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BILATERAL MOCK THETA FUNCTIONS AND FURTHER
PROPERTIES

MOHAMMAD AHMAD*, SIRAZUL HAQ AND ABDUL HAKIM KHAN

ABSTRACT. Bilateral mock theta functions were obtained using bilateral basic
hypergeometric series. It has been shown that they are related to the basic
hypergeometric series g¢g and satisfy the characteristic property of the mock
theta functions defined by Ramanujan. They have also been expressed in terms
of Lerch’s functions f(z,¢;q,p).

1. INTRODUCTION

The mock theta functions were first introduced by Ramanujan [3] in his last
letter to G H Hardy in January 1920 . He provided a list of seventeen mock theta
functions and labeled them as of third, fifth and seventh order without mentioning
the reason for his labeling. Watson [17] added to this set three more third order
mock theta functions.
His general definition of a mock theta functions is a functions f(q) defined by a ¢
series convergent when |¢| < 1 which satisfies the following two conditions.

(a) For every root £ of unity, there exists a theta function ¢ (q) such that the
difference between f(gq) and 8¢(g) is bounded as ¢ — ¢ radially.

(b) there is no single theta function which works for all £ i.e for every theta
function 0¢(g) there is some root of unity £ for which f(¢) minus the theta function
¢ (¢) is unbounded as ¢ — ¢ radially.

(When Ramanujan refers to theta functions, he means sum, products and quotients
of series of the form ) _ | §"qa"2+b" with a,b € Qand £ = —1, 1.In bilateral form
summation is taken from —oo to 00).

Andrews and Hickerson [14] announced the existence of eleven more identities given
in the ’lost’ note book of Ramanujan involving seven new functions which they
labeled as mock theta functions of order six. Y.S. Choi [1] has discovered four
functions which he called the mock theta function of order ten. B.Gordon and
R.J.McItosh [27] have announced the existence of eight mock theta functions of
order eight and R.J.McIntosh [5] has announced the existence of three mock theta
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functions of order two.

Hikami [12, 13] has introduced one mock theta function of order two, one of order
four and two of order eight. Very recently Andrews [15] while studying g-orthogonal
polynomials found four new mock theta functions and Bringmann et al [11] have
also found two more new mock theta functions but they did not mention about the
order of their mock theta functions.

Watson and others have only proved the first assertion 1(a) and no one has
proved the second assertion 1(b), Watson attempted to prove 1(b) too for the third
order mock theta functions but could not do it in all its generality. Watson [17, 18],
Dragonett [10] and Andrew and Hickerson [14] have shown that all the mock theta
functions defined by Ramanujan, at least satisfy the boundedness condition 1(a).

Watson [18] has defined four bilateral series, which he called the ’Complete’or
"Bilateral” forms for four of the ten mock theta functions of order five and expressed
them in terms of the transcendental functions f(x,&;q,p) studied by M. Lerch
[7].S.D. Prasad [2] in 1970 has defined the ’Complete’or ’Bilateral’ forms of the
five generalized third order mock theta functions.The ’Complete’ sixth order mock
theta functions were studied by A. Gupta [27] Bhaskar Srivastava [23, 24, 25, 26]
have studied bilateral mock theta functions of order five, eight, two and new mock
theta functions by Andrew [15] and Bringmann et al [11].

N.J. Fine [6] has reduced the third order mock theta function as a limiting case of
2¢1 and A Gupta [28] has reduced the mock theta functions of order five and seven
as the limiting cases of 3¢5 and 4¢3 respectively. Shukla and Ahmad [19, 20, 21, 22],
M Ahmad [8] and M Ahmad and Shahab Farugi [9] have obtained bilateral mock
theta functions of order ”seven”,”nine ”,” eleven”,” thirteen” and fifteen and reduced
them as the limiting cases of a basic hypergoeometric series 4¢3,5 ¢4,6 ¢5,7 ¢ and
s¢7 on a single base and proved that they satisfy characteristic property 1(a) of the
mock theta functions defined by Ramanujan.

In section 2 we list few important definitions. In section 3 we define following eight
bilateral mock theta functions, namely

0 q4n2—3n
fO,cg(Q) = Z ( q;CI)n (1)
o) =3 @
) 0 q8n2—6n
F0768(q ) = Z (qu)n (3)

Fie(qh) = Z @ (4)

Yo.es(@) =Y ¢F (g ) (5)
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oo

2
$1es() = 4" T (=q:6)n
— 00
0 q8n2
D0,es(@*) = ) ——5—
“ ) Zo:o (_q; qz)n

o 4n?+4n
q

V1,e5(q) = g
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(6)

(7)

(®)

In section 4 we show that these bilateral mock theta functions are the limiting cases

of basic hypergeometric series g¢sg.

In section 5 we show that these functions satisfies the characteristic property 1(a)

of the mock theta functions defined by Ramanujan.

In section 6 we express them in terms of the transcendental function f(x,&;q,p)

studied by M. Lerch [7]

2. NOTATION AND DEFINITIONS

We use the following ¢ notation. Suppose ¢ and z are complex numbers and n

is an integar if n > 0 we define (2), = (2,¢)n = [} (1 — ¢'2)

() = (g = R
2)n=(2q)n=—F—"
! " (@/2:@)n

and more generally

(21,22, ceenn. 32 On = (21)n(22) 0y ceveerneen. (zr)n

For |¢*| < 1 let us define

(") =10 =2)1—2¢"),......... 1—z¢" "N n>1(z¢)0=1

(ZS A1, @2, ...... (€79 qk B _i (a1,a2, ........ ar; q )nz’ﬂ (|Z| - 1)
r+1¢r ) -
b1, b, e, b, 7 70 (%5 ¢%)n (b1, ba, ... bri gy’
and a bilateral basic hypergeometric series .1, is defined as
A1,0a2, ...... Q. 00
A1, A2, en..... Ar; Q)nZ bi,.....
Yy gzl = ) (as, az ri @t < S <Z|<1>
b17b27 ......... br n o (bhbz, ......... b'mq)n aly ..... ar

Lerch transcendent is defined as

fla,&pg) =
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This is also equivalent to

oo

F@.6p.0) = > (—pE%5p)ng™ 2™

— 00

3. EIGHT BILATERAL MOCK THETA FUNCTIONS

: In order to define the functions focs(q), fics(q), Focs(q?), Fics(q*), Yocs(q), d1cs(q?), docs(
following transformation of Slater given on page 142 in[16] between gis i.e

q q q .
(b17"'7b87a7'"a£7d2a£7q)oo

7 7 sWs[ Zl’ ’ZS ;4 2]
(Cl,.‘.,cg,a,...,g;q)oo 1, » U8
(Cl e gby gbs derz _q° . ) qay qas
_4q a1’ " "vag’) ¢V 1’ g 7dclz7q008\1’8 CbTv 7CquZ
C1 (Cl7aa% '~;2;7q(10127"'5%;Q)00 Tll’ ,718 o
+ idem(eq,...,cs) (9)
where d = -2 and |%| < |z| < 1 and idem (cy,...,cg) means that the
preceding expression is repeated with cy, ... cg interchanged.
now making ay,as, ....... ag — 00,by = —q ba,y ... bg =0 and z = m in
(9) we have
(—q, 76162_?“__68,0102 ......... 85 q) oo i q4n2—3n
(€1, €2, €8, 0/C1, G/ C25 w0/ €81 Qoo S (= €3 D
q (—¢*/c 1’7@@“.1. .... =, qC2C3, e €85 q) oo
c1 (c1,q/ci,cr/ca, cr/es......c1/es, qea/cr, qes /e, ... qcs/c1;9) o
oo 4n +5n/c
X Z + idem(cy, ca, ...... c 10
< 2/61, ( 1,C2, 8) ( )
. 2 .
making ai,as, ....... ag — 00,by = —q by, eeennn. bs =0 and z = m in (9)) we
have
2 -
(7(]’ c102..q. ...... cs’ 6162.”(1‘ ..... CS;q)oo i q4n272n
(c1,C2yenenn. C8,q/C1yq/Coy e q/cs;q) = (=4 9)n
q (—¢*/c1, 7(:2%...(1. _____ o5 C2C3 - eneene. 85 Q) oo
c1 (e1,q/cr,c1/ea, cr/es.... c1/cg,qca/c1,qes/cy e qcs/c1; @)oo
St 4n246n /,.8n
q /e .
X Z ————— +idem(cy, cay ...... cs) (11)
(—=¢?/c1;@)n T

— 00

¢*),¥1es(q)
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making ai,ag, ....... ag — 00,1 = q bay ... bs = 0and z = —2L— in (9) and
base changed to ¢? we have

2
(q, T — o5 C1C2.0mnnes €8;9%) oo > 8n®—6n
(017027 ------- CSaq2/017q2/623 """"" q2/68;Q)oo 00 (Qan)n
_ 7 e L 1 8,0% @)oo
C1 (017(]2/017C2q2/01~~08q2/01701/027 ~~~~~~~ 01/08;(]2)00
o 8n2410n /,.8n
X et + idem(cy, ca, ......C8) (12)

— (@*/c1;:6%)n

making ay, as, ....... ag — 00,b1 = ¢% by, ... bs =0 and z = m in (9) and

base changed to ¢* we have

8

(q67 clcz..q.......cs’ 6162“(1.‘.1 """ cg;q4)°° > q16n278n
(017027 """" 08>q4/017q4/027 """" q4/08;q4)oo oo (q67q4)n
4
¢ 0"/ c1y oo tar s C2Canennnne 85 qY) oo
c1 (c1,q%/cr, ¢ ea/cr, et [en, csqt fer, ei/cay et/ 8 qY) o
0 16n24-24n / .8n
q /c? .
X == +idem(cy, Ca, ...... cg 13
;O (¢*°/c1:4*)n ( ) (13)
making ai, asg, ....... a7 — 00,a8 = —q by, bgeeee.... bs =0 and z = #14(17 in (9)
we have
(_ q15 6162...1.4....03,q)oo o0 )
) C1CDrnannnn. cg’ q ’ 7(n*+3n)/2
q q;49
(c1,C2y e c8,q/C1,q/C2, ennnn. q/cs; @)oo ; ( Jn
14
o g (_Cl/q7 0263.(.1 ....... cg’ 6263'(‘1'1‘3;""68 ’ q)oo
C1 (01,Q/01701/C2,01/C37 ~~~~~~~ 01/087q02/017q03/01, ~-7q08/01§Q)oo
oo
2 .
xS 1IN (2 fer; %)+ idem(c, ez, s (14)
—00
making ai, g, ....... ar — 00,a8 = —q by, bo......... bs = 0 and z = % in (9)
and base changed to ¢ we have
22
(0 o #5070 X2
......... q Tn“+14n 2
q —4;q9
(1,02, e cs,q%/c1,q%/c2; . q%/cs34%) oo 2( ) ( Jn
20
o qu (_Cl/q7 CQC3.(.I ....... cg? 6263.(;1.8”“.68 ’ q2)00
C1 (Cl,q2/01,01/02,61/037 ------- 01/087(]202/017(]203/017 -->q208/01§q2)oo

oo ) .
X qu 2 (g3 Jer; ¢P)n +idem(c, g, ..onC8) (15)
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making ai, as, ....... ag — 00,b1 = —q ba, b3......... bs =0and z = —2— in (9) and
base changed to ¢ we have

(c1,C2yenenn. cs,q?/c1,q%/cay e q?/cs; —~ q;®)n
o f (_q3/cla 5203“(1, ...... cs’ CQCSIé ...... csaq2)oo
C1 (Cl,q2/01701/02,01/037 ------- 01/087(]202/017(]203/017---~7q268/cl;q2)oo
> _8n(n+2) /.8n
q /e .
X ————— +idem(cy, ca, ... cs 16
= (=2*/c1;6%)n ( ) 16)
making a1,0a2, ....... ag — OO,bl = 71, bg,bg ......... bg =0and z = m in (9) we
have
(—1, 7(:1(:2..‘1. .... cS,qclcg ......... Cg;q)oo 0 q4n2+4n
C1,C2y eennnn €8,4/C1,Q/C2y ... q/C8;q) —4;4)n
( /er.q/ /esi@)o0 = 2(—4;q)
q (—q/c1, 70203“__1 _____ g2 C2C8.ceenns c8G%; Q) oo
c1 (c1,q/c1,c1/ca,c1/cs, .. c1/cs,qca/ci,qes/ct, . qc8 /€15 @) 0o
0 An?+4n /,8n
q /i .
X ——— +idem(ci, ¢, ......C8) (17)
; (—a/c1;0)n ’

4. BILATERAL MOCK THETA FUNCTIONS AS A LIMITING CASES OF A g¢g:

Bilateral mock theta functions can be reduced as the limiting cases of basic
hypergeometric series g¢g as follows

> an?—_3n

fO,Cs (Q) = Z W

71/75371/ta71/t>*1/t7*1/ta71/ta71/t,*1/t7q
= thmo Yo 8¢
- _qa0707070705070
7 1 —a/t,—a/t, —a/t,—a/t, —a/t, —q/t, —a/t, ~¢; 4 .
+ 2¢" lim 9¢s it'q
= 0 0,0,0,0,0,0,0,0

(18)
oo q4n2—2n
J1,es(q) = —
+{4) ;(*q;q)n
1/t =1/t —1/t, —1Jt, —1/t,—1/t,—1/t,—1/t,q
= lim g9¢g ;1%¢
=0

7q70307070707030
6 1 —a/t,—a/t,—a/t,~a/t,~a/t, ~a/t, —a/t, ~q, 4 .
+ 2¢° lim oos ithq
t— 0 0,0,0,0,0,0,0,0
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o 8n2—6n

Foes(@®) =) +——5—
weld) ~ (:¢*)n
—1/t,—1/t,=1/t,—1/t,—1/t,—1/t, —1/t,—1/t,¢*
= Jim o0s(¢?) 1%
q,0,0,0,0,0,0,0
—¢*/t,—¢*/t,—¢*/t, —¢* /t, —d* /t, —¢* /t, —d* /t, 4%, ¢°
+ (¢" —¢") lim 9@58((12)[ ;—t7q"?
t— 0 0,0,0,0,0,0,0,0
(20)

> 16n2—8n

Fi e (¢*) = —
(4 “—~ (% ¢*)n
—1/t,=1/t,=1/t,—1/t,—1/t, —1/t, —1/t,—1/t,¢*
= lim o¢s(q") 1 t%¢°
t— 0

4°,0,0,0,0,0,0,0

) —q*/t,—q*/t, —q*/t, —¢*/t, —q* /t, —q* /t, —q* /t, 4%, ¢*
+ (¢*' = ¢*) lim 9¢8(q4)[ ;=17

q
0,0,0,0,0,0,0,0
(21)
e 2
Go.es(q) =Y g™ M (—g;q)
) _Q/tv —Q/t, _Q/tv —Q/t, _Q/tv —Q/t, _Q/tv —q,9 7 7
= tgmo 908 it'q
0,0,0,0,0,0,0,0
1 —q/t,—q/t —q/t,—q/t,—q/t,—q/t, —q/t, —q/t, q;
+ — lim ;tS 7
2¢7 t— 0 g(bé{ —¢,0,0,0,0,0,0,0 /1
(22)

(oo}
2
G1es (@) =D a™ T (=g;6)n
— 00

, —@/t, =/t =t —* [t = [t =/t — ¢ [t —q, 4% o
= Jlim 9¢s(¢”) it'q
0,0,0,0,0,0,0,0
1 =@/t —q?/t, —d® /t, —a* [t, —a® Jt, —¢* Jt, —q* /t, —a* [, ¢*;
L )| o
¢ +q"t—0 a9s(¢’) —4%,0,0,0,0,0,0,0 /4
(23)
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o 8n2

q
00,5 (¢%) = ——
) ;(—q;QQ)n
, —@ [t =@t =Pt = [t =@t = [t = [t =/t ¢? .
= Jlim 96s(q”) it%/q

_Qa0707070a05070
2 2 2 2 2 2 2 3 2
7 8\ 1. o | O/t =/t —a7 /b —a7 /8 —a7 [t —a7 [t —a7 [t —a7 q 7 7
+ + lim it
(¢ +¢°) lim 9¢s(q )[ 0.0.0.0.0.0.0.0 q

(24)
o An2+4n
q
V1es(@) =)  5————
b 8( ) oo 2(_Qaq)n
= 1/2tlim0 o 8
—

—-q, Oa 0; 07 07 07 Oa 0
. —a/t,=a/t, —a/t, —a/t, —a/t, —a/t, ~q/t, ~q,q
+ 1/2 lim g¢g it
t— 0 0,0,0,0,0,0,0,0

(25)

5. THE BEHAVIOR OF THE BILATERAL MOCK THETA FUNCTIONS IN THE
NEIGHBORHOOD OF THE UNIT CIRCLE

The property of a mock theta function which Ramanujan regarded as character-
istic property is that , corresponding to each ”rational point” ¢ = exp(iw%) (with
h and k integers) of the unit circle |g| = 1, there exist a theta function of ¢ whose
difference from the mock theta function is bounded when g approaches this rational
point along a radius of the circle.

A rational point exp(iw%) on the unit cicle is called a point of the first category if
h is even and k is odd, a point of the second category if h and k both are odd and
a point of the third category if h is odd and k is even.

To see the behavior of the bilateral mock theta function given by equations (1) to
(8) in the neighborhood of the unit circle |g| = 1 we state and prove the following
theorems:

Theorem(5.1) For approach to |g| = 1 along a radius of first category ¢ocs(q?) =
0O(1)

Theorem(5.2) For approach to |g| = 1 along a radius of second category ¢ocs(—q¢?) =
0(1)

Proof. of Theorem (5.1) we have

> an2
P =2

’I'L
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8n?

_ q
- ; (=4 6*)n

+(q" +q)hm 00s(q )[

Now let

0,0,0,0,0,0,0,0

o0 8n? 8n2

TO,Cg(q2) :Z( a ZHT 1 1+q2r 1)

7 q°)

Putting ¢ = pexp(im h/k) and taking p — 1—

0 p8n2 exp(im Ll8n2)

TO,Cs (q2) = Z Hr 1(1 _|_p2r 1 exp(MT (27‘ — 1))

0

Again putting n = uk 4+ v in (27), we get

kZl i Blukto)” explim §8(uktv)*)
TO cs k '
e g | +v (14 p>r—lexp(imf(2r — 1))
k—1 oo
=22
v=0u=0
S0,
Ay utl| p8k(2uk+2v+k)
= — - .
o H?:Ec}ivﬂ |(14 p2—texp(ir(2r — 1))

-/t =’ /t,—q*/t, = [t, = /t, —d /t, =4 /t, —¢°, ¢

17 7} (26)

(28)

(29)

Further we calculate the denominator of (29) using the inequality, Andrews and

Hickerson[14] for 0 < R < R<1and |z| =1
|1+ Rz| < /R/R'|1 + R'z|

S0,
uk+v+k

h
IT 10+ expling (2r — 1))
r=uk+v+1

k
h
= |(1 4 p?rH2ukt2o=l exp(iwg(% + 2uk 4 2v — 1))|

r=1

h
+ p2’r+2uk+2v 1 exp(i’ﬂ'f 2r + 2v — ]'))|

7 (

k

H 1
b h
H ruk=1)(q +p2”+1exp(iﬂ'z(2r—|—2v -1))|

(R p2r+2uk+2v 1 and R = p2v+1)

k

h
_ pk/2(2uk+k—1) H |(1 + p2v+1 exp(iwf

11 k(2r+2v— 1))]

:pk/2(2uk+k71)|(1+pk(2v+1)|
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since 14 p?*+1exp(im 2 (2r 4+ 2v — 1)) runs through the roots of (z — 1)k — pk(v+1)

Z pk/2(2uk§+k71) (30)
Hence from equation (29) and (30), we have
8k (2uk+2v+k)

|av,u+1| P F(15uk+160+15/2 k+1/2) 1 < ¢ (31)

Qo PR/2Cukth—1) = =p

where 0 < e <1
Hence ), @y, is uniformly convergent.

Now
k—1 oo
OC8 ay,0 PE Gy,0
[Toes(q®) < 3 3 e"lavol = Z av.o]
v=0u=0
1 k=1, 8y? im(h/k)8v? 1 k=1 8y2
_ ex _
— 1—e Z'ufo |p p' ‘ < 1—e vao p (32)

[1o_, |1+ p2r—Lexpin(h/k)2r=1 = T[V_ |1 + p2r—1 expir(h/k)2r—1

for fixed k as p — 1—

Now the second function on the right of the ¢gcs(q?) in (26) is a bounded function
of ¢ when |g| < 1. Hence ¢gcs(q?) is uniformly convergent and bounded when g lies
on the radius of first category i.e ¢pocs(q?) = O(1) O

Proof. of Theorem (5.2): It is clear that when ¢ lies on the radius of the second
category —q lies on the radius first category hence from the proof of theorem (5.1)
we conclude that ¢gcg(—¢?) = O(1).

Similarly it can also be proved that

(a) for approach to |¢| = 1 along a radius of first category

foes(a) = O(1), frcs(q) = O(1), Foes(q®) = O(1), Fies(q*) = O(1) and ics(q) =
O(1) also

(b) for approach to |¢| = 1 along a radius of second category

foes(—q) = O(1), fics(=q) = O(1), Focs(—¢*) = O(1), Fics(—¢*) = O(1) and
Yics(—q) = O(1) O

Theorem(5.3) for approach to || = 1 along a radius of third category ¢1cs(q?) =
O(1) and tocs(q) = O(1)

Proof. we give different treatment for the radii of third category .Since on the unit
circle if ¢ = pexp™ /%) with h odd and k even and 0 < p < 1, ¢ approaches the
circle along a radius of third category when p — 1—.

We now consider the functions ¢;cs(q?) and 1gcs(q).
We have ¢res(q?) = S ™ 14 (—q; %),

oo
Z n? +14n 4 q 71+Zq7n +14n( 0.q )
0

1

e 2
=Y a"™ T (=g
0

-/t —d*/t,—d*/t, —* /t, = /t, = /t, = /t, =4 /t, ¢
lim ¢¢s(q%)

@ +q7 >0 —4%,0,0,0,0,0,0,0

it%/¢°) (33

)
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Now let

o0
2
kies(@?) = ¢ TN (g1 ¢%)n
0

n

_ iq7n2+l4n H(l +¢2 Y
0

r=1

Now putting ¢ = pexp’™"/¥) and p — 1— (here h is odd and k is even)

oo n
2 ] 2 — T r—
k1cs(q2) _ § p7n +14n eszﬂ'(h/k)(’?n +14n) % I |(1 _|_p2r 1exp (h/k)(2 1))
0 r=1

Again putting n = 2uk + v, we get

2k—1 oo
2 L 2
kics(q?) = Z Z(il)Zuk+vp7(2uk+v) HLAQuk+0) o qpim(h/R)[T(2uk+0)?+14(2uk+v)]
v=0 u=0
2uk+v
< [T @+ p* 1) expim®/BEr=1
r=1
2k—1 oo
- Z Zav,u (34)
v=0 u=0
Thus
2uk+v+2k
% = p28k[2uktuthtl] H 1+ P2 expi™(h/K)(2r=1) (35)

r=2uk+v+1

Now we calculate Hii@igizil 1+ p?rLexp™(W/F)Er=1) | from (35)as

2uk+v+2k

I1

r=2uk+v+1

1 +p2r—1 eXpi-rr(h/k)(2r—1)

1+p2r+4uk+2v71eXpiﬂ(h/k)(2r+4uk+2v71)

_ H 1+p2r+4uk+2v—lexpiﬂ(h/k)(2r+2v—l)

r=1

2k 1/2
— H <1 =+ 2p2r+4uk+2v—1 Cosw + p47"+8uk’+4v—2)

r=1

<a

Since < 1 we have
1+ 2acosf + a? < 1+ 28cosf + 32

o - B
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We find immediately that

2k
H 1_|_p2r+4uk+21)71eXpiﬂ'(h/k)(quLQvfl)
r=1
o (2r +2v—1)hm
< H [p2r—4k(1 + 2p4uk+2’u—1+4k cos - + pSuk+4U—2+8k)]1/2
r=1
2k
— p—k(2k—1) H 1 +p4uk+2v—1+4k eXpiTr(h/k)(Qr-l-Qv—l)
r=1

Now as r runs through the values 1,2, ...2k the points exp’™("/k)(2r+2v—1) a5sumes

the positionsl, exp?™/* exp?™/k .. expZF—1in/k respectively.
Hence
2k
H 1 +p4uk+2v—1+4k expiw(h/k)(2r+2v—1)
r=1
2k—1
— H 1+p4uk+2u—1+4k eszTTr(h/k:)
r=0
—1_ p2k(4uk+2v—1+4k)
Thus
|(l'u,u+1 < p28k(2uk+v+k:+1) % p—k(Zk—l) x (1— p2k(4uk+2v—1+4k))
Ay
< p28k(2uk+v+k+1) > pfk(Qkfl) < p56uk2+28uk+26k2+29k <1<e (36)

where 0 < e <1
Hence ), @y, is uniformly convergent.

Now
2k—1 oo 1 2k—1
(@ € 3 3 ool = 11, 3l

v=0 u=0 v=0

1 2k—1 v
— - Z p7v +14v eXer(h/k)('?v +14v) % H |1 _|_p2r71 eXpZW(h/k)(2r71)
v=0 r=1
1 2k—1 v
Tv24+14v 2r—1 im(h/k)(2r—1) | _
Sl—e;)p xrl;ll 1+p exp =0(1) (37)

for fixed k as p — 1—

Consequently kjcg(q?) is bounded when ¢ lies on the radius of third category and
second function on the right of the definition of ¢1cg(¢?) in(33) is a bounded function
of ¢ for |¢| < 1.

Hence ¢;cs(q?) is uniformly convergent and bounded when ¢ lies on the radius of
third category.

i.c gues(e?) = O(1).

Similarly it can be proved that tgcs(q) = O(1) for approach to |¢q| = 1 along a
radius of third category.
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Thus theorem (5.1),(5.2),(5.3) confirms that the bilateral mock theta functions
defined in section 3 satisfies the characteristic property of the mock theta functions
defined by Ramanujan. O

6. REPRESENTATIONS OF BILATERAL MOCK THETA FUNCTIONS AS LERCH
TRANSCENDENT:

Lemma (6.1): For e = %1,

> an?®, Bn
q q - 29-26-5 5-2y  2a-8
> sz((—e) VR (g g e ,qm)
n=-—o00 ’ n
> 2 2
2=
S g q)ag* " = 1P ¢, 7).
n=—oo

Proof. The proof follows from direct substitution and use of basic hypergeomet-

71,2—a n
ric transformations. As an example we note that focs(q) = >.° %
f(q7/4a q71/47 q7/27q1/2) by taking o= 4) 5 = _37 €= _177 =d=1and wOCS(Q) =

TL2 n
S a T (i) = F(gP4 g4, q7/%,qV/?) by taking a = 7/2,8 = 21/2,7 =
1 in the above lemma. In this way all other bilateral mock theta functions defined
in section 3 may be expressed in terms of the Lerch transcedent. (]

7. CONCLUSION:

With the above analysis and as per the definition of order of a mock theta func-
tion suggested by Aggarwal[4] A mock theta function defined in terms of ,11¢,
series be labelled as of order 2r 4+ 1. There may be an additive term with ,1¢,
series consisting of 8- products, since they do not affected the order, it will be ratio-
nal to label these functions as bilateral mock theta functions of order “seventeen”.
Alternative expressions of these functions in terms of Hecke type series may give
exciting results.
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