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D-HYPERCYCLIC AND D-CHAOTIC PROPERTIES OF
ABSTRACT DIFFERENTIAL EQUATIONS OF FIRST ORDER

CHUNG-CHUAN CHEN, MARKO KOSTIC, STEVAN PILIPOVIC AND DANIEL VELINOV

ABSTRACT. The main aim of this paper is to contribute to the existing the-
ory of disjoint hypercyclic and disjoint topologically transitive abstract non-
degenerate differential equations of first order as well as to initiate the study
of disjoint chaoticity for strongly continuous semigroups and C-distribution
semigroups in Banach and Fréchet function spaces. We also investigate dis-
joint topologically mixing property for C-distribution semigroups, and prove
a disjoint analogue of the Desch-Schappacher-Webb criterion in this context.
Some new results on disjoint transitivity and disjoint chaoticity of strongly con-
tinuous families of composition operators and strongly continuous semigroups
induced by semiflows are shown, as well.

1. INTRODUCTION AND PRELIMINARIES

Let FE be a Fréchet space. A linear operator T on F is said to be hypercyclic
iff there exists an element © € Dy (T), whose orbit {T"x : n € Ny} is dense in
E. A periodic point for T is an element & € Do (T) for which there exists n € N
with Tz = . We say that T is chaotic iff T" is hypercyclic and the set of periodic
points of T is dense in F.

The first examples of hypercyclic operators were given on the space of entire
functions H(C) equipped with topology of uniform convergence on compact sub-
sets of C. In 1929, G. D. Birkhoff proved that the translation operator is hypercyclic
in H(C) and, in 1952, G. R. MacLane proved that the derivative operator is hy-
percyclic in H(C). The first example of a hypercyclic operator on a Banach space
was given by S. Rolewicz [38] in 1969 (see the monographs [4] by F. Bayart, E.
Matheron and [23] by K.-G. Grosse-Erdmann, A. Peris for a comprehensive survey
of results on topological dynamical properties of linear operators). The first sys-
tematic study of hypercyclic and chaotic strongly continuous semigroups in Banach
spaces was conducted by W. Desch, W. Schappacher and G. F. Webb [20] in 1997.
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Also, hypercyclic behaviour of operators in a hypercyclic Cy-semigroup was studied
deeply in [16].

On the other hand, L. Bernal-Gonzdlez [6] and J. Bés, A. Peris [7] have intro-
duced various notions of disjoint hypercyclicity for continuous linear operators in
Fréchet spaces (cf. [8]-[13], [27], [33]-[34], [37], [39] and [42] for more details on the
subject). The notion of disjoint hypercyclicity for strongly continuous semigroups
in Banach spaces and the notion of disjoint hypercyclicity for C-distribution cosine
functions (global fractionally integrated C-cosine functions) in Banach spaces have
been introduced by the second named author in [32] and [29], respectively. One of
the main aims of this paper is to fill the gap in the existing theory of disjoint hyper-
cyclic abstract PDEs by enquiring into the basic disjoint hypercyclic and disjoint
chaotic properties of C-distribution semigroups and global fractionally integrated
C-semigroups in Fréchet spaces (for further information about C-distribution semi-
groups and fractionally integrated C-semigroups in locally convex spaces, as well
as about hypercyclic and chaotic properties of various classes of abstract (degener-
ate) Volterra integro-differential equations in locally convex spaces, the reader may
consult the monographs [26]-[28] and references cited therein; in this paper, we will
focus our attention entirely on the abstract non-degenerate differential equations of
first order). We provide the first examples of abstract Cauchy problems of first or-
der whose solutions are not governed by strongly continuous semigroups and which
possess a certain disjoint hypercyclic behaviour.

The organization and main ideas of paper are briefly described as follows. In
the preliminary part, we remind ourselves of the basic properties of generalized
function spaces used, C-distribution semigroups and global fractionally integrated
C-semigroups in Fréchet spaces, and recall the assertion of d-Blow-up/Collapse
Criterion for single-valued linear operators (cf. [12, Proposition 3.7] for a slight
generalization); in Proposition 1.2, we transfer the assertion of [30, Lemma 6(i)] to
C-distribution semigroups in Fréchet spaces. The main purpose of Definition 2.1 is
to introduce various topological dynamical properties of C-distribution semigroups.
After that, we explain how these notions can be extended to arbitrary families of lin-
ear operators (Remark 2.2) and reformulate them for global fractionally integrated
C-semigroups (Definition 2.3). In [19], R. deLaubenfels, H. Emamirad and K.-G.
Grosse-Erdmann have initiated the study of hypercyclic and chaotic properties of
distribution semigroups and C-regularized semigroups. The main objective in The-
orem 2.4 and Theorem 2.5 is to prove d-Hypercyclicity Criterion for linear, not
necessarily continuous, operators (this is, actually, a disjoint analogue of [19, The-
orem 2.3]; see also [7, Definition 2.5, Proposition 2.6, Theorem 2.7] for continuous
case) and d-Hypercyclicity Criterion for C-distribution semigroups, respectively;
d-Blow-up/Collapse Criterion for C-distribution semigroups is stated in Proposi-
tion 2.6. In Theorem 2.7, we reconsider the Desch-Schappacher-Webb criterion for
C-distribution semigroups and prove its disjoint version following the analysis of
L. Bernal-Gonzéalez [6, Theorem 4.3]; to the best knowledge of the authors, this
statement is new even for strongly continuous semigroups of operators in Banach
spaces. After giving a few noteworthy observations in Remark 2.9-Remark 2.11,
we present some illustrative applications of our abstract results in Example 2.12
and Example 2.13. To motivate our investigations in Section 3, let us recall that T.
Kalmes [25] has scrutinized the hypercyclicity and chaoticity of strongly continuous



EJMAA-2018/6(2) D-HYPERCYCLIC AND D-CHAOTIC PROPERTIES 3

semigroups induced by semiflows. In his analysis, the pivot function space is cho-
sen to be Cp ,(X,K), resp. LP(X, p1,K), where K € {R,C}, X is a locally compact,
Hausdorff space and p : X — (0,00) is an upper semicontinuous function, resp. X
is a locally compact, o-compact Hausdorff space, p € [1,00) and p is a locally finite
Borel measure on X (for the sake of simplicity and better exposition, we shall work
henceforth only with Fréchet spaces over the field of complex numbers). Disjoint
hypercyclicity of strongly continuous semigroups induced by semiflows has been
investigated in [32] (cf. also [27, Subsection 3.1.1]). In Section 3, our intention is to
continue the research studies raised in [25] and [32] by exploring disjoint transitivity
and disjoint chaoticity of strongly continuous families constituted of composition
operators (cf. Theorem 3.1, Theorem 3.2 for weighted LP-spaces, and Theorem
3.7, Theorem 3.8 for weighted Cy-spaces) and strongly continuous semigroups in-
duced by semiflows (cf. Corollary 3.3, Corollary 3.4, Theorem 3.5, Theorem 3.6 for
weighted LP-spaces, and Corollary 3.9, Corollary 3.10, Theorem 3.11, Theorem 3.12
for weighted Cy-spaces). We investigate disjoint chaoticity of strongly continuous
semigroups on Fréchet space C(2) in Theorem 3.13, and present several examples
of disjoint chaotic strongly continuous semigroups in Example 3.14.

We use the standard terminology throughout the paper. By E we denote a non-
trivial, separable, Fréchet space over the field of complex numbers. If X is also a
non-trivial, separable, Fréchet space over the same field of scalars as F, then we
denote by L(FE, X) the space consisting of all continuous linear mappings from E
into X; L(E) = L(E,E). By ®g (®, if there is no risk for confusion), we denote
the fundamental system of seminorms which defines the topology of E; the dual
space of E is denoted by E*. Let us recall that a subset of E is called total iff its
linear span is dense in F.

Let 0 < 7 < oo. In our framework, any strongly continuous operator family
(W(t))tejo,r) € L(E, X) is locally equicontinuous, i.e., for every 7' € (0,7) and for
every p € ®x, there exist ¢, € ®g and ¢, > 0 such that p(W(t)x) < cpgp(x),
r € I, t €[0,T]; the notions of equicontinuity of (W(t)):cjo,-) and the exponential
equicontinuity of (W (t));>o are defined similarly.

By B we denote the family consisting of all bounded subsets of E. Define
pe(T) :=sup,cpp(Tx), p € ®g, B e B, T € L(E,X). Then pp(-) is a seminorm
on L(E, X) and the system (pp)(p,B)cex x5 induces the Hausdorff locally convex
topology on L(E, X). Suppose that A is a closed linear operator acting on E. Then
we denote the domain, kernel space, range and point spectrum of A by D(A), N(A),
R(A) and o,(A), respectively. Since no confusion seems likely, we will identify A
with its graph. Set Duo(A) := [,y D(A™). We will always assume henceforth
that C € L(E) and C is injective. Put po(x) := p(C~'z), p € ®, = € R(C).
Then pc(-) is a seminorm on R(C) and the calibration (p¢)pee induces a Fréchet
topology on R(C); we denote this space by [R(C)]g. Set Cy := {A € C: R\ > 0},
C_ := {A € C : R\ < 0}, and, by common consent, 0° := 1. By I'(:) we de-
note the Gamma function. Set N,, := {1,2,---,n}, N := N,, U {0} (n € N),
ge(t) == t71/I(¢) (¢ > 0, t > 0) and go(t) := the Dirac S-distribution. Given
s € R in advance, set [s] :=inf{l € Z: s < I}.

Suppose that V' is a general topological vector space. As it is well-known, a
function f : Q — V, where () is an open non-empty subset of C, is said to be
analytic iff it is locally expressible in a neighborhood of any point z € 2 by a
uniformly convergent power series with coefficients in V. The reader may consult
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[1] and [27, Section 1.1] and references cited there for the basic information about
vector-valued analytic functions. In our framework, the analyticity of a mapping
f:Q — F is equivalent with its weak analyticity.

In what follows, we will remind ourselves of the basic facts concerning vector-
valued distribution spaces used henceforth. The Schwartz spaces of test functions
D = C§°(R) and £ = C*°(R) are equipped with the usual inductive limit topologies;
the topology of space of rapidly decreasing functions S defines the following system
of seminorms py, ,(¥) := sup,cg [z (2)], ¥ € S, m, n € No. If § # Q C R,
then we denote by Dgq the subspace of D consisting of those functions ¢ € D for
which supp(¢) € @; Dy = Djg,)- If @, 1 : R — C are measurable functions, the
convolution products ¢ * 1 and ¢ *g 1) are defined by

pxY(t) = / ot — s)(s)ds and ¢ xq P(t) := /cp(t —s)yP(s)ds, t €R.
oo 0

If p e Dand f € D', or p € £ and f € &', then we define the convolution
fxoby (f*@)t) = f(p(t—"-),t €R. For f € D, or for f € &£, define f by
(@) := f(p(=), ¢ €D (p € E). In general, the convolution of two distributions
f, g € D', denoted by f * g, is defined by (f * g)(p) := g(f* ), p € D. It is
well-known that f x g € D’ and supp(f * g) Csupp(f)+supp(g). For every ¢t € R,
we define the Dirac distribution centered at point ¢, d; for short, by d;:(¢) := p(¢),
peD.

The space D'(FE) := L(D, E) is consisted of all continuous linear functions D —
E; Dg,(E) denotes the subspace of D'(E) containing E-valued distributions whose
supports are contained in Q. Set Dy(E) := Dj, \(E). If E = C, then the above
spaces are also denoted by D', D¢, and D{. For more details about vector-valued
distributions, we refer the reader to L. Schwartz [40]-[41].

Let o € (0,00) \ N, f € S and n = [«]. Let us recall that the Weyl fractional
derivative W of order « is defined by

(- dr

Weftt) = L(n—a)dt®

/(5 — )" f(s)ds, t € R.
i

If o = n € Ny, then we set W} := (—1)”%. It is well known that the following

equality holds: Wf"rﬁf = WfW_’Ef, a, >0, feS.
Now we recall the definition of a C-distribution semigroup in Fréchet space (see
[31]):

Definition 1.1. Let G € D{(L(FE)) satisty CG = GC. Then it is said that G is a
C-distribution semigroup, shortly (C-DS), if G satisfies the following conditions:

(1) Glo*09¥)C =G(p)G(¥), for any ¢, ¢ € D.
(i) M(G) == N N(G(p)) = {0}.

»€Do
A (C-DS) G is called dense if, in addition to the above,

(iii) R(G) .= U R(G(p)) is dense in E.

»€Do
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Let G € D)(L(E)) be a (C-DS) and let T' € &), i.e., T is a scalar-valued distri-
bution with compact support contained in [0, 00). Define

G(T) := {(x,y) EEXE :GTxp)x=G(p)y forall ¢ € Do}.

Then it can be easily seen that G(T') is a closed linear operator. In general case,
for every ¢ € D, we have that ¢, = 91jg.o) € &, where 1|y ) stands for the
characteristic function of [0, 00), so that the definition of G(14) is clear. We define
the (infinitesimal) generator A of a pre-(C-DS) G by A := G(—4"). We know that
C~1AC = A as well as that the following holds: Let S, T € &), ¢ € Do, ¥ € D and
x € E. Then we have:

Al. G(S)G(T) C G(S«+T) with D(G(S)G(T)) = D(G(S*T))Nn D(G(T)), and
G(S)+G(T) CG(S+T).
A2 (GW)z, G(=¢ )z = ¢(0)Cx) € A.
We denote by D(G) the set consisting of all elements x € E for which z €
D(G(d)) for all ¢ > 0 and the mapping ¢ — G(d;)x, t > 0 is continuous. By Al.,
we have that

which clearly implies G(6;)(D(G)) € D(G), t > 0.

The notions of hypercyclicity, chaoticity, topological transitivity and topologi-
cally mixing property of G are introduced in the same way as in [26, Definition
3.1.29], where it has been assumed that the pivot space E is one of Banach’s:

(i) G is said to be hypercyclic iff there exists x € D(G) such that the set
{G(d¢)x : t > 0} is dense in E (we call x a hypercyclic vector of G);

(ii) G is said to be chaotic iff G is hypercyclic and the set of periodic points of
G, Gper for short, defined by {x € D(G) : G(d,)x = x for some ty > 0}, is
dense in F;

(iii) G is said to be topologically transitive iff for every two open non-empty
subsets U, V of E, there exist u € D(G) and ¢ > 0 such that v € U and

(iv) G is said to be topologically mixing iff for every two open non-empty subsets
U, V of E, there exists tg > 0 such that, for every ¢ > ty, there exists
uy € D(G) such that u; € U and G(6)u, €V, t > tp.

In [26, Definition 3.1.29], we have introduced many other (subspace) topological
dynamical properties of C-distribution semigroups, which will not be considered in
the context of this paper.

Let us recall that the solution space for a closed linear operator A, denoted by
Z(A), is defined as the set of all € E for which there exists a continuous map-
ping u(-,z) € C([0,00) : E) satisfying fg u(s,z)ds € D(A) and Afg u(s,z)ds =
u(t,z) —x, t > 0. It should be worth noting that Z(A) = D(G), provided that A
generates a (C-DS) G :

Proposition 1.2. Suppose that A generates a (C-DS) G. Then Z(A) = D(G).

Proof. Let x € D(G), and let u(t,z) := G(d¢)x, t > 0. Then ¢t — u(t,x), t > 0 is
continuous and, to see that D(G) C Z(A), it suffices to show that A fg u(s,x)ds =
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u(t,x) —x, t >0, ie.,

AQK-dﬂX&MﬂSZQWMGQJx—xL t>0, € Dy.

By Al., we have G(p)G(0;)x = G(6:)G(p)x = G(p(- —t))x, t > 0, ¢ € Dy. Hence,
we need to prove that

/0 g(—<p’(~ - s)):cds =G(p(-—t)x—G(p)x, t>0, ¢ € Dy.

This simply follows from the continuity of G and the Newton-Leibniz formula,
since (G(p(- — t))x) = —G(¢'(- — t))z in variable t > 0, for ¢ € Dy. Suppose
now that z € Z(A), u(-,z) € C([0,00) : E) satisfies fot u(s,z)ds € D(A) and
Af(;5 u(s,x)ds = u(t,x) — x, t > 0. It remains to be proved that z € D(G) and
u(t,x) = G(d¢)x, t > 0. In other words, we know that

t
6(~¢) [ uls.0)ds=Gpulto) -, 20, 9Dy (12)
0
and we need to prove that
G(e(- =)z =G(pu(t,x), >0, ¢ € Do. (1.3)

Let T'> 0 and ¢ € Djr o). Put F(t) := G(p(- + 1)) fot u(s,z)ds, 0 <t <T. Then
(1.2) in combination with the product rule and the continuity of G implies

F'(t)=G(e(-+t)z, 0<t<T.
Hence, F(t) = F(t) — F(0) = fot F'(s)ds, 0 <t <T, whence we may conclude that

ﬁ%+mAU@@®:AQM4ﬂn$,Og§T

Applying the operator A on both sides of above equality, and using its closedness,
the commutation with the operators G(¢(- +t)) for 0 < ¢ < T, and the property
A2.) we get that

gwc+mwwm—ﬂ=—lgww+ﬁm@.

By the continuity of G and the Newton-Leibniz formula, we obtain from the above
equality that:

Gle(- +1))[ult,z) — 2] = =G(p(- + 1))z + G(p). (1.4)

Suppose now that ¢ € Dy. Then ¢ = ¥(- = T) € Dy ) and applying (1.4) with
t = T, we immediately get that (1.3) holds with ¢ and ¢ replaced respectively by
1 and T therein. Clearly, (1.3) holds for ¢ = 0 and this completes the proof of
proposition. [l

Remark 1.3. Since a Fréchet space valued distribution need not be of finite order
(see [31] for the notion), we cannot give an alternative proof of Proposition 1.2 by
using the theory of integrated C-semigroups, like it has been done in the Banach
space case [30, Lemma 6(i)]. Observe also that the argumentation contained in the
proof of inclusion Z(A) C D(G) shows that for each x € Z(A) the function u(:, z)
obeying the properties prescribed above must be unique.
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Now we will recall the definition and basic properties of fractionally integrated
C-semigroups in Fréchet spaces (cf. [26]-[27] for further information):

Definition 1.4. Suppose A is a closed operator, a > 0 and 0 < 7 < oco. If there
exists a strongly continuous operator family (S (t))tcj0,r) (Sa(t) € L(E), t € [0,7))
such that:
(1) Sa(t)A C ASa (), t € [0,7),
(il) Sa(t)C =CSu(t), t e [ ,7) and
(iii) for all z € F and t € [0,7): fo s)xds € D(A) and

¢
A/Sa(s)x ds = So(t)x — gat1(t)Cx,
0

then it is said that A is a subgenerator of a (local) a-times integrated C-semigroup
(Sa(t))tejo,r)- If T = oo, then it is said that (S.(t))s>0 is an exponentially equicon-
tinuous, a-times integrated C-semigroup with a subgenerator A iff, in addition to
the above, there is a constant w € R such that the operator family {e~“*S,(t) : t >
0} C L(E) is equicontinuous.

The integral generator A of (S (t))ie[o,r) is defined by

A= {(x,y) EEXE:S,(t)x — gat1(t)Cx = /Sa(s)yds, te [0,7‘)}.
0

We know that the integral generator of (S (t))tcjo,r) is a closed linear operator
which extends any subgenerator of (S, (t))¢c[0,-) and satisfies C~'AC = A.In global
case 7 = 00, which will be only considered in the sequel, the integral generator A
of (Sa(t))i>0 is always its subgenerator.

Suppose that a > 0, n = [«] and A is the integral generator of a global a-times
integrated C-semigroup (Sq(t))i>0 on E. Then we have that:

oo

/ Wep(t)So(t)r dt = (— 1)”/90(")(t)5n(t)xdt7 reE, peD, (1.5)
0
where (S,,(t) = (gn—a *0 Sa)(t))t>0 is the global n-times integrated C-semigroup
generated by A. Furthermore, the following holds ([31]):

Lemma 1.5. Assume that o > 0 and A is the integral generator of a global a-times
integrated C-semigroup (Sa(t))i>0 on E. Set

v)x —/ Wp(t)Sa(t)xdt, = cE, peD. (1.6)

Then Gs,, is a (C-DS) whose integral generator is A.

Let us recall ([17], [27]) that an entire C-regularized group is an entire family of
continuous linear operators (T'(z)).ec C L(E) such that T'(0) = C and T'(z+w)C =
T(2)T(w), z, w € C. The integral generator of (T'(z)).ec is said to be the integral
generator of C-regularized semigroup (T'(t))¢>0.

We refer the reader to [26]-[27] for the notion and basic properties of inte-
grated C-cosine functions and exponentially equicontinuous, analytic integrated
C-semigroups.
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Let £ € N, let A be a linear operator on F, and let G be a C-distribution
semigroup on E. Then we define the linear operator A @ - - - @ A and C-distribution
~——

k
semigroup G® - - BGon X®-- - X by DAD--- DA :=DA)d - --®D(A),

k k k k
A@ T @A(ajtha' : '7xk) = (A$17A$27' ° 'ank)a
k

for any x1,- -+, xr € D(A), and
g DD g(@)(I1,$27 o '7‘Ik) = (g(gp)xlvg(@)an T '7g(90)zk)7

k

for any ¢ € D and x1, -+, x € E.

In a joint research study with J. Alberto Conejero and M. Murillo-Arcila [12],
the first and third named author have recently extended various notions of hyper-
cyclicity and disjoint hypercyclicity to (sequences of) multivalued linear operators
(cf. [12, Definition 3.4] for the notion we will use henceforth). For our further
work, it will be necessary to recall the following special case of d-Blow-up/Collapse
Criterion for multivalued linear operators [12, Proposition 3.7]:

Lemma 1.6. Let N € N, N > 2, and let A; be a linear operator in £ (1<j<N).
Suppose that (ap)nen s a strictly increasing sequence of positive integers, as well
as that the following holds:

e The set Ey, consisting of those elements y € Doo(A1) N+ - N Do (An)
satisfying that for each j € Ny we have lim,,_, A‘;"y =0, is dense in E.

o For each j € Ny there exists a dense subset F ;j of E, consisting of
those elements z € E for which there exist elements wy, ;(2) € Doo(A;)
(n € N, 1 < i< N) such that (wy, ;(2))nen s a null sequence in E, and
limy, 00 Af"wn,i(2) = dijz (1 <i < N).

Then the operators
Al@"'@Al,"',AN@"'@AN
k k

are d-topologically transitive (k € N).

2. DISJOINT HYPERCYCLIC AND DISJOINT TOPOLOGICALLY MIXING
C-DISTRIBUTION SEMIGROUPS IN FRECHET SPACES

We start this section by introducing the following definition:
Definition 2.1. Let N € N, N > 2 and §; be a hypercyclic C;-distribution semi-
group in E,i=1,2,---,N. We say that (G;)1<;<n are:
(i) disjoint hypercyclic, d-hypercyclic in short, iff there exists x € (), <, <y D(G:)
such that o
{(G1(6t)$, G2(5t)x7 ) GN((St)x) i O} = EN' (21)

An element x € (),.,.y D(G;) satisfying (2.1) is called a d-hypercyclic
vector associated to (G;)i<i<n. If the set of all d-hypercyclic vectors is
dense in F, then we say that (G;)1<;<n are densely d-hypercyclic.
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(ii) disjoint topologically transitive, d-topologically transitive in short, iff for
any open non-empty subsets Vy, V1, Vs, - -+, Vy of E, there exists ¢ > 0 such
that Vo N G1(6:) 71 (Vi) N G2(6:) 1 (Vo) N -+ - NG (6:)~H (Viv) # 0.

(iii) disjoint topologically mixing, d-topologically mixing in short, iff for any
open non-empty subsets Vg, Vi, Vs, - - -, Vv of E, there exists tg > 0 such
that for every t > tg we have that Vo N G1(8;)~1(V1) NGa(6:) "t (Va)N---N
Gn(6) (V) # 0.

(iv) disjoint chaotic, d-chaotic in short, iff (G;)1<;<n are d-transitive and the set
of periodic elements of (G;)1<;<n, defined by P(G1,Ga, -+, Gn) := {(f1, fa, -
',fN) S D(Ql) X D<g2> X oo X D(QN) : 3t >0 with (Gl((st)fl,GQ((St)fg, .
',GN((St)fN) = (f1, fQ, crey fN)}, is dense in EN.

Remark 2.2. The notions introduced in Definition 2.1 can be considered in a more
general framework. Speaking-matter-of-factly, let N € N, N > 2 and (W;(t))¢>0 be
a family of linear operators in E, i = 1,2, -+, N. Then we define the notion of a d-
hypercyclic vector for (W;(-))1<i<n similarly as above: x € (), 150 D(Wi(t)) is
said to be a d-hypercyclic vector for (W;(-))1<i<n iff (2.1) holds with G (d;) replaced
by W;(t) therein (1 < i < N, ¢t > 0). Further on, we say that (f1, f2, -+, fn) €
Niso DWi(t)) X Nysg D(Wa(t)) x -+ X s P(Wn(t)) is a periodic element of
(Wi(-))1<i<n iff there exists ¢ > 0 such that W;(t)f; = f;, j € N%. After that,
we can define the notions of (densely) d-hypercyclicity, d-topological transitivity,
d-topologically mixing property and d-chaoticity of (W;(-))1<i<n in the same way
as above, with G;(0;) replaced by W;(t) therein (1 <i < N, ¢t > 0).

Besides, we would like to point out the possibility to define the notion of disjoint
chaos by considering the periodic points of the form (f, f,---, f) instead of (f1, fa, -
-, fn), and to start the new paper about these peculiar phenomena of disjoint
chaoticity for semigroups and fractional resolvent families.

The change of order in tuple (G;)1<;<n does not have any influence on
d-hypercyclicity of semigroups (G;)1<i<n. It can be almost trivially shown that
the d-hypercyclicity of (G;)1<i<n implies hypercyclicity of each component G; for
1 <4 < N, and the relation G; # G, for all 4, j € Ny with 7 # j.

Using Lemma 1.5, we can simply reformulate the above notions for fractionally
integrated C;-semigroups (cf. also [26, Theorem 3.1.32(i)]):

Definition 2.3. Let N € N, N > 2, and let A; be the integral generator of a global
a;-times integrated Cj-semigroup (S, (t))i>0 on E, i = 1,2,-- -, N. We say that
(Sa, (-))1<i<n are d-hypercyclic (d-topologically transitive, d-topologically mixing)
iff (Gs,, )i<i<n are (cf. (1.6) with a = a;, C = C; and Su(-) = S4,(+)). Set
P(Sala Sa27 Tty SQN) = P(gSal 5 gsa27 Tty gSQN )

Before proceeding further, we would like to observe that we allow some reg-
ularizing operators C; to be mutually different as well as that (1.5) yields that
(Sa,; (-))1<i<n are d-hypercyclic (d-topologically transitive, d-topologically mixing)
iff (Ss,())1<i<n are d-hypercyclic (d-topologically transitive, d-topologically mix-
ing), where 8; > «; for all ¢ € Ny and Sg, (t)r = (98,—a; *0 Sa;(-)z)(t), t > 0,
zeFE.

Our first result reads as follows.

Theorem 2.4. Suppose that N € N, N > 2, Ty,-- -, Ty are linear operators on E
(1 <j<N)and C € L(E) is injective. Suppose that there exists a subset Eqy of
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Do (Th)N - NDs(Tn), dense in E, as well as dense subsets Ey,---, Eny of E and
mappings Sjn : Ej = Doo(Th) N+ N Doo(Tn) (1 <j <N, neN) such that:
() hmn—H)OT 2o =0,20 € Ep, 1 <j SN’

(ii) limy—o0 Sjn2; =0, 25 € E;, 1 < j <N,

(iii) hmnéoo[Til T — (5“%]—0 zj € E;,1<i, j<N,

(iv) R(C) C Doo(T1) N+ N Doo(T. )andT”C’EL( ),1<j<N,neN,
(v) CTjo =T;Cz, v € Do (Tj), 1 < j <N,

(vi) R(C) is dense in E.
Then the operators Ty, - -+, TN are densely d-hypercyclic.

Proof. Tt is clear that [R(C)]g is a separable Fréchet space. Define the operators
Tjn € L([R(C)]e, E) by T, (Cx) :==T'Cx, x € E (cf. (iv)). By (vi), it suffices to
show that the sequences (‘Zl’j)jeN,' e (‘INJ)]’EN are densely d-hypercyclic. Since
the final conclusions of [7, Remark 2.8] also hold for sequences of continuous linear
operators acting between different Fréchet spaces, we need to prove the existence
of a dense subset Ej of [R(C)]g, dense subsets Ef,- - -, Ey of E and mappings
Si i B = [R(O)] (1 <j < N, n€N) such that the following holds:

(a) im0 Tz =0, x5 € Ey,

(b) limnﬁooS’ x;—O :r’ EE’ 1<j<N and
(c) hmnﬂoo[flnsgn ; 5”30 ] =0, ac EE’ 1<4, j<N.
Set E; := C(E;), 0 <j < N and S}, : E; — R(C) by S}, (Cx;) := CSjn,
zj € E; (1 <j<N,neN). By (vi) and the density of E; in E, we get that Ej is
dense in [R(C)]e and that E is dense in E' (1 < j < N). The property (b) follows
immediately from (ii) and definition of S} ,. The property (a) follows by making
use the fact that Ey belongs to Do (T1) N -+ N Do (TN ), as well as from (v), (i) and
definition of ¥, ,. By (iii), (v) and inclusion R(S},) € Doo(T1) N N Doo(Tn), we
have

lim [T}S) 2 — 8, 2]

= nh_?;o [T CSjnx; — C(Sj,iwj]

— NG o 8.

= nh_{{.lo C[Tz 3L 5]&%}

= Cnh_>rrgO [T SjnT; — 6j,ixj} =0,
provided that o = Cz; € E}, 1 <4, j < N. The proof of the theorem is thereby
complete. (I

Keeping in mind Theorem 2.4, it is very simple to prove the following
d-Hypercyclicity Criterion for C;-distribution semigroups in Fréchet spaces.

Theorem 2.5. Suppose that N € N, N > 2, G; is a C;-distribution semigroup in
E (i=1,2---,N), and C € L(E) is injective. Suppose that there exists a subset
Ey of D(G1)N---ND(Gn), dense in E, as well as dense subsets E1,- -+, Ex of E
and mappings S, : E; = D(G1)N---ND(Gn) (1 <j <N, neN) such that:

() lim, 00 G((Sn)l'o =0, 29 € Ep, 1 <j< N,
()lln’lnﬂOO Jnl'j:O,.’lijEj,lngN,
(111) 11mn_>oo[Gl(6 )S] nZlj — 5]',1‘.%]'] =0, S Ej, 1<, g <N,
(iv) ( )C D(Gi1)N---ND(Gn) and G;(6,)C € L(E), 1 <j<N,neN,
) C (51)$fG;(51)C$, z € D(G;), L<j<N,

v
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(vi) R(C) is dense in E.
Then (G;)1<i<n are densely d-hypercyclic.

Proof. Put Tj := G;j(61), 1 < j < N. Then the prescribed assumptions in combi-
nation with the property Al. and (1.1) imply by Theorem 2.4 that the operators
Ty,---, T are densely d-hypercyclic. This immediately implies that (G;)1<i<n are
densely d-hypercyclic, as well. ([l

Now we will prove the following continuous analogue of Lemma 1.6:

Proposition 2.6. Suppose that N € N, N > 2, and G; is a C;-distribution semi-
group in E (i=1,2,--+,N). Suppose that (an)nen is a strictly increasing sequence
of positive integers, as well as that the following holds:
e The set Ey, consisting of those elements y € D(G1)N---ND(Gn) satisfying
that for each j € Ny we have lim,,_, o G; (04, )y = 0, is dense in E.
e For each j € Ny there exists a dense subset E ;j of E, consisting of
those elements z € E for which there exist elements wy,;(2) € D(G;)
(n € N, 1 <i < N) such that (wy,j(2))nen s a null sequence in E, and
limy, Gj((san)wn,i(z) = 51',]'2' (1 <i< N)
Then
G1@- DG, - GND- - DN

k k
are d-topologically transitive (k € N).

Proof. Keeping in mind Al., (1.1) and Lemma 1.6, it readily follows that the op-
erators

Gi1(01) ®--- @ G1(01), -, GN(61) D - - B GN(d1)

k k
are d-topologically transitive (k € N). This proves the claimed assertion. (]

The subsequent theorem is a continuous version of [6, Theorem 4.3], which has
been proved by L. Bernal-Gonzélez, and a disjoint version of the Desch-Schappacher-
Webb criterion for C-distribution semigroups [26, Theorem 3.1.36(i)] (the case in
which there exists an integer p € N%; such that the set D, appearing below is not
total in F will be considered in Example 2.13).

Theorem 2.7. Let N € N, N > 2, and let A; be the integral generator of a Cj-
distribution semigroup G; (1 < j < N). Suppose that for each p € NY; there exists
a total subset D, of E such that the following holds:
(i) Any element of the set D, is an eigenvector of any operator A; (p € N%,
Jj € Nn); if e € Dy, then there exists an eigenvalue Xy j(e) of the operator
A; for which A, j(e)e = Aje and (ii)-(iil) hold, where:
(11) )\07]'(6) € C,, 7 € Npn, e € Dy and )\jﬁj(e) S (CJr, j €Ny, e€ Dj;
(iii) Suppose i, j € Ny and i # j. Then, for every e € D;, we have R(X; j(€)) <
%()\l)l(e))
Then (G;)1<i<n are d-topologically mizing.

First of all, we will state and prove the following auxiliary lemma.

Lemma 2.8. Suppose A generates a C-distribution semigroup G, A € C, x € E
and Ax = \x. Then G(0;)x = eMz, t > 0.
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Proof. By definition of A, we have that
G(—¢")z = XG(p)z, ¢ €Dy, (2.2)
Fix a test function ¢ € Dy and consider the function F : [0,00) — E defined by
Ft):=eMG(p(- —t)z, t>0.

Since G is continuous and (2.2) holds, it readily follows that F'(t) = 0, ¢ > 0.
This implies F(t) = F(0) for all t > 0, i.e., G(e *p(- — t))z = G(¢)x. Hence,
G(6 % p)x = eMG(p)x, t > 0 and, by definition of G(8;), G(6;)x = eMz, t > 0. O

Proof. Owing to Lemma 2.8, we have that the assumption \; ,(e)e = Aje for some
pE NJOV, Jj € Ny and e € D, implies

G;(0)e=erre, ¢ >0. (2.3)

Having in mind this fact, the proof can be deduced by slightly modifying the argu-
ments given in that of [6, Theorem 4.3]; we will include all relevant details for the
sake of clarity. Let open non-empty subsets Vg, Vi, Vs, - -,V of E be given. We
will have to prove that there exists tg > 0 such that, for every ¢t > tg, there exists a
vector zy € VoND(G1) N---ND(Gy) such that G;(6;)x; € V; for all j € Ny. Since
the linear span of D; is dense in F, ¢ =0,1,2,---, N, it is enough to prove that for
given (N + 1)-vectors u; € span(D;), ¢ = 0,1,2,- - -, N there is a net (z;);>0 in E

such that x; — ug and G;(d¢)xs — u;, when t — oo for all ¢ = 1,2, - - N. Let ug,
i=0,1,2,---,N be fixed. Then there are finite sets E; = {e; 1,€i,2," ", €;m(i)} € Di
and scalars c¢; 1,¢i2,- -+, ¢ m(;) such that u; = Z;Z(f) ciye; . Making use of (2.3)
and (ii), we obtain that, for every j =1,2,--- N,
G;(6)eoy =0, t—o00, 1=1,2,---,m(0) (2.4)
and
Gj(5t)ej7l — 00, t—o00,1=1,2,---,m(j). (2.5)
From (2.3) and (iii) we obtain that, for all ¢, j € Ny with ¢ # j,
1G5 @e)einll/[|Gi(dr)eir]| = 0, t =00 (1=1,2,--m(i)).  (2:6)
Define
NG
— J, _
Ty = ug + Z Z et)\j,j(@j,l)e‘]’l’ t>0.
j=1 1=1
Using (2.3)-(2.6) and the arguments already seen in the proof of [6, Theorem 4.3],
we get that x; — wg and G;(0;)xy — u;, when t — oo for all i = 1,2,-- - N, as
claimed. The proof of the theorem is thereby complete. O

Remark 2.9. Let N € N, N > 2, and let A; be the integral generator of a C}-
distribution semigroup G; (1 < j < N). Concerning the existence of d-periodic
points of semigroups (G;)1<i<n, we have the following simple result: Suppose that
Q is an open connected subset of C satisfying Q@ N iR # 0. Let f: Q — E\ {0}
be an analytic mapping such that A;f(A) = Af()) for all A € @ and j € Ny.
Set E := span{f(\) : A € Q}. Then E = span{f(\): X € QNexp(2miQ)}, which
implies without any substantial difficulties that the set P(G1,Ga,- - -, Gn) is dense
in EN.
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Remark 2.10. Connections between the imaginary point spectrum and hypercyclic-
ity of strongly continuous semigroups in Banach spaces have been analyzed by S.
El Mourchid in [21] (see also [5] for related results). It is clear that the condition
(iil) from the formulation of Theorem 2.7 seriously hinders our strivings to prove a
disjoint analogue of [21, Theorem 2.1] (cf. also [26, Theorem 3.1.42(i)]).

Remark 2.11. The class of C-ultradistribution semigroups of x-class in Fréchet
spaces has been recently introduced and analyzed in [31]; here, the asterisk * stands
for the Beurling case or for the Roumieu case. We define the notion of integral
generator of a C-ultradistribution semigroup G of *-class, the notion of a closed
linear operator G(T') and the notions from Definition 2.1 similarly as above (T is
now a scalar-valued ultradistribution of *-class with compact support contained in
[0,00)). Then Al.-A2., Proposition 1.2, Theorem 2.5, Proposition 2.6, Lemma 2.8
and Theorem 2.7 continue to hold for C-ultradistribution semigroups in Fréchet
spaces.

Now we would like to illustrate Theorem 2.5 and Theorem 2.7 with two instruc-
tive examples which will be put into general form; a great number of concrete
applications can be provided by using differential operators appearing in [2]-[3],
[14]-[15], [19]-[20], [22], [24] and [35]-[36]. In the first example, we use C-regularized
semigroups and, in the second one, we use integrated semigroups.

Example 2.12. (cf. also [26, Theorem 3.1.38(i)]) Suppose that 6 € (0,7/2), —A
generates an exponentially equicontinouus, analytic strongly continuous semigroup
of angle §, N € N, N > 2, P;(z) = Y1, a; ;2" is a non-zero complex polynomial
with a,, ; > 0and n;(§ —0) < § (j € Ny). Set A; := P;(A) (j € Ny) and assume
further that there exist an open connected subset €2 of C and an analytic mapping
f:Q — E\ {0} such that 0,(—A4) 2 Q, f(A) € N(—A —X)\ {0}, AeQ and that
the supposition (z*o f)(A) =0, A € Q, for some z* € E*, implies z* = 0.

Let o € (1, m) for all j € Ny. Then [27, Theorem 2.2.10] (see also [17,
Theorem 8.2] for the concrete representation of operators C; below) implies that
there exists w € R such that, for every j € Ny, A; generates an entire Cj-regularized
group (T}(2)).ec with C; = e~ (Fi(A=9)"; furthermore, R(C;) is dense in E for all
j € Ny. It can be easily checked that the set {f(\) : A € Q'} is total in E for any
non-empty subset ' of  which has a cluster point in 2, as well as that

Pj(—Q) - Pj (UP(A)) - O'p(Aj) and Ajf()\) = PJ(—A)f()\), A€ Q, j € Ny.
(2.7)

Suppose that, for every p € N%;, there exists a non-empty subset €2, of 2 which has
a cluster point in €, as well as the following holds:

Pj(—A)GC,, ].SJSN, )\GQ(); Pj(—A)€C+, ].SJSN, AGQ]‘ (28)
and
(w, je NN) (z #j = R(Pj(=\) < R(P(-N), A e Q) (2.9)

Keeping in mind (2.7)-(2.9), we can apply Theorem 2.7, with D), := {f(X) : A € Q,}
(p € N%), in order to see that (T;(+))1<;<n are d-topologically mixing; furthermore,
we can apply Theorem 2.5, with the operator C' = C1C5 - - - C, the set E; being
the linear span of D; for j € N{, and the mappings S;, : E; — E defined by

Sin ZL Bif(\) = Zle Bre (=) f(\) for j € N, k, n € Nand A € Q;, in
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order to see that (T;(-))1<i<n are densely d-hypercyclic, as well. The existence of
real numbers r € R and € > 0 such that L(ir,e) = {z € C: |z —ir| < e} C P;(—9Q),
j € N% implies by the considerations given in Remark 2.9 that (7;(-))1<;<n are
d-chaotic.

Example 2.13. Suppose that ( > 0, —A ¢ L(E), —A generates an exponentially
equicontinous (-times integrated cosine function (C¢(t))i>0, N € N, N > 2 and
Pj(z) = Y1y ai;z" is a non-zero complex polynomial with a,, ; > 0 (j € Ny).
Assume that there exist an open connected subset 2 of C and an analytic mapping
f:Q — E\ {0} such that o,(—A4) D Q and f(A) € N(—A—-X)\ {0}, A€ Q
(for example, let a > 0, let p(z) := e”?l 2 € R, E := LER), D(B) == {f €
X | f(-) is loc. abs. continuous, f’ € E} and Af := f’, f € D(B), see [20]; then A
is the generator of a Cy-group on F and the above requirements hold with A = —B2,
Q= {22 :|R2| < a} and f(2?) = e* for |Rz| < a).

Let A= (% {), and let Q' be a non-empty open connected subset of C such that
A2 € Qforall A € . Define F : Q' — (Ex E)\{(0,0)} by F()\) := [f(A\2) A\f(\?)]T,
A € Y. Then F(-) is analytic, o,(A) D @ and F(A) € N(A—X)\ {(0,0)}, Ae;
cf. [29, Lemma 32].

It is well known that the operator A generates an exponentially equicontinuous
(¢ + 1)-times integrated semigroup (S¢4+1(t))i>0 in E x E, which is given by

([ JoC)ds [t~ s)C(s)ds
S<+1(t) = (Cc(t()) - g<+1(t)c 0 f(;: CC(S) ds ) , t>0.

Since A% = (70‘4 _OA) generates an exponentially equicontinous (-times integrated
cosine function (C¢(t) & C¢(t))i>0 (see also [1, Example 3.16.10]), the abstract
Weierstrass formula [27, Theorem 2.2.18(ii)] yields that the operator A? generates
an exponentially equicontinuous, analytic (¢/2)-times integrated semigroup of angle
7/2. Set Q1(z) := z and Q;(2) := —Pj(—2%) (2 € C,2 < j < N), as well as A; :=
Q;(A). Arguing as in the proof of [18, Theorem 9], we get that for each number
n > (/2, the operator A; generates an exponentially equicontinuous, analytic 7-
times integrated semigroup (S} (t))i>o of angle /2, for 2 < j < N (observe that
our choice of operator A; = A is motivated by the fact that, in the Banach space
case, the operator A cannot generate a strongly continuous semigroup in F x E by
[1, Corollary 3.14.9]). Set

E :=span({F(\) : A e '}).
Suppose that, for every p € N, there exists a non-empty subset Q; of ' which
has a cluster point in € (this obviously implies by the analyticity of F(-) that
E =span({F(\): X e Q,})), as well as that (2.8)-(2.9) holds with the polynomials
P;(—-), Pi(—) and sets Qo, ;, ©Q; replaced therein by the polynomials Q;(-), Q;(-)
and sets g, Q, i, respectively. Then the proof of Theorem 2.7 shows that the

integrated semigroups (Scy1(-), (S} (-))2<j<n) are E-disjoint topologically mixing
in the following sense: For any open non-empty subsets Vg, Vi, Va,- - -,V of E,
there exists tog > 0 such that for every ¢ > to we have that (V5N E) NG1(6)~(vin
E)YNGa(8) ' (VaNE)N---NGn(3:) " (Vv N E) # 0; here, G denotes the induced
distribution semigroup generated by A;, for 1 < j < N (notice that a similar
statement can be established in a general situation of Theorem 2.7, provided that
the set D, is not total in E for all p € N, and E = span(D,) = span(D,) for all
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p, p' € N{). The existence of real numbers r € R and € > 0 such that L(ir,e) C
Q;(€'), j € N} implies that the set of all periodic points of (S¢41(-), (S7(-))2<j<n)
is dense in EV. Finally, it should be noted that the case in which £ = E is very
difficult to be satisfied if we consider disjoint topologically mixing properties of
ill-posed abstract Cauchy problems of first order whose solutions are governed by
integrated semigroups.

In [26, Theorem 3.1.32(ii)], we have reconsidered the assertion of [19, Theorem
4.6] for C-distribution semigroups in Banach spaces and characterized (subspace)
hypercyclicity, topological transitivity and chaoticity of a C-distribution semigroup
G in terms of bounded operators G(y), for ¢ € D; the extension of [26, Theorem
3.1.32(ii)] to C-(ultra)distribution semigroups in Fréchet spaces is obvious. It is
also possible to characterize disjoint topological dynamical properties introduced
above in a similar way; we leave this question to the interested reader to pursue.

3. DISJOINT TRANSITIVITY AND DISJOINT CHAOTICITY OF STRONGLY
CONTINUOUS SEMIGROUPS OF COMPOSITION OPERATORS

Let X be a locally compact, Hausdorff, and o-compact topological space. Let p
be a positive, locally finite, Borel measure on X. In particular, u is o-finite by the
fact X is o-compact. For 1 < p < oo, let LP (1) be the Lebesgue space with respect
to s, with the norm | = (fx |FI7d)/7 ([25]).

Let I be a non-empty set, and let ¢ : I x X — X be a mapping such that
o(t,-) is injective and continuous for all ¢ € I. For given N > 2, we define N-
families of composition operators on LP(p) by Ty, (t)f := f o or(t, ) = f(ex(t,))
for k =1,2,---,N. We assume ¢, satisfies the condition in [25, Theorem 2.1] so
that T,,, (t) is well defined and continuous for all ¢ € I.

Let vy ; := p# () be the image measure of p under oy (t,-). Also, for a Borel
set B C X, let

Vi 1(B) = plor(t, B) = (1 i) ™ (B),

where ¢ (—t,-) is the inverse mapping from @ (¢, X) to X and p g, ¢, x)= p(- N
oi(t, X)) (cf. [25, Remark 2.3]). In order to study d-transitivity of T,,, , Ty, , -+, Ty
we put

Am, ot (B) 1= /XB (em (=t pr(t,-))) du

for a Borel set B of X with m # k. We recall that T, ,T,,,- - -,T,, are disjoint
transitive iff for any non-empty subsets U, V;, Vs, - - -,V of X, there exists t € [

such that
UNTy,(6) (Vi) N Ty, () (V) N -+ N T () (Viv) # 0.

Before proceeding to analyze the results, we would like to mention that a suf-
ficient condition for weighted composition operators on general LP spaces to be
disjoint topologically mixing was obtained in [10, Theorem 1.3, Proposition 2.5]
where the mapping ¢, however, is defined in a different way.

Theorem 3.1. Under the general assumptions, we have that (ii) implies (i), where:

() Ty, Ty, -+, Ty are disjoint transitive.
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(ii) For each compact subset K of X, there are a sequence of measurable subsets
(Ln)nen in K and a sequence (t,)nen in I such that

lim p(K\ Ly) = lim A, (La) =0,

n—oo
and

nh~>n;o Vi t, (Ln) = lim Vg, —t, (Ln) =0

n—oo

fork=1,2,--- N with m # k.

Proof. For 1 < k < N, let U and V}, be non-empty open subsets of LP(u). Since
the space C.(X) of continuous functions on X with compact support is dense in
LP (i), we can pick f,gr € Co(X) with f € U and g € Vj, for k=1,2,---, N. Let
K be the union of the compact supports of f and all gx. Let (Ly,)nen and (¢, )nen
satisfy condition (ii) for K.

Let

Vp = fXLn + g1 ((pl(—tn, '))Xw(tan) + g2 (@2(_2‘:717 '))Xs&z(tan) +oe
+ gN(SDN(_tTH'))X(,DN(tn,Ln)'

Since g (—tn, ) (@r(tn, Ln)) = Ly and ply, ¢, x) = (Vh_tn)“”k(t"*'), we have
Jon(or (=t Nxonznll” = [ Jorlonta ) d
<Fk(tnaLn

<l [
@k (tn,Ln)

= loul [ dllan)
@i (tn,L

13 l[Zevr, ¢, (L)

AN

for each k =1,2,- -+, N. By the inequality ||f + g||? < 2P| f||P + 2P||g||?, we arrive
at

27N |y, — sz < N FIB (KN L) + [l g1 [Bov1, ¢, (L)
+  g2llbora,—t, (Ln) +- -+ llgn |5 vN,—t,, (L)

which implies v,, — f as n — oco. Moreover, one has the following estimates:
||TS% (tn)(fXLn)Hp = /‘f(@k(tna )) |pXLn, (ka’(tnv )) dp

T / dy
LPk(ftn")(Ln)

12 [ e
L,
= et (L),

IN
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and
P

|70 () (9 (P (s DX 0. 2.0)
= /|gm (‘Pk(tn’ (,Dm(—tn, ))) |pX50m(tn,Ln)(@k(tna )) d#
SMM&/mmmmWWmﬁw

~lgnle [ Xt (om(—tusiontn, ) e

= ||9m||go)‘m,k,tn (Ln)
for m # k. Hence, together with this equality

Ty, (fn)(gk(@k(*tm '))Xgak(tn,Ln)) = 9kXLy>

we obtain Ty, (tn)v, — g as n — oo, which follows from
27Np||Ts0k (tn)vn — gk ||£

< NSk 0 (L) + 91 1B ALk 0 (L) ==+ - gk =1 8 A~ 1,12, (L)
F g lEp (BN L) 4 [|gh4 118 Akt1 kst (L) & - - -+ (9N ([EAN B 1 (L)

Therefore Ty, , T, , - - -, Tp, are disjoint transitive. (]

Theorem 3.2. Under the general assumptions, we have that (i) implies (ii), where:
(i) Ty, Ty, -+ Ty are disjoint transitive.
(ii) For each compact subset K of X, there are a sequence of measurable subsets
(Ln)nen in K and a sequence (t,)nen in I such that
lim p(K\ Ly,) =0,

n—oo
and
lim vy, (Ln) = lim vy, (Ln) =0

n—oo n—oo

fork=1,2--- N.

Proof. The proof is similar to that of implication (i) = (ii) in [25, Theorem 2.4]
and therefore omitted. O

Let Q be an open non-empty subset of R?. A continuous function ¢ : [0, 00) xQ —
Q is called a semiflow iff p(0, ) = idg and (¢, )ow(s, ) = p(t+s,-) for all ¢, s > 0,
and iff p(¢,-) is injective for all ¢ > 0. In particular, ¢ is the solution semiflow of
some initial value problem (see [25]). Moreover, if y is an (LP)-admissible Borel
measure on 2, then (T,(¢)):>0 is a well defined Cy-semigroup (see [25, Definition
3.3, Theorem 3.16]).

Corollary 3.3. Given some N > 2, let @i be a semiflow for 1 < k < N, and let
w be an (LP)-admissible Borel measure on Q. Then we have that (ii) implies (i),
where:
(i) The Co-semigroups (Ty,(-))1<i<n are disjoint transitive.
(ii) For each compact subset K of Q, there are a sequence of measurable subsets
(Ln)nen in K and a sequence of positive numbers (t,)nen such that
lim M(K \ Ln) = nh_}rgo Ak, (Ln) =0,

n—oo
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and
nl;ngo Vi t,, (Ln) = nhﬁrr;o Vk.—t, (Ln) =0
fork=1,2,--- N with m # k.

Corollary 3.4. Given some N > 2, let @i be a semiflow for 1 < k < N, and let
w be an (LP)-admissible Borel measure on Q. Then we have that (i) implies (ii),
where:
(i) The Cy-semigroups (Ty,(-))1<i<n are disjoint transitive.
(ii) For each compact subset K of Q, there are a sequence of measurable subsets
(Lp)nen in K and a sequence of positive numbers (t,)nen such that
lim p(K\ L,) =0,

n—oo
and
lim vy, (Ln) = lim vy ¢, (Ln) =0

n—00 n—oo

fork=1,2,--- N.

In the following theorem, we turn our attention to give a sufficient condition for
Co-semigroups (T, (t))t>0, (Tipy (t))t>0,- -+, (Tion (t))e>0 to be disjoint chaotic.

Theorem 3.5. Given some N > 2, let @y be a semiflow such that for every compact
subset K of Q, there is a number tx > 0 satisfying o (t, K)NK =0 for allt > tx
and k = 1,2,-- - N. Let u be an (LP)-admissible Borel measure on Q. Then we
have that (i) implies (1), where:

(1) The Cy-semigroups (T,,(-))1<i<n are disjoint chaotic.

(ii) For each compact subset K of Q, there are a sequence of measurable subsets
(Ln)nen in K and a strictly increasing sequence of positive numbers (t,)nen
tending to infinity such that, for k =1,2,--- N with m # k, we have

lim M(K \ Ln) = lim Ay ks, (Ln) =0 and lim sg, =0,
n—oo n— oo

n—oo

where
oo oo
Sk 1= Z Vieat, (Ln) + Z Vi,—ttn (L)
=1 =1

Proof. By Corollary 3.3, the Co-semigroups (Ti,, (t))¢>0, (Tipy (t))t>0, -+, (Tion ()0
are disjoint transitive. We will show that P(T,,,, Ty, , -, T,y ) is dense in (LP(u))"N.

Choose f1, fa,- -+, fn € Ce(X) and a compact set K of Q containing the union
support of f1, fo, -+, fn. Let (Lp)neny and (¢,)nen be as in (ii) for K, where we
may assume w.l.o.g. that ¢t; > tx. For k=1,2,--- N, set

o0 o0
Vg = fkXL, + Z Sie (kU ) Xn (—ttn L) + Z Jie(0r(=ltns ) Xoon (1tn L) -
=1 =1

Using the equality ok (t,, K) N K = 0, we get that:

ok, = Fills < Il BontCN L) + Y I fellBovie, (Tn) + > 1 frllZvh, 10, (Ln)-
=1 =1
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Hence vi,n, — fi as n — 0o. Moreover, (v1,n, V2.0, UNn) € P(Tpy, Tpys -+ Tipy )
by the facts that pg(t,-) o vi(s,-) = pr(t + s,-) and
TWk (tn)vkm

= i (0k(tns ) Xon(—tmsz) + O Fr (0 (0 + Dtn, )Xo (= (141)t0, L)
=1

+ Z Si(e(=( = Dtn, ) Xoon ((1=1)tn, L)
1=1

Sie (kU )) Xon (—ttn, L) + SrXLo + Z Sre(@r(=ltns ) X (ttn, L)
1 =1

= Uk,n-

M

S~

O

Arguing similarly as in the proof of implication (ii) = (iii) in [25, Theorem 5.3],
we can deduce the following result.

Theorem 3.6. Given some N > 2, let @i be a semiflow such that for every compact
subset K of Q, there is a number tx > 0 satisfying pr(t, K)NK =0 for all t > tx
and k = 1,2,-- - N. Let p be an (LP)-admissible Borel measure on Q. Then we
have that (1) implies (ii), where:
(i) The Cy-semigroups (Ty,(-))1<i<n are disjoint chaotic.
(ii) For each compact subset K of Q, there are a sequence of measurable subsets
(Ln)nen in K and a strictly increasing sequence of positive numbers (t,)nen
tending to infinity such that for k =1,2,--- N,
lim ,u(K \ Ln) =0 and lim s;, =0
n—oo n—oo

where
(oo} oo
Sk = Z Vidt, (Ln) + Z Vie—itn (L)
=1 =1

Next, we consider the space of continuous functions Cy ,(X), where Cy ,(X) :=
{f : X — C continuous ; Ve > 0 the set {x € X : |f(x)|p(x) > e} is compact}.
Equipped with the norm || f||co,p := sup,ex |f(x)|p(z), Co ,(X) becomes a Banach
space; here, p : X — (0, 00) is upper semicontinuous ([25]).

Now we give a sufficient condition for composition operators on Cy ,(X) to be
disjoint transitive.

Theorem 3.7. Additionally to the general hypotheses, given some N > 2, for
k=1,2,---N, we assume that pi(t,-) : X — X is an open mapping for all t € I,
and infze g p(x) > 0 for all compact subsets K of X. Then (ii) implies (1), where:
(i) Ty, Ty, -+ Ty are disjoint transitive.
(ii) For each compact subset K of X, there is a sequence (t,)nen in I such that
fork=1,2,--- N with m # k, we have
lim sup p(x) =0,
"7 2€pm (tn o (—tn,K))
and

lim sup p(z)= lim sup p(x) =0.
N0 pcop(tn,K) N0 g (tn,) LK)
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Proof. For 1 < k < N, let U and Vj; be non-empty open subsets of Cy ,(X).
Choose f,gr € C.(X) such that f € U and g, € Vi for k = 1,2,- - -, N. Let
K be the union of the compact supports of f and all gx. Then the mapping
gk © pr(—t,+) : ¢(t,X) — C is continuous and its support is contained in the
compact set o(t, K) so that gi o pr(—t,-) € Ce(p(t, X)). Further on, we extend
gk o pr(—t,-) to a compactly supported continuous function g ; by putting it to be
equal to 0 outside ¢(t, X). Clearly, Ty, (t)gk.t = g
Assume (t,,)nen is as in the condltlon (ii) for compact set K, and let

vp = f+git, + G2, + N,

Then
Jon = flle, < sup fgi(er(—tn,2)|p(@) +  sup [ga2(o1(~tn,2))|p(z)
’ z€p1 (tn,K) TE€p2(tn,K)
+o+ sup o (en(—ta,2))|p(2)
€PN (tn,K)
< lgille  sup  p(x) + llg2llec  sup  p(x)
z€p1 (tn,K) TEP2(tn,K)
“Hllgnlle  sup  p(z)
€PN (tn,K)

which says that v,, — f as n — co. Moreover,

HTSDk(tn)fHooyp sup ’f(‘Pk ln, )’P ) < ”fHOO sup p(l‘),
ka( n;) mes"k(t'llv')_l(K)

and
HTLPk gmt Hoop
= HTW (gm(@m( n ) H 00,p

S sup |gm(S0 'nysam TL7 )|,D(l’)
TEPm (tnﬂpk(*tn#K))
< [1gmlloo sup p(x).

TEPm (tn, Pk (—tn,K))

for k=1,2,---, N with m # k. Together with the equality
Tapk (tn) (gk(@k(_tnv )) = 9k,
we obtain

IToctta)on -, < Il sup pl@)
€Y (tn, ) 1K)

+ llgrlloo sup p(@) + -+ llgr-1lloo sup p(@)
TE€P1 (tn, Pk (—tn,K)) TE€EPR—1(tn Pk (—tn, K))
+ Mgkl sup px) + - +[lgnllo sup plx),
m€¢k+l(tn:@k(7tnaK)) "EGLPN(tn#PN(ftTuK))
proving that T, (tn)vn — gr as n — oco. Therefore Ty,,,T.,,, - - -, T, are disjoint
transitive. 0O

Applying a similar argument as in the proof of (i) = (ii) of [25, Theorem 2.9],
we obtain the following result immediately.



EJMAA-2018/6(2) D-HYPERCYCLIC AND D-CHAOTIC PROPERTIES 21

Theorem 3.8. Additionally to the general hypotheses, given some N > 2, for
k=1,2,--- N, we assume that inf,cx p(x) > 0 for all compact subsets K of X.
Then (1) implies (ii), where:
(i) Ty, Ty, - - Ty are disjoint transitive.
(ii) For each compact subset K of X, there is a sequence (t,)nen in I such that
fork=1,2,---,N, we have

lim  sup p(z) = lim sup p(x) =0.
"0 wepk(tn,K) O sk (tn,) H(K)

As in the case of L?(u)-space, if p is a Cp-admissible weight function on an open
set © C R? for the semiflow ¢y, then (T}, (t)):>0 is a well-defined Cy-semigroup
(see [25, Theorem 3.4, Definition 3.5]). In this case, one has the results below by
Theorem 3.7 and Theorem 3.8.

Corollary 3.9. Given some N > 2, let ¢y, be a semiflow for 1 < k < N, and let
p be a Co-admissible weight function for the semiflow . Then (ii) implies (i),
where:
(i) The Co-semigroups (Ty,(-))1<i<n are disjoint transitive.
(ii) For each compact subset K of X, there is a sequence of positive numbers
(tn)nen such that for k=1,2,--+ N with m # k, we have
lim sup p(x) =0,
P70 2 (tn ok (—tn,K))
and
lim sup p(z)= lim sup p(x) =0.
N0 pcop(tn,K) "0 pepk (tn,) " H(K)
Corollary 3.10. Given some N > 2, let @i be a semifiow for 1 < k < N, and
let p be a Cy-admissible weight function for the semiflow ¢r. Then (i) implies (ii),
where:
(i) The Cy-semigroups (T, (-))1<i<n are disjoint transitive.
(ii) For each compact subset K of X, there is a sequence of positive numbers
(tn)nen such that for k =1,2,---) N with m # k, we have
lim sup p(z)= lim sup p(x) =0.
N0 pcop(tn,K) 7O 2k (tn, ) 1K)
Based on the above results, we give a sufficient condition for the Cy-semigroups
(T, ()20, (T, (£))t20, - - (Ton (£))¢>0 to be disjoint chaotic on Cy ,(X).

Theorem 3.11. Given some N > 2, let  be a semiflow such that for every
compact subset K of , there is a number tx > 0 satisfying ok (t, K) N K =0 for
allt >tk and k=1,2,---N. Let p be a Cy-admissible weight function such that
inf ek p(x) > 0 for all compact subsets K of Q). Then (ii) implies (i), where:
(i) The Cy-semigroups (Ty,(-))1<i<n are disjoint chaotic.
(ii) For each compact subset K of X, there is an integer p € N such that for
=1,2,---, N with m # k, we have

lim sup p(ﬂﬁ) =0,

0 2@ (np,pr(—np,K))
and
lim sup p(z)= lim sup p(x) = 0.
N=0 pepp(np,K) N0 pepp (np, ) ~H(K)
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Proof. By Corollary 3.9, the Cy-semigroups (Ti,, (t))¢>0, (Tip, (t))t>05 -+, (Tion ()0

are disjoint transitive. We will show that P(T,,,T.,,, -, T,y ) is dense in (Cp_,(X))V.
Choose f1, fa, -+, fnv € C.(X) and a compact set K of Q containing the union

support of f1, fa, -+, fn. Let p be as in (ii) for K, we may assume that p > tx.
For k=1,2,--- N, let

Ve = fi+ Y fe(orlinp, ) + > fu(en(=Inp,-)).

=1 =1
Then by i (np, K) N K = ), we have

[or.0 = fill o, = sUP|VE(2) = fr(@)]p(2)
’ zEQ

—max{sup sup |fi(eninp,a))|p(a), sup  sup }fk(gm—znp,x))!p(x)}

LeN zepy (Inp,) ~H(K) LEN zepy (Inp,K)

< | fxlloo § sup sup p(z) +sup  sup  p(z) ¢,

LEN zcpy (Inp, )~ 1(K) leN zepg (Inp,K)
which implies v, — fi as n — co. Moreover, by a simple computation, one has
T, (NP)Vk.7, = Vi, n. Therefore P(T,,,Ty,, - Ty, ) is dense in (Cp ,(X))N. O

Again, we have the result below by using Corollary 3.10, and a similar argument
as in the proof of implication (ii) = (iii) in [25, Theorem 5.7].

Theorem 3.12. Given some N > 2, let ¢ be a semiflow such that for every
compact subset K of Q, there is a number tx > 0 satisfying pr(t, K)N K = ( for
allt >tg and k =1,2,--- N. Let p be a Cy-admissible weight function such that
inf ek p(x) > 0 for all compact subsets K of Q. Then we have that (i) implies (ii),
where:
(i) The Co-semigroups (Ty,(-))1<i<n are disjoint chaotic.
(ii) For each compact subset K of X, there is an integer p € N such that
lim sup  p(z) = lim sup p(x) =0.
N0 ok (np,K) N7 repr(np,) 1K)
Using [27, Theorem 3.1.40] and the proof of Theorem 3.11, we can simply clar-
ify some sufficient conditions for d-chaoticity of strongly continuous semigroups
induced by semiflows on the Fréchet space C(2).

Theorem 3.13. Suppose that N € N, N > 2, ¢; : [0,00) x Q — Q is a semiflow
for alli =1,2,--- N and, for every compact set K C €, there exists an integer
p € N satisfying the following condition: For every compact set K' C Q there exists
ko(K') € N such that:

o o;(kp, ) pikp,K)) N K'=0, i, j €Nn, i #j, k> ko(K') and

o pi(kp, K) N K' = ;(kp,") " (K) N K'=0, i € Ny, k> ko(K').
Then (Ty,(t))t>0 is a strongly continuous semigroup in C(Y) for every i € Ny and
(Ty,)1<i<n are d-chaotic in C(£2).

We would like to recommend for the readers problem of finding some neces-
sary (sufficient) conditions for disjoint topologically mixing of strongly continuous
semigroups induced by semiflows. As pointed out in [32], it is a very non-trivial
problem to clarify a condition which would be both necessary and sufficient for
strongly continuous semigroups induced by semiflows to be disjoint topologically
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mixing (disjoint hypercyclic, disjoint topologically transitive). See also [10] for the
study on disjoint topologically mixing and stronger notions of other general semi-

groups.

We close the paper by verifying that strongly continuous semigroups appearing
in [27, Example 3.1.41, Example 3.1.42] are also d-chaotic.

Example 3.14. (i) Suppose p € [1,0), 2 = [1,00), N € N, N > 2 and

0<a; < <ayny <1 Define ¢; : [0,00) xQ = Q,i=1,2--- N and
p=p1:Q—(0,00) by:

wi(t,x) = (t + CEO”)

We know that the strongly continuous semigroups (T, (-))1<i<n are
d-topologically transitive in L (Q2) and Cp ,(92). Let a compact set K =
[a,b] C Q be given. Let L, = K, k € N and let (t)ren be any increasing
sequence of positive real numbers satisfying limy_,o, tx = oo and t; >
max(b*t,- - -,b*). In order to prove that (T,,(-))i<i<n are d-chaotic in
LB (€2), it suffices to show by Theorem 3.5 (here pu = p;i(z)dxr with dx
being the Lebesgue measure) that, for every k € Ny, we have:

Y% and p(z)=e " >0, z€Q.

oo

lim / p1(z) dx + / p1(z)dz| =0, (3.1)
nTreo IZ [ o (ltn,K) ok (—ltn,K)

=1
i.e., that

lim / p1(z)dx =0 (3.2)
n—o00 ; o (ltn,K)

since g (—1t,, K) = ( for all I € N and k € Ny. To show (3.2), it suffices
to observe that, for every k € Ny, there exists a finite constant ¢; > 0 such

that:
Z / p1(x) dx
=1 ka(ltn,K)

< Z(ltn + bak)l/“kef(ltﬁb%)l/ak
=1

< Cki{(ltn)l/% _i_b}ef(ltn)l/a"
=1

oo

< et/ 3O
=1

[(m—=1)/a + [m/ak

m)! bm! ]

where m € N is chosen so that m — 1 > aj. One can similarly prove by
Theorem 3.11 that (T,,())1<i<n are d-chaotic in Cp ,(£2).

Let p € [1,00), N € NN N > 2, a; > 0 for i € Ny and a; # a; for
i # 7, q > 1/2 and Q = (0,00). Define semiflows ¢; : [0,00) x Q@ — Q,
i=1,2,---, N and the weight function p; : @ — (0,00) by

1

(1 +a2)0’
Then we know that (T,,(-))1<i<n are d-topologically transitive strongly

continuous semigroups in Lb () (Lx = K, k € N); in order to prove

wi(t,r) := %" and p;(z) := t>0, z>0.
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that (T,,(-))i<i<n are also d-chaotic, it suffices to show that, for every
a >0, b > 0 with a < b and for every strictly increasing sequence of
positive reals (¢, )nen tending to infinity, one has (cf. (3.1)):

00 eltnagp e~ ltnagy
d d
lim / 7x2+/ =0, 1<k<N.
n—o00 ; eltnag g (1 +x )q e—ltnag g (1 +x )q

This simply follows from the following elementary computation:

i /eltnakb di«r +/6_“nakb dx
=1 eltnagq (1+x2)q e ltnaggq (1+x2)q

aglty e—akltn

> e
< (b- a)lz; (1 + a2c2artin)a + (1 + aZe2axltn)a

<(b—-a) Z a~2ae(1-20)arltn | o=akltn | _ 0, n—oo, 1<k<N.
=1

The same conclusion holds in the case that @ = R but then we must
use an appropriate sequence (Lg) of measurable subsets of K satisfying
0¢ Ly, k € N. Let us recall once more that, for every i € Ny, (T, (t))i>0
is a non-hypercyclic strongly continuous semigroup in Cy_,, (2) (Co,,, (R)).

(iii) Suppose that Q = {(z,y) € R? : 22 + 4> > 1}, NeEN, N > 2, 0< p; <
<< pNy < 00, ¢; € R for i € Ny, and:

oi(t,z,y) = Pt (x cos q;t — ysin g;t, x sin g;t + y cos qit),

for any ¢ > 0, (z,y) € Q and i € Ny. Applying Theorem 3.12 and the
arguments already seen in [27, Example 3.1.42], we get that the strongly
continuous semigroups (T, (-))1<i<n are d-chaotic in C(1Q2).
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