But according to the Leibniz rule

fo @) = 3 ()19 @),

Bn=0,n>0; Ypy1= n > 0. (4)

k
we have H,1(z) = H,(z) — L H! (x), n > 0, or equivalently
Hyp1(2) = A Hp(2), n >0, (®)

where 57 = 2l — (1/2)D is called the raising operator associated to the monic
Hermite polynomials (for more details see [16]).

In view of (5), we can say that {H,} is an J#-classical polynomial sequence,
since it satisfies the Hahn-property with respect to the operators J i.e., it is an
orthogonal polynomial sequence, whose sequence of J# is also orthogonal. See
further examples in [1, 2, 5, 7, 8, 9]

In this paper, we introduce the raising operator 7, := xl 4+ €D, € # 0, and we
show that the scaled Hermite polynomial sequence {a~"H, (ax)},>0 where a* =
—(2¢)71, is actually the only monic orthogonal polynomial sequence which is .7-
classical. As an illustration, we give some properties related to the above operator.
Finally, we represent certain sequences by a triple integrals in terms of Hermite

polynomials.

2. RAISING OPERATOR ASSOCIATED TO THE HERMITE POLYNOMIALS
Recall the operator
H:P — P
f — af+ef, e#£0.

Clearly, the operator 7, raises the degree of any polynomial. Such operator is
called raising operator.
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Definition 2.1. We call a sequence { P, },,>0 of orthogonal polynomials 7 -classical
if there exist a sequence {Qn}n>0 of orthogonal polynomials such that J6P, =
QnJrlv n Z 0

The aim of this paper is to find the sequences of monic orthogonal polynomials
{P,}n>0 such that the monic sequence {Qy, }n>0, where

Qn—&-l(x) = JL’PT,(I) + eP;l(gj)’ n >0, (QO(I) = ]-)v (6)

is also orthogonal.
Assume that {P,},>0 and {Qy}n>0 are SMOP satisfying

{ Py(z) =1, Pi(z) =x — Py, (7)
Poy2(z) = (2 = Bny1) Put1(®) = Y1 Pn(®), Y1 #0, n >0,

{ Qo(x) = 17 Ql(x) = — po, (8)
Qn+2(x) = (SL‘ - pn+1)Qn+1($> - Qn+1Pn($)7 On+1 7é 0; n Z 0.
We have the following fundamental result.

Theorem 2.1. the scaled Hermite polynomial sequence {a~"H,(ax)}n>o where
a? = —(2¢)7L, is actually the only monic orthogonal polynomial sequence which is
H.-classical. More precisely, Q,(x) = P,(x) = a " H,(ax) where a®> = —(2¢)~1.

Proof. By differentiating (7), we obtain
Prya(2) = (# = Bus1) Pria (2) — Y1 Py(2) + Paga(@), n > 0.

Multiplying the last equation by e and the relation (7) by z, and we summarize,
we get

Qn+3() = (¥ = But1) Pot2(2) — M+1@n+1(2) + €Qpia (), n > 0.
By using (8), we finally get

(Brt1 — pn+2)@nt2(x) + (Yng1 — 0n+2)@nt1(x) = €Ppyi(z), n >0, 9)

and
(Bo — p1)@1(2) — 01Q0(x) = ePo(x). (10)
By comparing the degrees in(9) and (10), we obtain
pnt1 = B, n20, (11)
Ont2 = Ynt+1—€ n >0, (12)
€ = —01. (13)

Then, (9) gives Qn(x) = Py,(x), n > 0, since Qo(x) = Po(z). Hence, (11) gives
Brnt1 = Bn = Bo = po =0, n > 0 by using (6) for n = 0. On the other hand,
(12) gives, by induction, v,4+1 = —(n + 1)e, n > 0. This implies that Q,(z) =
P,(z) = a "Hp(ax) where a®> = —(2¢)~!, with {a™"H,(az)},>0 is the scaled
Hermite polynomial sequence. [ |

3. SOME PROPERTIES OF THE OBTINED POLYNOMIALS

In this section, we firstly deduce some consequences of the operator . and
Hermite polynomials. Secondly, we represent some integer (or real) sequences by a
triple integral representations in terms of Hermite polynomials.
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3.1. Higher order J7-differential relations. From (6) and as a consequence of
our problem, we have

HH,(x) = Hpy1(z), n > 0. (14)
In the other hand, the relation (3) of Appell property can be written as follow
DH,1(x) = (n+1)H,(z), n > 0. (15)

Then, we obtain J# o DHy11(z) = (n 4+ 1)Hyq1(x), n > 0 and D o ' H,(z) =
(n+ 1)H,(x), n > 0, or equivalently the Béchner’s charactrisation [6] of Hermite
polynomials

g1 (@) = 20Hy, oy () +2(n + 1) Hyya () = 0, n > 0.
By using (15), we have
DmHn-{-l(x) = (Tl + 1)” o (Tl +2- m)Hn-‘rl—’m(x)v m<n+ 1a n > 0.

In particular, D" H,(x) = n!Ho(x).
According to (14) we can obtain a similar result for the raising operator

" Hy () = Hpem (), n, m>0. (16)
In particular, 7" (Hy(x)) = H,(x), n > 0, and then
A" o D" (Hy(z)) = nlHy(x), n>0.

In the following theorem, we prove that the SMP {J¢"H,,},, m>0 can be ex-
pressed by the so-called Rodrigues formula.

Theorem 3.1. For every integer m > 0, the following relation holds
(1) e

2n dx™
Proof. By induction, taking into account #" "' H,,(z) = S (A" Hy,(z)), it
follows that

) = o (S e (e )

" Hpy,(x) = (Hm(gc)e_””z)7 n > 0. (17)

2n dan
= (al— %D) ( (7211) e dd? (Hm(a:)efﬁ))

(71)n+1 2 dn+1

_x2
TS (Hp(z)e™ ™), n=>0.

Hence the desired result. [ |

Corollary 3.2. By using (16), we have the following formula
" e

2n dxm
3.2. Representations in terms of Hermite polynomials. Let us recall the
integral relation between Laguerre and Hermite polynomials: Uspensky’s formula

[17]

Hyym(z) = (Hm(x)e_rz), n, m > 0.

L@ (z) =

n

T 1 ! 1
n (n—|—a+ ) / (l_yZ)af%HQn(y\/E) dy, a > _5’ n >0,

Vren) T+ 1) )

which gives, with = replaced by tz and ao =1

L) = Wﬁ /,1(1 —y%)* Han(yVtx) dy, n > 0. (18)
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In the other hand, we have the following results.

Lemma 3.1. [3] The following representations in terms of Laguerre polynomials,
(with parameter o = 1), hold

nl(n+1)! = /O+oo /;oo te”TILWD (t(z + 1)) dadt. (19)

W _ /0 o / o % @I LO (¢(z + 1)) dadt. (20)
oo 1

n! :/0 /O te 'LV (t(x + 1)) dadt. (21)

—1)"n! = /O - /O lte—tLg)(m) dzdt. (22)

(n+1)!(—1)”(1n2+1§:1( . / ” / ff; LD (Ha + 1)) dadt.  (23)

n!(n+1)!(1)n(e§;) /OW/O te*=t LD (tz) dadt. (24)

Then, by inserting (18) in (19)—(24), we can easily obtain the following result.

Theorem 3.3. Forn € N, we have the following representations in terms of Her-
mite polynomials

) /m /+oo /1 e (1 4y Hy (y /T )y
et = [T [ 0 e A D)
b= [T et oG D) apaaar
(1) (fﬁ)g -/ - / 1 / 11 e~ (1 — y?)} Ha (yv/i) dydadt.
e TR

(—1)"(2")!(6 - z”: %)g - /+OO /1/1 te” (1 — y?) % Hay (yViz) dydadt.
=0 0 0 J-1

Corollary 3.4. For n =0, we have the special cases

T “+o0 “+o0 1 .
5= / / / te~ @t (1 — 4?)2 dydzdt.
s oo oo 1
VT 3= / / / ~@H (1 — ¢z dydadt.
+oo
/ / / te H(1 — dydxdt

_yz)%H% (yV/t(z + 1)) dydazdt.
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+oo 1Pl ¢
™ te 1
In2 - = 1 —y?)? dydadt.
- [ ima-era
- +oo 1 pl )
(e—1)= = / / / te* (1 — 4?)2 dydadt.
2 0 o J-1
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