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GLOBAL DYNAMICS OF THE SYSTEM OF TWO
EXPONENTIAL DIFFERENCE EQUATIONS

MAI NAM PHONG

ABSTRACT. The purpose of this paper is to investigate the boundedness and
persistence of the solutions, the global stability of the unique positive equi-
librium point and the rate of convergence of solutions of the system of two
difference equations which contains exponential terms:

a + e~ (bzntcyn) a + e~ Bzntyyn)
d+ bz +cyn " 6+ Ban + yum

where the parameters a, b, ¢, d, o, 8,7, 0 and the initial values zo, yo are posi-
tive real numbers. Furthermore, we give some numerical examples to illustrate

Tn+1 =

our theoretical results.

1. INTRODUCTION

Difference equations arise in the situations in which the discrete values of the in-
dependent variable involve. Many practical phenomena are modeled with the help
of difference equations [I} [3, 8]. In engineering, difference equations arise in control
engineering, digital signal processing, electrical networks, etc. In social sciences,
difference equations arise to study the national income of a country and then its
variation with time, Cobweb phenomenon in economics, etc. Recently, there has
been a great interest in studying the qualitative properties of difference equations
and systems of difference equations of exponential form [4) [6l, 111 T2} T3] 14} [15] 19].

In [4], the authors examined the boundedness, the asymptotic behavior, the peri-
odic character of the solutions and the stability character of the positive equilibrium
of the difference equation:

Tpt1 = 0+ brp_1e” %", (1)

where a, b are positive constants and the initial values x_1, x( are positive num-
bers. Furthermore, in the authors used a as the immigration rate and b as the
growth rate in the population model. In fact, this was a model suggested by the
people from the Harvard School of Public Health; studying the population dynam-
ics of one species x,,.
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In [I1], the authors studied the boundedness, the asymptotic behavior, the pe-
riodicity and the stability of the positive solutions of the difference equation:
a+ e Yn
Yn+1 ¥ Ynt ) (2)
where «, (3, v are positive constants and the initial values y_1, yo are positive
numbers.
In [7], the authors explored the boundedness, the asymptotic behavior and the
rate of convergence of the positive solutions of the system of two difference equa-

tions:
_a+ femn 04 Ce¥n 3)
Tn+1 = '7+yn sy Yn+1 = n_’_xn )
where «, 8,7, 9, (,n are positive constants and the initial values xg, yo are positive
real values.
Motivated by these above papers, in this paper, we will investigate the bound-
edness, the persistence and the asymptotic behavior of the positive solutions of the

following system of exponential form:

a + e~ (bznteyn) o + e~ Brntryn)
T Yl = (4)
d+ bx, + cyn 0+ Bxn + Yyn

where a,b,c,d,a, 3,7, are positive constants and the initial values xg, yo are
positive real values. Moreover, we establish the rate of convergence of a solution
that converges to the equilibrium E = (z, 3) of ().

Tn41 =

2. GLOBAL BEHAVIOR OF SOLUTIONS OF SYSTEM

The following lemma shows that every positive solution {(@n, yn)}o2 of is
bounded and persists.

Lemma 2.1. FEvery positive solution of system is bounded and persists.

Proof. Let (xy,,y,) be an arbitrary solution of . From we can see that

a+1 a+1
ST WS T
In addition, from and we get

_blatl) _ e(atl)
d 5

. n=12,... (5)

Tn

Blatl) _ ~y(atl)
d 5

a+e o+ e

Tn = 71/77,2 7n:2,3,... (6)
d+ b(a(;rl) + c(a;l) 5+ ,B(a;rl) + 'y(aé+1)
Therefore, from and (@ the proof of lemma is complete. O

The next lemma establishes an invariant set for the system

Lemma 2.2. Let {(zn,yn)}22, be a positive solution of the system . Then

blatl) c(atl) Blatl) ~(atl)
d 5 d )

[a—ke* a+1} {a—f—e* a+1}

d+ b(a;rl) + c(agtl) ’ d 5+ /B(adJrl) + 7(0?»1)’ K}

is an invariant set for the system .

Proof. Tt follows from induction. O

The following result will be useful in establishing the global attractivity character
of the equilibrium of system .
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Theorem 2.3. [2] Let R = [a1, b1] X [c1, d1] and
f: R— a1, 0], g: R — [c1, di]

be a continuous functions such that:
(a) f(z, y) is decreasing in both variables and g(x, y) is decreasing in both
variables for each (x, y) € R;
(b) If (my, My, ma, Ms) € R? is a solution of
My = f(m1, ma2), mq = f(Mi, Ma) 1)
My = g(mi, ma), mo = g(M, M>)

then my1 = My and mo = M. Then the following system of difference equations:

Tn+1 = f(:rna yn)a Yn+1 = g(xn, yn) (8)

has a unique equilibrium (T, §) and every solution (x,, y.) of the system
with (zg, yo) € R converges to the unique equilibrium (Z, y). In addition, the
equilibrium (z, g) is globally asymptotically stable.

Now we state the main theorem of this section.

Theorem 2.4. Consider system . Suppose that the following relations hold true:

d>b+c,d>p+7. (9)
Then system has a unique positive equilibrium (Z, §) and every positive solution
of system tends to the unique positive equilibrium (T, ) asn — oo. In addition,
the equilibrium (z, g) is globally asymptotically stable.

Proof. We consider the functions
a-+ e—(bu+c1)) a+e—(/3u+’yv)

= 1
d+bu+cv’ 9(u, v) 5+ Bu+yv (10)

flu, v) =
where

_blatl) c(atl) Blatl) y(atl)
d 5 d 5

a+te a+1} [onre’ a—+1

u, v € IxJ= [ ; X )
d+ b(au—li-l) + c(a;—l) d 5+ B(a;—l) + fy(a(;,-l) )

Mm

It is easy to see that f(u,v), g(u,v) are decreasing in both variables for each
(u,v) € I x J. In addition, from and we have f(u,v) € I, g(u,v) € J
as (u,v) € I'xJandso f: IxJ—1, g: I xJ—J.
Now let my, My, ms, My be positive real numbers such that
a -+ e—(bm1+cm2) a+€_(bM1+CM2)

M, = - - 12

YT A bmy tomy YT d+0My + My 12)
and (8 ) (BMy+vyMz)
—(Bmi+yma — 1+vy My

M2:a+e 7m2:a+e - (13)
§+ﬂm1 +’}/m2 5+6M1 +"}/M2

Moreover arguing as in the proof of Theorem[2.3] it suffices to assume that
mi S Ml, mao S M2. (14)

From we get
Mld + bmlMl + chMl =a -+ ef(bm1+cm2)7

mayd + bmi My 4+ cmi My = a + e~ (0MiteMz),
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which implies that
d(Ml — ml) + CMl(mQ — MQ) + CMQ(Ml — ml) = 67(bm1+cm2) — ei(leJFCMz).

(16)
From we have
d(My — mq) + cMy(me — M) + cMy(My — my) a7
— ef(bm1+cm2+bM1+cM2)+01 [b(Ml _ ml) + C(M2 o mg)],
where by + ecmg < 01 < bM; + cMs.
From we get
(My —my)[d 4 cMy — be~ (brmatematbMitelz)+6y)
(18)
= (Mz — ma)[eM + ce‘<bm1+Cm2+bM1+cMz)+01],
from which we have
d + CMQ _ bef(bm1+cm2+bM1+CM2)+91
(My —my) = s oo o AR (M —my). (19)
From we imply that
M6 + fmi My + ymoMs = a + e—(ﬁml—&-vmz)’ (20)

mad + BmaoMy + ymaMy = o + ¢~ PMitrM2)
From we obtain
5(M2 - m2) + ﬁMQ(ml - Ml) + ﬁMl(MQ — m2) — e—(ﬂml-‘r'ymz) _ 6_(BM1+’7M2).

21
From we have 2y
d(My —my) + BMa(my — M) + My (My — ms)
= O RS0, ) 44Oy ),
where 8my +yma < 6 < BMy + v M.
From we get
(My —mq)[BMy + B (Fmatoymat Ay M2)+6] (23)

— (My —my)[§ + BM; — ,Ye*(ﬂm1+vmz+BM1+7Mz)+92] —0.
From two relations and we obtain
(Ml — ml) X
[(d+cMy — be~ (bmatematbMiteMa) 01y (5 4 BN — ye~ (BmutymatBMityMa)+0z)

_ Cﬁ(M1 + e—(bm1+cm2+bM1+cM2)+91)(M2 + ﬁe—(6m1+’ym2+ﬁM1+’yM2)+92)] —0.
(24

)
By using inequality @, we have
(d+ cMy — bef(bm1+cm2+bM1+CM2)+01)(5 4 BMl _ ,yef(ﬂm1+7m2+BM1+'yM2)+92)
> (d + cMy — b)(5 + BM; — ’7) > Cﬂ(]. + Ml)(]. + Mz)
(25)
Moreover, we have

Cﬂ(Ml _|_e—(bm1+cmz+bM1+cM2)+01)(M2 +56—(5m1+vmz+ﬂM1+vM2)+92)

(26)
< eB(My+1)(My+1).
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Then from , and imply m; = M, so from we have mo = M.
Hence from Theorem system (4) has a unique positive equilibrium (z, g) and
every positive solution of system (4] tends to the unique positive equilibrium (z, 7)
as n — oo. In addition, the equilibrium (Z, g) is globally asymptotically stable.
This completes the proof of the theorem. O

3. RATE OF CONVERGENCE

In this section we give the rate of convergence of a solution that converges to the
equilibrium F = (Z, g) of the systems for all values of parameters. The rate
of convergence of solutions that converge to an equilibrium has been obtained for
some two-dimensional systems in [9] and [10].

The following results give the rate of convergence of solutions of a system of
difference equations

Xn+1 = [A+ B(n)]x, (27)

where x,, is a k-dimensional vector, A € C**¥ is a constant matrix, and B : Zt —
CF*k is a matrix function satisfying

|B(n)|| = 0 when n — oo, (28)

where ||[| denotes any matrix norm which is associated with the vector norm; ||]|
also denotes the Euclidean norm in R? given by

X[l = ll(z, »Il = Va2 + > (29)

Theorem 3.1. ([I8]) Assume that condition holds. If x,, is a solution of
system , then either x, = 0 for all large n or

p=Jim /T (30)
exists and is equal to the modulus of one of the eigenvalues of matriz A.

Theorem 3.2. ([I8]) Assume that condition holds. If x,, is a solution of
system , then either x,, = 0 for all large n or

n=oo x|

(31)

exists and is equal to the modulus of one of the eigenvalues of matriz A.

The equilibrium point of the system (4)) satisfies the following system of equations

a + e_(bf"!‘cg)

T A+ b7+ cp
o+ e—(BEHYD) (32)

0+ Bz + vy
The map T associated to the system is

Yy =

a+e” (bz+cy)

rwn) = (N ) = | k| (33)

0+ Bx+ vy
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The Jacobian matrix of T is

Jr(z,y) =
—bla+ (d+bx+cy+1)eC=+V]  —cla+ (d+ ba + cy + 1)e~batev)]
(d+ bz + cy)? (d+ bz + cy)?
—Bla+ (a+ Bz + vy + e BeHW] Ao+ (a+ Bz + vy + 1)e~ Betv)]
(o + Bz + yy)? (a+ Bz + 7y)?

(34)
By using the system , value of the Jacobian matrix of T at the equilibrium
point E = (z, g) is

JT(jv ?]) =
—bla + (d + bT + cj + 1)e~(b7+ed)] —cla + (d+bT + cj + 1)e~(b7+ed)]
(d+ bz + cy)? (d+ bz + cy)?
—Blo+ (a+ Bz +yg+1)e” P o+ (a+ 7 + yy + 1)e” P79
(a+ Bz +79)? (a+ Bz +79)?

(35)

Our goal in this section is to determine the rate of convergence of every solution of
the system (4)) in the regions where the parameters a, b, ¢, d, o, 3,7, 0 € (0, o0), (d >
b+c¢,d > B++) and initial conditions z¢ and yo are arbitrary, nonnegative numbers.

1 =
Theorem 3.3. The error vector e, = Zg) = (z" g) of every solution (z,, yn) #
n n
(zZ,9) of satisfies both of the following asymptotic relations:

n

le en| = |M(Jr(E))| for some i =1, 2, (36)
and
- llenal

oo |[ley|

= |[N(Jr(E))| for somei=1, 2, (37)

where |X\;(Jr(E))| is equal to the modulus of one of the eigenvalues of the Jacobian
matric evaluated at the equilibrium Jp(E).

Proof. First, we will find a system satisfied by the error terms. The error terms are
given as
a+ e~ Ozateyn) g 4 o= (bT+cy)
T d4 bz, oy,  d+bT+cy
_a(d+bx + cy) — a(d + bxy, + cyy)
 (d+bay, + cyn)(d + bT + cy)
N (d + bz + cg)ebxntevn) — (d 4 b, + cy,, e~ b7Tew)
(d+ bxy, + cypn)(d + bT + ci)
_b(E —wn) + ¢ — yn) + (T — wn) + c(F — yn)]e” ot
(d+ bxy, + cyn)(d + bT + cf)
(d + by, + cyp ) [e”CFntevn) o= (ba+en))
(d+ bxy, + cyn)(d + bT + ¢¥)
_ —b(an = 7) — c(yn — §) + [b(Z — 20) + c(F — yn)Je” Ot
N (d + bz, + cyn)(d + bx + cy)

Tn41 — T




262 M. N. PHONG EJMAA-2019/7(2)

(d 4 by, + cyy, e~ bTHed) o= (bon—bTteyn—cy) _ 1]
(d+ bxy, + cyn)(d + bT + cj)
—b(2n = T) — c(yn — §) + [D(T — 2n) + c(F — yn)]e” o teun)
N (d+ bxy, + cyn)(d + bT + cy)
(d+ by + Cyn)e_(bﬂ_cg) [—b(zn — &) — c(yn — ¥)]
(d+ bxy, + cyn)(d + bT + c¥)
01 ((zn — 7)) + Oz ((yn — ¥))
(d+ bz + cyn)(d + bT + cp)
—bla+ e (bmatevn) 4 (d+ b, + cy, e bTHD)] B
- (d+ by + cyn)(d + bT + ci)) (@0 —2)
—c [a + e~ bznteyn) 1 (d 4 ba,, + cyn)e—(b“@]
(d 4 bzy + cyn)(d + bT + cp)

1 _
d+ bx, + cyn)(d + bT + cp) O1 (wn — 7))

1
d+ bx, + cyn)(d + bT + cp)

By calculating similarly, we get

—y [a 4 e~ Bentyyn) 4 (8 + Bz, + fyyn)e—(ﬁi‘f-’yﬂ)]
(0 + B +vyn)(6 + BT +77)

-8 [a 4 e~ (Bentyyn) 4 (6 + Bz, + fyyn)e—(ﬁf-i"yg)] -
@+ Ba + 19)(6 + BT +77) v ~9) (39)

1 —
6 + Bry + vyn)(0 + BT +77) O3 (25 — 7))
1

5+ Ban +yn) (0 + BT + 7Y)

From and we have

—b [a + e~ (bznteyn) 1 (d 4 ba,, + Cyn)ef(bzﬂcy)]
(d+ bxy, + cypn)(d + bT + cf)

—c[a+ e~ mntevn) 4 (d 4 bx, + cy,)e” OTHeD)]
(d+ bxy, + cyn)(d + bT + cj)

— [a + e=Bzatrn) (6 + By, + Yy )e~BEHID)]
(0 + Bzn + 7yn) (6 + BT +77)

—B [a+ e~ Bent1vn) 4 (§ + By, + yyn)e™ FTH9)]
(0 + Bzn +7yn) (6 + BT +77)

(Yn —7)

B

02 ((yn — 1))

T

Ynt1 =Y = (zn — )

M

Os((yn — 7))

T

Tntl — T R (xn — )

(Yn — y)

Ynt+1 — Y =

Set

1 - 2
e, =xp— and e, =yn — Y.

Then system can be represented as:

1 1 2
€ni1 N Anty + bne;,

2 .l 2
€41 R Cne, +dpe;
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where
—b [a + e~ bznteyn) 4 (d 4 ba,, + cyn)e*(b“@)]
tn = (d + by, + cyn)(d+ bT + ) ’
—— [a+ e~ (bzntevn) 4 (d + ba,, + cyy,)e™ bFHeD)]
" (d+ bxy, + cyn)(d + bT + cy) ’
= [Oz 4 e~ Brntyyn) 4 (6 + B, + fyyn)e*(ﬁﬁrwﬂ)}
o 0+ B+ 19) (0 + BT +77) ’
g - [a 4+ e~ Bzntyyn) 4 (6 + B, + fyyn)e*(ﬁffv“w?)]

(0 + Brn +7Yn) (6 + BT +79)
Taking the limits of a,,, b,, ¢, and d,, as n — oo, we obtain

—bla+ (d+ bz +cy+1)e”tz+en)]

lim a, = = Ay,
nlﬁnoloa (d +bT + C:Ij)2 1
_ d+ b7 7+ 1)e— (bZ+cy)
hmbn: C[a+( i xfcy_t )e ] Z:Bla
n—oo (d+ bT + cy)?
, = [+ (6 + BT + v + 1)e~ FzH1D)]
lim ¢, = — — = (1,
m—co (0 + Bz +vy)?
— 5 T 7+ 1)e—(BT+79)
lim d, = 22T O+ T LT+ Ve Iy
n—rco (6 + BT +y)?

that is
an:A1+ana bn:Bl+ﬁna
Cn201+7n7 dn:D1+5n7

where o, — 0, 8, = 0, 7, — 0 and 6, = 0 as n — oc.
Now, we have system of the form :

e,t1 = (A+ B(n))en,

_ Al Bl _ [ Gn ﬂn
where A = <C1 D1> , B(n)= (5n ’Yn) and

|B(n)|| — 0asn— oo.

Thus, the limiting system of error terms can be written as:

e &
() -4(3)
n+1 n
The system is exactly linearized system of evaluated at the equilibrium F =
(Z, ). Then Theorem and Theorem imply the result. O

4. EXAMPLES

In order to verify our theoretical results and to support our theoretical discus-
sion, we consider several interesting numerical examples. These examples represent
different types of qualitative behavior of solutions of the systems . All plots in
this section are drawn with Matlab.
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Example 4.1. Let a = 30,b = 0.0007,¢ = 0.8,d = 0.95,(d > b+ ¢);a = 35,8 =
0.85,7 = 0.0006,6 = 0.9, (§ > B8+ ). Then system can be written as

30 + 67(0‘0007zn+0.8yn) 35 + 67(0.851n+0.0006yn)
T 0,95 1 0.00072, + 0.8y, 7" T 0.9+ 0.852, + 0.0006y,,

with initial conditions xg = 8 and yo = 7.

(41)

0 20 40 B0 80 100 120 140 180 180 200 0 20 40 B0 80 100 120 140 180 180 200
n n

(a) Plot of z, for the system (b) Plot of y,, for the system

%/%/ ]
A7 ]

4 45 5 55 3 B5 7 75 E

(c) An attractor of the system
FIGURE 1. Plots for the system (41)

In Figure |1} the plot of z,, is shown in Figure 1| (a), the plot of y,, is shown in
Figure 1| (b), and an attractor of the system is shown in Figure [1| (c).

Example 4.2. Let a = 25,0 = 0.00009,¢ = 0.7,d = 0.89,(d > b+ ¢);a = 15,8 =
0.8, = 0.00003,5 = 0.85, (6 > B8+ ). Then system can be written as
95 -+ ¢—(0-00009,,40.7y,,) 15 + e—(0-82,40.00003y.,)
0.89 + 0.000092, + 0.7gn " 7" = 0.95 + 0.8z, + 0.00003y,,

with initial conditions xo = 17 and yo = 4.

(42)

Tn+1 =

In Figure [2| the plot of x,, is shown in Figure [2] (a), the plot of y,, is shown in
Figure [2[ (b), and an attractor of the system is shown in Figure [2| (¢).

Example 4.3. Let a = 20,b = 0.01,¢ = 0.6,d = 0.005,(d < b+ ¢);a = 25,08 =

0.8,7=10.02,6 =0.09, (6§ < B++). Then system can be written as
20 + e_(0'01$n+0-6yn) 25 + e_(0-81n+0'02yn)

0.005 + 0.01z,, + 0.6y, Int1 =009 + 0.8z, + 0.02y,,’

with initial conditions xo = 15 and yo = 2.

Tn4+1 = (43)
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13 4
16 35
14 3
w512 == 28
10 2
8 15
ED 20 40 B0 80 1nE|E| 120 140 160 180 200 ! o 20 40 B0 80 1nE|E| 120 140 160 180 200
(a) Plot of &, for the system (b) Plot of y, for the system

25 /
3 e
2 /

2 _—

B 10 12 14 16 8
¥,

(c) An attractor of the system ([42)

FIGURE 2. Plots for the system

- 28
245
s 24
235
14 23
- o€ 225
135 22
215
13 21
205
12 SD 20 40 B0 80 100 120 140 160 180 200 2EI 20 40 B0 80 100 120 140 160 180 200
. .
(a) Plot of x,, for the system (b) Plot of yy, for the system
245
245
2.4
235
23 =
=5 225
22
215
21
205
1225 13

(c) Phase portrait of the system

FiGURE 3. Plots for the system
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In this case, the unique positive equilibrium point of the system is unstable.
Moreover, in Figure [3| the plot of z,, is shown in Figure [3| (a), the plot of y,, is
shown in Figure 3| (b), and a phase portrait of the system (43]) is shown in Figure

(c).

(1]
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