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ABSTRACT. Let G be a graph of order n. Then an n X n symmetric matrix is
called the minimum degree matrix M D(G) of a graph G, if its (i,;)*" entry
is min{d;,d;} whenever i # j, and zero otherwise, where d; and d; are the
degrees of i*" and j'* vertices of G, respectively. In the present work, we obtain
the characteristic polynomial of the minimum degree matrix of graphs obtained
by some graph operations. In addition, bounds for the largest minimum degree
eigenvalue and minimum degree energy of graphs are obtained.

1. INTRODUCTION

Throughout this paper by a graph G = (V, E) we mean a finite undirected graph
without loops and multiple edges of order n and size m. Let V = V(G) and
E = E(G) be the vertex set and edge set of G, respectively. The degree dg(v)
of a vertex v € V(G) is the number of edges incident to it in G. The graph G
is r-regular if and only if the degree of each vertex in G is . Let {v1,va,...,0,}
be the vertices of G and let d; = dg(v;). Basic notations and terminologies can
be found in [8, [12] [I4]. In literature, there are several graph polynomials defined
on different graph matrices such as adjacency matrix [8, [12] [14], Laplacian matrix
[15], signless Laplacian matrix [9] [I§], seidel matrix [5], degree sum matrix [13], [19],
distance matrix [I] etc. The purpose of this paper is to study the characteristic
polynomial of the minimum degree matriz and to obtain bounds for the largest
minimum degree eigenvalue and minimum degree energy.

Note that there are several matrices associated with graphs. In general, we can
say M(G) is a matrix defined on a graph G, whose elements are given by

where X(d;,d;) is a function on degree of vertices v; and v; while R(,j) is the
relation between the vertices v; and v;. Suppose x1, 2, ..., %, are the eigenvalues
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of the matrix M, then the corresponding energy can be defined as
En(G) =) |uil.
i=1

The most extensively studied such matrix is the Adjacency matriz [12] A(G), where

A= 1 if viv; € E(G),
10 otherwise.

In which,

1 for R(i,5) = viv; € E(Q),
X<di>dj) = { 0 for R(i,7) = Ui”j‘ ¢ E(GQ) or v; = Vj.

Recently, the analogous concepts of degree sum matrix [19], degree exponent ma-
trix [20] etc., were put forward. The energy E4(G) with respect to adjacency marix
is smaller than the energy with respect to any other matrix. The degree exponent
energy Epg(G) is larger among all other energies defined so far. The minimum de-
gree energy Eprp(G) is much closer to the energy E4(G) with respect to adjacency
matrix, Eyp(G) lies between E4(G) and Epg(G). For a complete graph K, of
order n, Eyp(K,) = (n—1)Es(K,) and Epg(K,) = (n — 1)""1E4(K,). These
observations motivated us to study the minimum degree energy. The minimum de-
gree matriz of a graph G of order n is an n x n symmetric matrix M D(G) = [md,;],
whose elements are defined as

mds; — { min{di.d;} - if 17
otherwise.

Let I be the identity matrix and J be the matrix whose all entries are equal to
1. The minimum degree polynomial of a graph G is defined as

Paip(G:€) = det(€] — MD(G)).
The eigenvalues of the matrix M D(G), denoted by &1, &a, ..., &, are called the
minimum degree eigenvalues of G and their collection is called the minimum degree

spectra of G. It is easy to see that, if G is an r-regular graph, then M D(G) = rJ—rl.
Therefore, for an r-regular graph G of order n, we have

Pup(Gi€) = [€ —r(n = D) +7]"". (1.1)

Let G be a graph of order n with minimum degree eigenvalues &1, &a, ..., &,. Then
the minimum degree energy Fyrp(G) of a graph G is defined as

Enp(G) =Y l&l.
i=1

Example 1. Let G = Ky - K3 be a graph (see Figure . Then we have
the minimum degree matriz:

MD(G) =

=== O
NN O =
N O N
O NN

minimum degree polynomial: Pyp(G;€) = €* — 15¢2 — 28¢ — 12,
manimum degree eigenvalues: 2 + /7, —2,—2,2 — /7 and
the minimum degree energy: Enp(G) = 8.
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G:Kz'Kg: 2 H:C4:

FIGURE 1.

Example 2. Let H = Cy (see Figure be a 2-reqular graph. Then we have
the minimum degree matriz:

MD(H) =

NN O N
O N NN

2
2
0
2

NN NN O

minimum degree polynomial: Pyrp(H; &) = £ — 24€2 — 64¢ — 48,

minimum degree eigenvalues: 6,—2, —2, —2 and

minimum degree energy: Eyp(H) = 2r(n — 1) = 12, where r is the degree of the
vertices in H.

2. MINIMUM DEGREE POLYNOMIAL OF GRAPHS OBTAINED BY GRAPH
OPERATIONS

In this section, we obtain the minimum degree polynomial of graphs obtained by
some graph operations.

The line graph [12] L(G) of a graph G is a graph whose vertex set is one-to-
one correspondence with the edge set of the graph G and two vertices of L(G) are
adjacent if and only if the corresponding edges are adjacent in G.

The k" iterated line graph [6} [7, 12] of G is defined as L*(G) = L(LF~1(@)),
k=1,2,..., where L°(G) 2 G and L'(G) = L(G).

Theorem 2.1. Let G be an r-regular graph of order n and ny, be the order of L¥(G).
Then the minimum degree polynomial of L*(G), k = 1,2, ... is

Pup(LF(G); €) = [€ 4 28y — 281 o =Le — (2R — 2FFL 1 9)(ny, — 1)].

Proof. The line graph of a regular graph is a regular graph. In particular, the line
graph of a regular graph G of order n and of degree r is a regular graph of order
ny = ¢nr and degree ri = 2r — 2 [6}, [7]. Thus, the order and degree of L¥(G) are

k-1
n . ,
k= o I | (20 — 27 4+ 2)  and 1y, = 2Fr —2FF1 2,
i=0

Hence the result follows from (1.1)). O

We use the following lemma in order to prove the following theorems.
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Lemma 2.2. [20] If a,b,c and d are real numbers, then the determinant of the
form
€+ a)ly, —adn, —CJnyxny
7d‘]n2 Xni (g + b)InQ - an2

of order ny + ny can be expressed in the simplified form as
(€ +a)™ (€ + )™ 1€ — (m — Dall€ — (n2 — 1)b] — mmacd}.

The subdivision graph [12] S(G) of a graph G is the graph obtained by inserting
a new vertex on each edge of G.

(2.1)

Theorem 2.3. Let G be an r-regular graph of order n and size m. Then
Pyup(S(G)i€) = (E+2)"HE+n)""HE —[(n—r+2(m - 1)
+2(n — 1)(m — 1)r — [min{2,r}]*mn}.
Proof. Let G be an r-regular graph of order n. Then the subdivision graph of the

graph G has two types of vertices. The n vertices are of degree r and the remaining
m vertices are of degree 2. Hence

_ T(Jn - In) mzn{?, T}JnXm
MD(8(G)) = [ min{2, Vs 200w — L) |
Therefore,
Pyp(S(G);¢§) = [€I—MD(5(G))|
- E+nr), —rd, —min{2, 7} pxm
o —min{2, 7} mxn  (E+2)m —2J5) |
Using Lemma [2.2] we get the required result. (Il

The semitotal point graph [21] T>(G) is a graph which is obtained from the graph
G by inserting a vertex corresponding to each edge of G and by joining each new
vertex to the end vertices of the edge corresponding to it.

Theorem 2.4. Let G be an r-regular graph of order n and size m. Then
Pyup(To(G); €) = (64+2r)" 1 (E+2)™ H[e-2(n—1)r][€=2(m—1)]—[min{2, 2r}]*mn}.

Proof. Let G be an r-regular graph of order n. Then the semitotal point graph of
the graph G has two types of vertices. The n vertices are of degree 2r and the
remaining m vertices are of degree 2. Hence

2r(Jp — In,) min{2, 27} Jpwm }

VD) = | i)

Therefore,

Prp(T2(G); 6)

|81 — MD(T3(G))|
_ E+2r)I, —2rd, —min{2,2r}Jnxm
T —min{2, 2r k. (4 2)1 — 2J0) |
Using Lemma [2:2] we get the required result. O
The semitotal line graph [11] T1(G) is a graph which is obtained from the graph

G by inserting a new vertex into every edge of GG, and joining by edges those pairs
of new vertices which lie on adjacent edges.
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Theorem 2.5. Let G be an r-regular graph of order n and size m. Then
Pup(T1(G);€) = (€ +r)"7H(E+ 2r)" 7 H{[€ — (n = 1)r][€ — 2(m — 1)r] — r®mn}.

Proof. Let G be an r-regular graph of order n. Then the semitotal line graph of the
graph G has two types of vertices. The n vertices are of degree r and the remaining
m vertices are of degree 2r. Hence

wupi@y = | " e

I mxn 2r(Jm — Im)
Therefore,
Pyp(T1(G); 6)

§1 = MD(T1(G))|

(E + T)In - TJn *TJnXm
—1rJmxn (vf + 2T)Im - 27"Jm) )
Using Lemma [2:2] we get the required result. O

The total graph [12] T(G) of a graph G is the graph whose vertex set is V(G) U
E(G) and two vertices of T'(G) are adjacent if and only if the corresponding elements
of G are adjacent or incident.

Theorem 2.6. Let G be an r-regular graph of order n and size m. Then
Pryp(T(G);€) = (&+2r)" ™7 e —2(n +m — )r].

Proof. The total graph of a regular graph of degree r is a regular graph of degree
2r with n + m vertices. Hence the result follows from (L.1J). O

The graph G** is a graph obtained from the graph G by attaching k (k > 1)
pendant edges to each vertex of G. If G is a graph of order n and size m, then G*
is graph of order n + nk and size m + nk.

Theorem 2.7. Let G be an r-regular graph of order n and size m. Then
Pyp(GTF€) = (E+r+ k)" E+ D)™ H[E— (n = 1)(r +R)J[E — (nk — 1)) — kn?}.

Proof. The graph G** of a regular graph G of degree r has two types of vertices.
The n vertices are of degree r + k and the remaining nk vertices are of degree 1.
Hence

k r+k)(J, — I, Jnxnk
MD(G™) = { | J)n(kxn ) (St — Lnk) } ’
Therefore,
Pyp(G**€) = [¢I - MD(GH)|
‘ (E+r+K), — (r+k)J, —Jnxnk ’
—Jnkxn (E+Dlnk — Jnk) |
Using Lemma |2.2] we get the required result. (I

The union [12] of the graphs Gy and G5 is a graph G U G5 whose vertex set is
V(G1 UG2) = V(G1) UV(G2) and the edge set E(G1 UG2) = E(G1) U E(G2).

Theorem 2.8. Let G be an rq-reqular graph of order ny and H be an ro-regular
graph of order ny. Then

Prp(GUH;€) = Pap(G; &) Payp(H; €)—(E+r1)™ 1 (E4r2)™  nana[min{ry, r2})°.
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Proof. The minimum degree matrix of G U H will be of the form

MD(GUH) = { mzn{i\ieg(?‘])m X1 mln{;\}g?;{)m o }
— [ 71 (Jny — Iny) man{ 11,72} oy xny }
o min{ry, 72t Jnyxn, ro(Jny — Iny) )
Therefore,
Pup(GUH;€) = [eT— MD(GUH)|

_ | €y —ridey —min{r,ra} o,
_min{rlvr2}‘]7l2><n1 (§+T2)In2 _T2Jn2)

Using Lemma[2.2] we get

Prp(GUH;€) = (§4r1)™ 7 (Er) "2 H[E— (i —1)m][€—(na—1)ro] —nina[min{ri, r2}]?}.
(2.2)
Since G is an ri-regular graph of order n; and H is an ry-regular graph of order
ng. Then by (1.1, we have
Pup(G;€) = (E4711)" 7 HE = (n — )] (2.3)
and
Pyp(H;€) = (€4 712)" 7 [E = (n2 — D)ra. (2.4)
The result follows by substituting (2.3) and (2.4)) in (2.2). d

The join [8,[12] G1 VG5 of two graphs G; and Gy is the graph obtained from G,
and G2 by joining every vertex of Gy to all vertices of Gs.

Theorem 2.9. Let G be an ri-regular graph of order ny and H be an ro-reqular
graph of order no. Then

Pyup(GVH;E) = (§4R)™ 1€+ Ry)™ H{(§ = (m — 1)R1)(§ — (n2 — 1)Ry)
7min{R1, Rg}nlng},

where R1 =11 +na and Ry =19 + ny.

Proof. If G is an ri-regular graph of order ny and H is an ro-regular graph of order

ng, then GVH has two types of vertices, the n; vertices with degree Ry = r1 + no
and the remaining ng vertices are of degree Rs = ry + n;. Hence

Ri(J,, — I, min{ Ry, Ra}Jn, xn
MD(GVH) = { mm{léh }%Q}J,;)Xm R{g(}nz i}In;)X ’ } :
Therefore,
Pup(GVH:€) = [¢1 - MD(GYH)
‘ (€ + R)n, — Ridn,  —min{ Ry, Ro} o, xms
—min{Ry, Ro}Jnoxn,  (§+ Ra)Iln, — RaJyn,)
Using Lemma [2.2] we get the required result. O

Let K, denotes the complete graph of order n, and kG is the union of k (k > 1)
copies of G. A windmill graph is the join of K; and kK5. It has 2k + 1 vertices.
If ry =0,70 = 1,77 = 1 and ny = 2k, then by Theorem @, we have the following
corollary.



236 B. BASAVANAGOUD AND PRAVEEN JAKKANNAVAR EJMAA-2019/7(2)

Corollary 2.10. Let G = K1VkKy be a windmill graph. Then
Pup (K1 VEKy; €) = (€ 42)% 1% — 2(2k — 1)€ - 8K7).
The product [12] G x H of graphs G and H has the vertex set V(G x H) =
V(G)xV(H) and (a,z)(b,y) is an edge of GX H if and only if [a = band zy € E(H)]
or [z =y and ab € E(G)].

Theorem 2.11. Let G be an ri-reqular graph of order ny and H be an ro-regular
graph of order ny. Then

Pyp(G x H; &) = (£ + (r1 +12))™ "7 HE = (r1 4 72) (nang — 1)].

Proof. Since the graphs G and H are regular graphs of degree r; and 73, respec-
tively. Therefore, the graph obtained by the cartesian product of G and H is a
regular graph of degree r1 4+ ro with niny vertices. Hence the result follows from
[L1). 0

The composition [12] G[H] of graphs G and H with disjoint vertex sets V(G)
and V(H) and edge sets E(G) and E(H) is the graph with vertex set V(G[H]) =
V(G) x V(H) and (a,z)(b,y) is an edge of G[H] if and only if [a is adjacent to b]
or [a = b and z is adjacent to y.

Theorem 2.12. Let G be an ri-regular graph of order ny and H be an ro-reqular
graph of order ny. Then

Pyrp(GIH]; ) = (§ + (nary +72))" "7 HE = (nory +12) (nana — 1)].

Proof. Since the graphs G and H are regular graphs of degree r; and 9, respec-
tively. Therefore, the graph obtained by the composition of two graphs G and H
is a regular graph of degree nory + 12 with nyns vertices. Hence the result follows
from (|1.1)). O

The corona [12] G o H of graphs G and H is a graph obtained from G and H
by taking one copy of G and |V (G)| copies of H and then joining by an edge each
vertex of the i*" copy of H is named (H,i) with the i** vertex of G.

Theorem 2.13. Let G be an ri-reqular graph of order ny and H be an ro-regular
graph of order no. Then

Pyup(GoH;&) = (E4R)" e+ Ro)" ™ (€ — (n1 — 1)R1)(€ — (mng — 1)Ry)
—min{ry 4+ ng,ry + 1}ning},

where R = r1 +n9o and Ry =19 + 1.

Proof. If G is an ri-regular graph of order ny and H is an ro-regular graph of order

ng, then G o H has two types of vertices, the n, vertices are of degree Ry = r1 +no
and the remaining ning vertices are of degree Ry = ro + 1. Hence

_ Rl(Jnl - Inl) min{R17 R2}Jn1 Xning
MD(G ° H) N |: min{Rla R?}Jnlngxnl RQ(Jnlnz - Inlng) '
Therefore,
Pyp(GoH;§) = [§1—MD(GoH)|

(5 + Rl)Inl - RlJ’ﬂl _min{Rlv RQ}Jnl Xning
—min{Rl,RQ}Jnanan (5 + R2>[n1n2 - R2Jn1n2) '

Using Lemma [2.2] we get the required result. O
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The Cauchy-Schwarz inequality [2] states that, if (a1, as, ..., a,) and (b1, ba, ..., by,)

are real n-vectors, then
n 2 n n
(j{:aﬂu> < (j{:a$> (j{:b$>. (2.5)
i=1 i=1 i=1

3. BOUNDS FOR THE LARGEST MINIMUM DEGREE EIGENVALUE

Since trace(M D(G)) = 0, the eigenvalues of M D(G) satisfies the following rela-

tions:
n
i=1

further,

S = trace((MDG))
=1

= 2.2 duds

i=1 j=1
n n

_ 2

- § E 2
i=1 j=1

= 2 (min{d;,d;}).

1<J

Thus,

n
fo =2M, where M = Z(min{di, d;})% (3.2)
= i<j

The following results are useful throughout the paper. Let M; = mazi<i<n(a;);
M2 = mal‘lgign(bi); my = minlgign(ai); and mo = minlgign(bi).

Theorem 3.1. [I7] Let a; and b; are nonnegative real numbers. Then

> Zm14/¢><z%ﬂ. 53

Theorem 3.2. [16] Let a; and b; are nonnegative real numbers. Then

ia?ib? - <Z %) z) < j M1M2 - m1m2)2. (34)

i=1 i=1

Theorem 3.3. [3] Let a; and b; are nonnegative real numbers. Then

n n n
n E (Libi— E a; E bz
i=1 i=1 i=1

where a,b, A and B are real constants such that a<a; <Aandb <b; < B for

each i,1 <i <n. Further, a(n) =n|5](1 — - L§J)

< a(n)(A—a)(B-b), (3.5)
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Theorem 3.4. [10] Let a; and b; are nonnegative real numbers. Then

Zn:bf +pP2n:a? < (p+P) <Zn:azbl> R (36)
i=1 =1 i=1

where p and P are real constants such that pa; < b; < Pa; for each i,1 < i < n.

Theorem 3.5. Let G be an r-regular graph of order n. Then G has only one
positive minimum degree eigenvalue & = r(n — 1).

Proof. Let G be a connected r-regular graph of order n and {vy,va, ..., v, } are the
vertices of G. Let d; = r be the degree of v;,7 =1,2,...,n. Then

{ min{di,dj} =T Zf { 7é .ja
dij =

10 otherwise.

Therefore, the characteristic polynomial of M D(G) is,

Pyp(G;€) = det(¢] — MD(G))
= det(él — MD(G)) = det(él —rA(K,))
= %I— A(K,)

n—1
= (o) (5)
r r

= (E—r(n—1)(E+r"""
Thus, (£ —r(n—1))(E+7)""! =0, will give
£ = { r(n—1) 1 time,

—r (n — 1) times.

Theorem 3.6. Let G be any graph of order n. Then

6 <ML (3.7)

Proof. Let &1,&s, ..., &, are the minimum degree eigenvalues of the graph G. Then
by substituting a; = 1 and b; = ¢; for i = 2,3, ...,n in (2.5), we get

n 2 n
<Z @) <(n-1) (Z f?) : (3.8)
Again from and (3.2), :; have o
Zn:gi =-&  and igf =2M — &
Therefore, beco:js -
(—&)* < (n=1)2M - &).

Hence,

& < W

Equality in (3.7) holds for regular graphs. [
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4. BOUNDS FOR THE MINIMUM DEGREE ENERGY OF GRAPHS

Theorem 4.1. Let G be an r-regular graph of order n. Then —r and r(n — 1) are
minimum degree eigenvalues of G- with multiplicity (n — 1) and 1 respectively and
EMD(G) == 27“(’[7, - 1).

Proof. To find the minimum degree polynomial, we have the following determinant.

I3 —r —r —r
—r I3 - -
€I — MD(G)| = | —r —r ¢ —r
—r - 77‘ 13
I3 - - -
-1 1 0 0
= (E+n)" ] -1 0 1 0
-1 0 0 1

Thus,
Eyp(G)=2r(n—1)
O
Theorem 4.2. Let G be a graph of order n and size m. Then
n2
Eun(G) > 20 - (1]~ o) (a.1)

where |€1| and |&2| are mazimum and minimum of the absolute value of &;’s.

Proof. Suppose &1, &a, ..., &, are the eigenvalues of M D(G). Then by substituting
a; =1 and b; = |&] in we get

n n n 2 2
ZlQZla-P—(Zm) < (] - 16l
i=1  i=1 i=1
2
2Mn— (Enp(@))* < (6] - |&l)?
2
Enp(G) = \/2”/\/1 - %(Kl\ = |&al)?.

Corollary 4.3. If G is an r-reqular graph of order n, then

(n—2)?
T

E]\/[D(G) Z nr\/(n — 1) -
Theorem 4.4. Let G be a graph of order n. Then
V2M < Eynp(G) < V2nM.
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Proof. For upper bound: Let &1, &, ..., &, be the minimum degree eigenvalues of G.
Then by substituting a; = 1 and b; = |¢;| in (2.5)), we get

n 2 n n
(Z §z|> < lez|fi|2
=1 =1

(Eun(@)? < 2Mn
Eup(G) < V2nM. (4.2)

For lower bound: We have,

n

(Emp(G))? = (Z |§i> > Z &7 = 2M.

i=1

Which implies,

Eyvp(G) > VoM. (4.3)
Combining (4.2) and (4.3)), we get the desired result. O

Theorem 4.5. Let G be a graph of order n and let A be the absolute value of the
determinant of MD(G). Then

V2M 4 n(n — A" < Byp(G) < vVanM.

Proof. For lower bound: By definition of minimum degree energy, we have

n

= Y g+2) [&lll

(Emp(G))*

i=1 i<j
= 2M+2) [&ll4]
1<
= 2M+ ) G141 (4.4)
i£j

Since the arithmetic mean is not smaller than geometric mean for nonnegative
numbers, then we get

1
s 2 lelisl =TTl

i#j i#j

n ﬁ
= (H |§i|2(n_1)>

i=1

IR

i=1

— A2/n

1
n(n—1)

V

Therefore,

Y l&illg ] = nln —1)A". (4.5)
i#]
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Combining (4.4) and (4.5)), we get

Eup(G) 2 \/2M 4+ nfn — 1)A%/n, (4.6)
For upper bound: Consider a nonnegative quantity
Y =3 (&l = 1607 =D (&l — 167 = 21611
i=1j=1 i=1j=1

By direct expansion, we get

Y=n) |G +n) 1§ -2 <Z |§i> > gl
i=1 =1 i=1 j=1

Now, by definition of minimum degree energy and (3.2)), we have
Y = 4nM — 2(Eynp(G))2

Since Y > 0,
4nM = 2(Eyp(G))? >0
Eynp(G) < V2nM. (4.7
Combining (4.6)) and (4.7]), we get the desired result. O

Corollary 4.6. If G is an r-regular graph of order n, then

Eynp(G) <nry/(n—1).

Theorem 4.7. Let G be a graph of order n and size m. Let & > & > ... > &, be
a non-increasing arrangement of minimum degree eigenvalues. Then

Enp(G) > /2nM — a(n)(1&] — [a])?, (4.8)
where a(n) = n|§](1 — 1 15])

n

Proof. Suppose 1,8, ...,&, are the minimum degree eigenvalues of G. Then by
substituting a; = |&;| = b;, a = [€,] = b and A = |£;| = B in (3.5)), we get

n n 2
”Z &% — (Z |§z|> < a(n)(&] - |&))2 (4.9)

Since Exp(G) = X1, &l Do, [&]? = 2M. Therefore, (4.9) yields the required
result. g

Remark 4.1. Since a(n) < ”72, from and one can easily observe that,
the inequality in (@ s sharper than the inequality in ,

Theorem 4.8. Let G be a graph of order n and size m. Let & > & > ... > &, be
a non-increasing arrangement of minimum degree eigenvalues. Then

Ern(@) = e e

where |&1| and |&2| are mazimum and minimum of the absolute value of &;’s.

(4.10)
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Proof. Suppose &1, &, ..., &, are the minimum degree eigenvalues of G. Then by
substituting b; = |&;|,a; = 1,p = |&,| and P = |&]| in (3.6]), we get

n n

STIal + 1al€anl Y12 < (el + e | Do lal |- (4.11)
=1

=1 =1

Since Enp(G) = >oi &l Yo, |&]* = 2M. Therefore, (4.11)) yields the required
([l

result.

Remark 4.2. (i) For a graph G, E(G) < Eyp(G) and equality holds for K.
(ii) For a complete graph K,,, Eyp(Ky,) = (n — 1)E(K,).

5. CONCLUSION

The characteristic polynomial of the minimum degree matrix of graphs obtained
from the regular graphs by some graph operations is obtained. In this paper, we also
computed the minimum degree energy of regular graphs. In addition, the bounds
for largest minimum degree eigenvalue and minimum degree energy of graphs are
obtained. The gives the sharp lower bound for minimum degree energy.
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