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HADAMARD TYPE INEQUALITIES FOR (s,7)-PREINVEX
FUNCTIONS IN THE FIRST SENSE

B. MEFTAH, K. BOUKERRIOUA AND T. CHIHEB

ABSTRACT. In this paper we study a new concept of (s, r)- preinvex functions
in the first sens. Some new Hadamard-type integral inequalities are introduced.
Which are compared with some existing inequalities in the literature.

1. INTRODUCTION

It is well-known that if the function f: [a,b] — R is convex then

f(a+b)§ ! Z}umxsf““+f“”. (1)

2 b—a 2

If the function f is concave, then (1) is reversed (see [26]).

The inequality (1) is called Hermite-Hadamard integral inequality in the litera-
ture. The above inequality has attracted many researchers, various generalizations,
refinements, extensions and variants have appeared in the literature we can mention
the works [1,4,5,8,9,12, 13,16, 18,21-25,28-33, 36] and the references cited therein.

In recent years, lot of efforts have been made by many mathematicians to gen-
eralize the classical convexity. Hanson [10], introduced a new class of generalized
convex functions, called invex functions. In [6], the authors gave the concept of
preinvex function which is special case of invexity. Pini [27], Noor [19, 20], Yang
and Li [35] and Weir [34], have studied the basic properties of the preinvex functions
and their role in optimization, variational inequalities and equilibrium problems.

In [18] Ngoc et al. proved the following theorem for r-convex functions

Theorem 1.[18, Theorem 2.1] Let f : [a,b] — (0,00) be r-convex function on
[a,b] with a < b, then the following inequality holds for 0 < r < 1:

b
1 I T T 1
i [ e < () 4 (@ + 17 ()
In [23] Park gave the following theorems
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Theorem 2.[23, Theorem 2.2] Let f : [a,b] — (0, 00) be an (s, r)-convex function
in the first sense on [a,b] with a < b, then for r, s € (0, 1] the following inequality
holds:

b 1 . . ¥
i [rwar < { () @+ T )

Theorem 3.[23, Theorem 2.3] Let f, g : [a,b] — (0,00) be, respectively (sq,71)-

convex and (sg, r2)-convex functions in the first sense on [a,b] with a < b, then for
0 < r1,79 < 2 the following inequality holds:
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In [36] Zabandan et al. proved the following theorems
Theorem 4.[36, Theorem 2.1] Let f : [a,b] — (0,00) be r-convex and r > 1.
Then the following inequality holds:

b
1 r . 1
@+ ®) "
/f(x)dx < { 5 } .

a

b—a

Theorem 5.[36, Theorem 2.8] Let f, g : [a,b] — (0, 00) be r-convex and s-convex
functions respectively on [a, b] and r, s > 0. Then for the following inequality holds:

b
1 1 2 42 1 s+2 s+2
L r A O A (O N 9" (b)—g"""(a)
b _ a/f(x)g(x>dl’ S 2 (’l"+2> fr(b)ffT(a) + 2 (s+2) gs(b)fgs(a) Y

with f (b) # f (a) and g (b) # g (a).
In [30] W. Ul-Haq and J. Igbal proved the following Hadamard’s inequalities for
r-preinvex function
Theorem 6.[30, Theorem 4] Let f : K = [a,a+7n(b,a)] — (0,00) be an r-
preinvex function on the interval of real numbers K° (interior of K) and a,b € K°
with a < a + (b, a), then the following inequality holds:

a+n(b,a) L
flz)dz < [fr(co;mb)} TLor>1

n(b, a) B
a
Theorem 7.[30, Theorem 6] Let f : K = [a,a + n(b,a)] — (0,00) be an r-
preinvex function with (r > 0) on the interval of real numbers K° (interior of K)
and a,b € K° with a < a + n(b,a), then the following inequality holds:

a+1(b,) r Lf"'“(a)—f"“@) r#0

fquS{T“ IFASEACEE
77( ,a) In f(a)—In f(b)’ r=0
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Theorem 8.[30, Theorem 11] Let f,g : K = [a,a+n(b,a)] — (0,00) be an
r-preinvex and s-preinvex functions respectively with r, s > 0 on the interval of real
numbers K° (interior of K) and a,b € K° with a < a + (b, a), then the following
inequality holds:

a+n(b,a)

1 T fr+2(a)—fr+2(b) 1 S gs+2(a)—gs+2(b)
f(x)g(x)dx < 5’/‘ +9 fr(a)—fr(b) } 58 +9 [ g°(a)—g*(b) )

n(b, a)
a
with £ (b) # f (a) and g (b) # g (a).
In [21, 22] Noor proved the following Hadamard’s inequality for log-preinvex
function and product of two log-preinvex functions
Theorem 9.[22, Theorem 2.8] Let f be a log-preinvex function on the interval
[a,a + n(b,a)], then

a+n(b,a)

1
_fla)=f ()
77(b> a) / f(I)d.T S In f(a)—ln f()>

with f (b) # / (a).

Theorem 10.[21, Theorem 3.1] Let f,g : K = [a,a + n(b,a)] — (0,00) be
preinvex functions on the interval of real numbers K° ( the interior of K) and
a,b € K° with a < a + n(b, a), then the following inequality holds.

L a+n(b,a) . [ ] [ ]
PO-@] | [P0 g
(6.a) f(x)g(z)dx < (m F(6)—In f(a) 1ng(b)1ng(a)) :

4
with f (b) # f (a) and g (b) # g (a).

Motivated by the above results, in this paper we introduce a new class of preinvex
functions which is called (s, r)-preinvex functions in the first sense, then we establish
some new Hadamard type inequalities where the function f be in this novel class
of functions.

2. PRELIMINARIES

In this section we recall some concepts of convexity which are well known in the
literature. Throughout this section I is an interval of R.
Definition 1.[26] A function f : I — R is said to be convex, if

flz+ (A —t)y) <tf(z)+ (1 1) f(y)

holds for all z,y € T and all ¢ € [0, 1].
Definition 2.[26] A positive function f : I — R is said to logarithmically convex,
if
fltx+ (1= ty) < @) )"
holds for all z,y € T and all ¢ € [0, 1].
Definition 3.[24] A nonnegative function f : I C [0,00) — R is said to be
s-convex in the first sense for some fixed s € (0, 1], if

fltz+ (1 —t)y) <t°f(x)+(1-t")f(y)
holds for all z,y € I and ¢ € [0, 1].
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Definition 4.[1] A positive function f : I C [0,00) — R is said to be s-
logarithmically convex in the first sense on I, for some s € (0, 1], if

fltz+ (1 —t)y) < [f@)]" )"

holds for all z,y € I and t € [0, 1].
Definition 5.[25] A positive function f : I — R is said to be r-convex on I,
where r > 0, if

1
tfr@) + A=)yl r#0
fz+ -ty < B ,
@I W) r=0
holds for all z,y € I and t € [0,1].
Let K be a subset in R” and let f: K — R and n : K x K — R" be continuous
functions.
Definition 6.[34] A set K is said to be invex at = with respect to 7, if

z+tn(y,z) € K

holds for all z,y € K and t € [0, 1].
K is said to be an invex set with respect to n if K is invex at each x € K.
Definition 7.[34] A function f on the invex set K is said to be preinvex with
respect to n, if

fla+in(y,z) <1 —1)f(z)+tf(y)
holds for all z,y € K and ¢ € [0, 1].
Definition 8.[19] A positive function f on the invex set K is said to be loga-
rithmically preinvex with respect to 7, if

F@+tn(y,2) < [f @) [f)

holds for all 2,y € K and ¢ € [0, 1].
Definition 9.[32] A nonnegative function f on the invex set K is said to be
s-preinvex in the first sense with respect to 7, if

fle+tn(y,z) < (A =1°)f (x) +°f(y)

for some fixed s € (0,1] and all z,y € K and t € [0,1].
Definition 10.[33] The function f on the invex set K is said to be s-log-preinvex
in the first sense with respect to 7, if

fl@+tn(y,2) < [f @] [f)"

for some fixed s € (0,1] and all z,y € K and t € [0,1].
Definition 11.[2] A positive function f on the invex set K is said to be r-
preinvex with respect to n, where r > 0, if

f@+mﬂ%@>§{[u—wéfww+ﬁww1 LT #0

1
r

@) W) r=0

holds for all z,y € K and t € [0, 1].
Lemma 1.[15] For a > 0 and b > 0, the following algebraic inequalities are true

(a+ b)/\ < M1 (aA + b’\) , for A\ >1
and
(a+b)>‘§a>‘+b/\, for 0 <A< 1.
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Lemma 2.[11] Assume that ¢ > 0, p > ¢ > 0 and p # 0, then for any ¢ > 0 we
have

We also recall that the Euler Beta function is defined as follows

ey LOT)
J:y—{t dt = Tty

3. MAIN RESULTS

In the following definition, we introduce a new concept of (s, r)-preinvex function
in the first sense.
Definition 12. A positive function f on the invex set K, is said to be (s,7)-
preinvex function in the first sense, if
1
[f(@)] @l r=0

holds for some fixed s € (0,1], 7 € R and all z,y € K, and t € [0, 1].
Now we set off to establish some Hadamard type inequalities for (s,r)-preinvex
functions in the first sense.

Theorem 11. Let f : [a,a +n(b,a)] — R be (s,r)-preinvex function in the
first sense with respect to n with 5 (b,a) > 0, If f € Ly ([a,a + 7 (b,a)]), then the
following inequality

1 a“"n(b’a) 1
r)der < |[1———) f" 2
| e (1) @ e 2
holds for some fixed s € (0, 1], and r > 1.
Proof. For z =a+tn(b,a), we have
) a+n(b,a) 1
fxda::/fa—i—tn b,a))dt. 3
| 1@ (a-+ 15 (b,0) Q
a 0
Let p(x) = 2", obviously ¢ is convex function since r > 1, then
1 1
o[ s+ tn.a)d < [o(f(a+m.0) (W
0 0
we can restate (4) as
1 r 1
/f(a+t77 (b,a)) / (a+tn(b,a)))" dt. (5)

0 0
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Now using the (s, r)-preinvexity in the first sense of f, we deduce

] fla+tn(bya))) dt < ] a) +t°f"(b)]dt
0 0

1

1
= /1—:55 dt + f7( )/tsdt
0

0

= (1- f(a) + OF (6)
< S—H) s+1

The substitution of (6) into (5), gives the desired result. The proof is completed.

Remark 1. For s = 1, Theorem 11 becomes Theorem 4 from [30]. Moreover if
we choose 7 (b,a) = b — a, we obtain Theorem 2.1 from [36].

Theorem 12. Let f : [a,a +n(b,a)] — RT be (s,r)-preinvex function in the
first sense with respect to 7, with n(b,a) > 0. If f € L; ([a,a + 1 (b,a)]), then the
following inequality

a+n(b,a)

i T s e (1) (Y o] o

a

holds for all a,b € K and s,r € (0, 1].

Proof. From the (s,r)-preinvexity in the first sense of f, we have
a+n(b,a)

fa)de =

7 (b, a) fla+tn(b,a))dt

[(1— %) f7 (a) + £ 7 (b)) dt. (8)

<

Since 0 < r < 1, using Minkowski’s inequality, we get

[(1—1)° f" (a) + tf7(b)]" dt<[< (1—t%)~ f()dt) + tif(b)dt)]
J 3 /
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which is the desired result. The proof is achieved.

Remark. If we choose n(b,a) = b —a in Theorem 12, we obtain Theorem 2.2
from [23]. Moreover if we take s = 1 then we obtain Theorem 2.1 from [18].
Theorem 13. Let f : [a,a +1n(b,a)] = RT be (s,r)-preinvex function in the
first sense with respect to n with n (b,a) > 0. If f € Ly ([a,a + 1 (b,a)]), then the
following inequality

a+n(b,a) 1o
1 fa)e < 2 {(a)ﬂ(éﬁl—kl) = f(b) .if0<r§1
n(b,a) @B (5 s +1)+ 5 Jb) it >
(10)
holds for some fixed s € (0, 1], and r > 0.
Proof. Since f is (s,r)-preinvex function in the first sense, we have
) a+n(b,a) 1
o f@)de = /f(a + ty (b, a))dt
a 0
1
< [la-eyr@serera
0

From Lemma 1, we have

(=) 7 (@) + £ () < { 27 (=10 f @ +170)) if0<r <1
(1=t f(a)+trf(b) ifr>1
(12)
integrating (12) with respect to ¢ on [0, 1], we get

1—7r

] 2 f () |
/ (@) + £ O)F dt < )
)

(1"

1
(1—t5)" dt+ f(b) [trdt ifr>1
0

_ 2Hf()B(%% 1) +25 2 f(b) if0<r<1
1f(a)B (5,2 4+1) + 751 (b) ifr>1,

which is the desired result. The proof is completed.

Theorem 14. Let f : [a,a+ 7 (b,a)] — (0,00) be (s,r)-preinvex function in the
first sense with respect to n with n (b,a) > 0. If f € Ly ([a,a + 1 (b,a)]), then the
following inequality

atn(b,a) (== [(a +0) - alf"] ifr>0
! f(z)dz < f(a) ifr=0and f(a) = f(b)
1 (b,a) o Fy 1A= [;EZHSES* 1.
’ f(a) {f(a)} ser— [ 1] if r=0and f(a) # [ (b)

(14)

1
b)[trdt f0<r<1
0

(13)



EJMAA-2017/5(2) HADAMARD TYPE INEQUALITIES

holds for some fixed s € (0,1] and r > 0, where
a = f'(a)+ (1A —=s)e"[f7(0) = [ (a)]
0 = s [fT(b)~ 7 (a)],

and € > 0.
Proof. Case 1: 7 > 0.
Since f is (s, r)-preinvex function in the first sense, we get

a+n(b,a)

1
flx)dx = fla+tn(b,a))dt
{

o)+t ()]

o\»—- O\H

From Lemma 2, we have
5 < se57 1+ (1-s)e®, e>0.

Substituting (17) into (16), we obtain

a+n(b,a) 1
z)dxr < / a+0t)d
s | s [ v

where v and 6 are are given by (15).
Let z = a + 6¢, then (18) becomes

a+n(b,a) a+6

1 1
7o) fl@)dx < 5/ zrdz
r 1ir
= @Iﬂ?“a+wr -

Case 2 :
If r =0, then f is s-log-preinvex in the first sense, we have

a+7l(b¢a)

fla+tn(b,a))dt

IN

[
[

s

- o[ [7a)

14r

(1—t%) (b)}t” dt

dt

a) +t° [f7(b) — f7 (a)]]" dt

177

(15)

(16)

(18)
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If f(a) = f(b), (20) gives

a+n(b,a)

o | f@is<s@. (21)

and if f(a) # f(b), using (17), (20) becomes

. a+n(b,a) () (1—s)es 1 £(b) se® 1t
s | T < 10|75] E[bmﬂ :

f(a)

From (19), (21) and (22), we get the desired result. The proof is completed.
Remark. If we take s = 1, in Theorem 14, we obtain Theorem 6 from [30].
Moreover if we choose r = 0 we obtain Theorem 2.8 from [21].

Theorem 15. Let f,g : [a,a+n(b,a)] = R4 be (s1,71) and (sg,72)-preinvex
functions in the first sense respectively with respect to n with 7 (b,a) > 0, and
let (s1,71),(s2,72) € (0,1] x (0,2]. If fg € L1 ([a,a + 1 (b,a)]), then the following
inequality is valid

Proof. Since f and g are (s1,71) and (sg,r2)-preinvex functions in the first sense
respectively, we have

a+n(b,a)

fla+tn(b,a))g(a+tn(b,a))dt

IN

o\»—A o\»—-

[0 =) 17 (@) + e 7 )

X[(1= =) g™ (a) + 29" ()] 72 | dt. (24)
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Applying the AG inequality, we get

/ — 1) 71 (@) 4+ 5 fTE )] (1= £2) g7 (a) + 5297 (b)) 72 dt
0

1
1 2
< [l @ e o)
0
1
+1 / [(1—t°2) g™ (a) + t52g"2(b)] 7= dt. (25)
0

Now, using Minkowski’s inequality, we obtain

N[ =

O\’—‘
H-
w
=
ku
3
P
\_/
+
~
w

&
~
3

h,
—~
=
U
~

DO | =

o\»—‘

—
—
~

vl

nN
~—
Q
N
—
~—
~

o

nN

Q

S

N

—~
S

=

o

U

~

2

1 ==

1 7 1 2™
; / — )7 f2(a) d ) + (/tszf? (b)dt)
0

0

1 k1 1 3
1 2 255
+3 (/(1—#2)"'22 9° (a) dt) + (/t " g
0 0

T1

= % fm (a) (/ (1—7531)% dt) _|_fr1 (b) (/tz:lldt)
0 0

IN
I

o
=
~
U
=
N——————




180 B. MEFTAH, K. BOUKERRIOUA AND T. CHIHEB EJMAA-2017/5(2)

The proof is completed.

Remark. In Theorem 15, if we choose 7 (b,a) = b — a, and s; = s3 = 1, we obtain
Theorem 2.3 from [23].

Theorem 16. Let f,g : [a,a+1n(b,a)] = RT be (s1,71) and (s2,72)-preinvex
functions in the first sense respectively with respect to n with 7 (b,a) > 0, and
let (s1,71),(s2,72) € (0,1] x R*. If fg € Ly ([a,a+n(b,a)]), then the following
inequality

a+n(b,a) %
n(; a) f(x)g(z)dr < [1 +131 [f (b)]”+<1i181>[f(a)]”]
{1+152 g )" 1i252 lg (a)]”]” (26)

holds for r; > 1, and % +41=
Proof. Since f and g are (s1,71) and (s2,r2)-preinvex functions in the first sense
respectively, we have

a+n(b,a)

fla+tn(b,a))gla+tn(b,a))dt

IA

H(l — ) [ @)+ [ o) X

<[a=e @l + e )] 7 ar
1)

using Holder’s inequality, we obtain

/ (A= [f @) e o))" o) @] e g o) ar
0

L
1

IN

[ [la-enp@™ +er o] dt]

1

T2

x [ Jla-els@n” v s o)) dt]
0

= [ Jlr@r + (e - ir@i)e] dt]
0

1

1
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1

[list@n” + (w®)” - lg@)”) o]
B [1 -:81 I (b)}rl * (1 j—151> f (a)]”] 5 {1—532 lg (b)]rz + 1—7—232 lg (a)]"'2 ; '

The proof is achieved.

Remark. In Theorem 16, if we choose 7 (b,a) = b — a, and s; = s3 = 1, we obtain
Theorem 2.6 from [18].

Theorem 17. Let f,g : [a,a+n(b,a)] — R4 be (s1,71) and (s2,r2)-preinvex
functions in the first sense respectively with respect to n with 7 (b,a) > 0, and let
(s1,71) € (0,1] x (0,2], and (s2,72) € (0,1] X [2,00). If fg € L1 ([a,a+ n(b,a)]),
then the following inequality is valid

a+n(b,a)

1 (b, a)
e

S1 281+ 1

+% [92 QF (512 22y 1) + 92(b)] : (28)

So 259 + 79

Proof. Since f and g are (s1,71) and (s2,r2)-preinvex functions in the first sense
respectively, we have

a+n(b,a)
fla+tn(b,a))g(a+tn(b,a))dt

IN

(064 77 @ + 6 )
< (L= 1%) 7 (a) + 1297 ()] 5 |t (20)
Applying the AG inequality, we get

/ —151) 71 (@) 4+ 5 fTE )] (L= £2) g7 () + 5297 (b)) 72 dt
0

1

[la=ensm @ e o) a

0

IN
N —

1
1 2
4= / —£52) g™ (a) + t°2¢™ (b)) dt. (30)
0
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Now, using Lemma 1, we get
1

e @ e
0
< 2 P )]
L 0
+;Z _92 (G)Z

— 2%*1 |:f2 (a)ﬁ (177"1 + 1) +
S1 2
) 2
1) + 252_Hﬂ2g (b)} .

¢ [a,a 4+ n (b, a)]

S1

L1 [92 (a) 5 (1/“2 N

2 S92 S92 2

The proof is achieved.
Theorem 18. Let f,g

B. MEFTAH, K. BOUKERRIOUA AND T. CHIHEB

EJMAA-2017/5(2)

1

1
T dt 1—-1t)g
1 —|—2/

™2 (a) + 529" (b)) 7T dt

(31)

— RT be (s1,r1)-preinvex function in

the first sense and (sg,0)- preinvex function respectively with respect to n with

n(b,a) > 0, and let (s1,71) €

(0,1] x

[2,00) and s2 € (0,1] and g(a) # 0, and

g(b) #0. If fg € L1 ([a,a+ n(b,a)]), then the following inequality is valid

a+n(b,a)

Proof. Since f and g are (si,71),

respectively, we have

a+n(b,a)

IN

ot — - o —

applying the AG inequality, we get
a+n(b,a)

| r@g@in <

a

n (b, a)

[(1=27) f™ (a)

r1[f (0)]?

(@] a1 2
Tﬁ(g’ Ty + 1) + 4514277

s sge’2 1
| Lot (@)2“*52)5 T

g(b) 2525727
ln( g(a)

g9(b), .
r b
)+ e

=g(b).

(s2,0)-preinvex functions in the first sense

g(a)

if g(a) # 32)
Jr

2
[f2(53] B(i’%
+[g(;)] if g(a)

fla+tn(b,a))g(a+tn(b,a))dt

)] g (@) [g(v)]" dt,

JL RO

0

G

1=t") 1 (a)

t°2

dt. (34)
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In the case where g(b) # g(a), using Lemma 2 and Lemma 1, (34) gives

1

183

dt

(35)

(36)

(37)

1 g@P | 210
2
2 / (1= 57 @+ e aes LG T (0)°) o
0 0
1 1 1 o
2sq 2 27t
< / — )7 dt+ L /t?dt+ lo(a)] /[(;(2))) } dt
0 0 0
1 sg—1 s
@) 2 £ )2 oa)® w2 T
_ a T gla g
- 251 5(51’H+1)+ 2 25ﬁl~r1 + /|:(g(a)> :|
0
f(a)]? O
S [2(53] 5(51’7"1 +1)+[ ()] 251—10-7‘1
s 1 so—1t
[g(a)]2 M 2(1—52)6 2 (M)QSQE 2
+5 (g(a)) ey dt
0
_ @2 RGP | lg@]? (gk) 20752 (48)2
- 2s1 B(sl’ 1 + )+ 4s1+2r1 + 2 (Ta)) ln( b))z spes2—1 *
)
In the case where g(b) = g(a), (34) becomes
a+n(b,a) 1
v [ T@e@ds < g [l @ e o)
n (b, a) 2
a 0
1
2
P g,
2
0
using Lemma 1 for (36), we get
L F@P, 1 2 s o)
a T1
de < Y g2 2y T ON
n (b, a) / F(@)g(z) 251 6(51’ r ++ 451 + 2r;
lg (a))?
+ 5

The proof is achieved.

Remark. If we take s; = s3 = 1, in Theorem 18, we obtain Theorem 11 from [30].
Theorem 19. Let f, g : [a,a+n(b,a)] = (0,400) be (s1,0) and (s2,0)-preinvex

functions in the first sense respectively with respect to n with 7 (b,a) > 0, and let
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s1,82 € (0,1]. If fg € Ly ([a,a +n(b,a)]), then the following inequality is valid
(s1—1)e"1 (s2— 1){5&2
(# ) (#3) " J@e@
)
spes1—1 sges2 1
@)1 gy
, a+n(b,a) if (f( 1)7555((1) and g((z) (75)9856)2 )
g(b) \ 2 F 9l -1
o | @i < (5) @) e
‘ if f(b) = f(a) and g(b) # g(a),
(f(b) 51551*171
(a)
s1—1

(s1—1)e’1
( 55(‘2%) Fag) Mo
)

where € > 0.
Proof. Since f and g are (s1,0) and (sz2,0)-preinvex functions in the first sense

respectively, we have

) a+n(b,a) 1
flx)g(x)dx = /fa—l—tnba a+tn(b,a))dt
| @ / gla+ tn (b,a))
1
< [ @O e @) o) @
0
y t51 ¢°2
- / } dt. (39)
0
If f(b) # f(a) and g(b) # g(a), from Lemma 2, (39) gives
y t51 52
L
/ ] a
0
( 1)e® ( e’ 1 s1—1 sp—171
F(b) S1 g®1 a(b) sp—1)e®2 F(b) 51€°1 9(b) 52672
< (1) (55) “)9(“)/ [(f(a)) (55) } dt
0
(s1—1)e1 (s2—1)e*2 (42 s1e°1 1(g<b) spe®27 1
o a f(a)g(a) 1 el (40)
) (35) | (H3) ()
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In the case where f(b) = f(a), and g(b) # g(a), we obtain

a+n(b,a) 1

F@o [ 48] a

a 0

(sa—1)e2 g(b) \o2¢°27 0
= ()T r@ge

=
8
~—
Q
—~
8
~—
ISH
8
IN

= n(4)"2
(41)
In the case where f(b) # f(a) and g(b) = g(a), we have
) a+n(b,a) 1 o
- 1)
| @ < f@sl) / 481" a
(51*1)651 (f(b))51551 171
- (f®) (a)
- (f(a)) a)g(a) In( L@ )11
n(73)
(42)
In the case where f(b) = f(a), and g(b) = g(a), we deduce
1 a+n(b,a)
x)g(x)dzr = f(a)g(a). 43
s | @@= @@ (43)

From (40)-(43), we get the desired result. The proof is completed.
Theorem 20. Let f,g : [a,a+7n(b,a)] — RT be (s1,71) and (s2,72)- preinvex
functions in the first sense respectively with respect to n with n(b,a) > 0, and

let (s1,71), (s2,m2) € (0,1] x (0,00) and f(b) # f(a), and g(b) # g(a). If fg €
L1 ([a,a +n (b, a)]), then the following inequality is valid

a+n(b,a)

ool R

S T P @I ) [[s17 71 (0) = f™ (@)] + ™ (a)

247 247y }

s =D [f7(0) = [ (@)]] 7 = [ (@) + (51— D) [f7(0) = [ (a)]] 7
+252552*1[9"‘2(bGQ—g"‘Z(a)](Q-;-rQ) [[82582—1 [972(b) — g™ (a)] + ¢ (a)

247y 241y :|

+(s2 = 1) [g72 () — g™ (a)]] 72 —[g" (a) + (52 = 1)e* [g"* (b) — g™ (a)]] =

(44)

where € > 0.
Proof. Since f and g are (s1,71) and (s2,72)-preinvex functions in the first sense
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respectively, we have
a+n(b,a) 1
f(@)g(x)de = /f a+tn(b,a))g(a+tn(b,a))dt

IN

0
1

0

X

(1= #2) g (a) + g™ ()] % | db. (45)

Applying the AG inequality, we get
1

/[(1 - tSl) frl ( ) + t81f7‘1 (b)]% [(1 _ tsz) grz (a) + tszgrz (b)]% dt

1
1
0
11
+§/ [(1—%2) g™ (a) + £ g™ (b)) 7T dt
0

7 (6) = f7 (a)] 50 + f7 (a)] 77 dt

I
N =
O\P—‘

1
+3 [llg70) - g7 @) +7 (@) . (40
0
From Lemma 2, we can restate (46) as follows
1 1
1 2 1 2
S [ 0) = 7 (@) + 7 (@) de + a)]t> + g™ (a)]"r dt
2! 2
1 | 2
< 5B~ 7 @I 7 @)+ (1= D [0 - 1 @) e
0

2

1
+3 / 522521 [g72(0) = g7 (@) + 97 (@) + (52— Ve [972(0) — g7 ()] # dt
0

=T @) [[s1e 7 [ (0) = £ ()] + [ (a)

2+m

+ (s = D [F70) = 1 @I = 7 @) 1 = Den [ 0) - 17 @)
R T  PLY (3 By g G [[s26%7 " [g"(b) — g™ (a)] + g™ (a)

(52— D= [0 () — g7 @) 5 — L7 (@) + (s2 = D= [0 () — g7 @) |
(47)
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which is the desired result.
Remark. If we take s; = so = 1, in Theorem 20 we obtain Theorem 11 from [30].
Moreover if 7 (b,a) = b — a then we obtain Theorem 2.8 from [36].
Theorem 21. Let f,g: [a,a+1(b,a)] = RT be (s1,0) and (s2,0)-preinvex func-
tions in the first sense respectively with respect to n with n(b,a) > 0, and let
s1,82 € (0,1]. If fg € Ly ([a,a + 1 (b,a)]), then the following inequality is valid

a+n(b,a) 2(1 )est (f(b) 28561751
_1 [F(@)]? ([ f(b) e a -1
7(b,a) / f@)gl@)de < = (f(a)) hfé ;Em))zelsl E
Fla

2 2(1—s2)e®2 (g(b) 2522 _
[9(@)]> ( g(b) (&%) 1
T3 (g(a)> ln( 9((5’;)25251752 ’ (48)

where € > 0.
Proof. Since f and g are (s1,0) and (s2,0)-preinvex functions in the first sense
respectively, we have

a+n(b,a) .
n(bl % flotoyte = /f(a+tn(b7a))9(a+tn(b,a))dt
¢ 0
< 1@ g @) o)
0
= f(a)g(a)/[]fcéz))]tsl {%]tm " o)
0

Applying the AG inequality, we obtain

a+n(b,a)

| s <

a

2

[ @ o] a
0

N | =

n (b, a)

43 [ o@ = o)) e o)
0
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Using Lemma 2 for (50) yields

a+n(b,a)
—_— d
| st
f@)]? | TOAE s1e' 771t (1-s1)e
< vt [ d
0
1 1—sg s
97 82€ t+(1—s2)e2
+ Lot / [ } dt
0

1
_ 2 (f() 2(1 s1)e’
2 (7@
0
2(1— ! 2 1-s2 7t
[g(a)]® g #2)
+Lola)l” (ot /[ a(t) } dt
0

2318 —s1 7t
} i

—s1

_ U@pP (f(b))2(1 s ( )2”5
- 2 f(a) b )2816 -1
2(1—s2)e2 (a(v)\25251 %2
[g(a)] g(b) (g<a>) 1
+ (9(‘1)) ln(g((b)))%zs s2 ¢ (51)

The proof is achieved.
Remark. If we take s; = s3 = 1, in Theorem 21, we obtain Theorem 3.1 from [22].
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