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PERIODIC CHARACTER AND BOUNDEDNESS NATURE OF
POSITIVE SOLUTIONS OF A MAX-TYPE SYSTEM OF
DIFFERENCE EQUATIONS

F. BELHANNACHE

ABSTRACT. In this paper, we investigate the periodic character and the bound-
edness nature of the positive solutions of the system of max-type difference
equations
max{A,yn} max{A,zn}
-

Tn41 = T7 Yn+1 = y 1
n— n—

n=20,1,...,

where the parameter A and the initial conditions x_1, y—1, xo, and yo are
positive real numbers.

1. INTRODUCTION

max-type difference equations appeared for the first time in control theory. Re-
cently, there is an increasing interest in the study of systems of max-type difference
equations see, for example, [2], [5], [8], [13], [14].
In [3] the authors investigated global behavior of solutions of the max-type equation
max{A,x
Tp+1 = { n}a n:Oala'“a (1)
Tp—1
where the parameter A is a positive real number and the initial conditions x_1, and
xo are arbitrary positive constants. Inspired and motivated by above mentioned
paper, our aim in this paper is to investigate the periodic character and boundedness
nature of positive solutions of the system
max{A max{A,x
an:M’ yn+1:M, n=01,.. (2)
Tn—1 Yn—1
where the parameter A and the initial conditions x_1, y_1, xg, and yy are positive
real numbers.
We note that if x_1 = y_1 and xo = yo then system (2) reduces to the Eq.(1).
Let I and J be two intervals of real numbers and

fIPxJ* =1, ¢g:I*?xJ?> =,
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be two continuously differentiable functions. Then for every set of initial conditions
(z4,y;) € I x J, i =—1,0, the system of difference equations

Tp+1 = f(xnvxn—lvynayn—l)a n=0.1... (3)
Yn4+1 = g(xnazn—hyn?yn—l)v B ’

has a unique solution {(@n, yn) e ;-
we need the following definitions.
Definition 1 A point (Z, §) € I x J is called an equilibrium point of system (3) if

z = f(z,7,7,9) and § = g(T,
Definition 2 A solution {(z,,yn)

and y, >0 for all n > —1.

Definition 3 A solution {(z,,yn)} - _; of system (3) is said to be periodic with
period p if there is an integer p > 1 such that z,4, = x, and y,4p, = y, for all
n > —1.

Definition 4 A solution {(zn,y,)},—_, of system (3) is said that is bounded if
there exists a positive constant M such that || (z,,yn) |l1r2< M.

z,9,7)-
m (3) is

b2, of system called positive if 2, > 0

2. BOUNDEDNESS NATURE OF SOLUTIONS

The following lemma will be used in the proof of Theorem 1.
Lemma 1 Let {(zn,yn)},—_; be a solution of system (2), and for n > 0, set
I,, = max{1, - } x max{1, —} x max{1, n} x max{1, y%} x max{A, p, Yn—1}
X max{A,yn,xn,l} Then I,, = I for all n > 0.

Proof. Observe that for n > 0,

}

1 1 1
I 41 = max{1l, —} x max{1l, —} x max{1, } x max{1,
Ln Yn Tn+1 n+1

X maX{A7 Tn41, yn} X maX{Aa Yn+1, xn}

1 1 Tn—1 Yn—1
= 1, — 1, — ], not ], Int
max{ 7xn} x max{ 7yn} x max{ ’maX{A,yn}} X max{ ’max{A,xn}}
A yn A xn
« max{A, g, DAYy ia g, R AT
n— n—1

max{max{A, y,},zn—1} max{max{A, x,},yn—1}

1 1
= max{l, —} x max{1l, —}
Ty,

Yn max{A4,y,} max{A4, z,}
x max{max{A4, y,}, M} x max{max{A4, z,}, M}
Tp—1 n—1

1 1 1
= max{1, —} x max{l, —}

—_ X A Yn, Ty
yn~ max{A,y,} max{4, yn, -1}

}

1
Xm X maX{A, l‘n,ynfl} X maX{A,yn} X maX{l, Tn1

}.

x max{A, z,} x max{1,

n—1
Hence
I41 =1, for alln > 0.
Then
I, = I for all n > 0.
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Theorem 1 Every solution of system (2) is bounded. Furthermore,

11 1

1
Iy ZIO] x [ Iy], for alln > 1,

(xnvyn) € [ IT))Z

where

1 1 1 1
Ip = max{l, —} X max{l, — } X max{1l, —} X max{1l, —
= max{1, =} xmax{1, =} x max({l, -} x max{l, )

x max{A4, o, y—1} x max{A,yo,x_1}.
Proof. Let {(zn,yn)} -

n=-—1

be a solution of system (2). We have

1
} X max{1l, —
Tp—1 Yn—1

1
max{ A4, z,} x max{l, } x max{1, —}
Ty,

1
x max{1, y—} x max{A, Tpn,Yn—1} X max{A, Yn, Tn_1} > Yn—_1.
n
Then "
1
max{A, 2} o 1 a0,
Yn—1 n
S0,

1
Ynt1 > — forall n > 0.
Iy

Similarly, we obtain
1
Tpy1 > — forall n > 0.

0
We have also

1
A x max{A,x,} < xmax{A4, yn, Tn_1} max{A4, n, yn_1} x max{l, —}
Tp

1 1
X 1, —} x 1, ——
max{ '3 } x max{ ' +

n n—1
and ) )
< max{l, —1},
Yn—1 Yn—1
then .
Ynt+1 < Zln for all n > 0.
Hence )
Ynt+1 < ZIO for all n > 0.
Similarly, we get
1
Tnt1 < ZIO for all n > 0.
Hence )
(ZnyYn) € [I—O, ZIO] for all n > 1.
Lemma 2 System (2) has a unique positive equilibrium point (Z,7). Furthermore,
(5.7) = (1,1) it A<1
YT WAVA) i AL

Lemma 3 Let {(z,yn)},—_; be a solution of system (2), and suppose that there

exists N > —1 such that (x,,y,) = (Z,7) for all n > N. Then (x,,y,) = (Z,7) for
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alln > —1.
Proof.
e Suppose A > 1. Then
TN+1 :M :fand YN+1 :M:yv
TN-1 YN-1
hence

TN_1 = VA =7 and YN—1 = \/Z:y.
By induction we obtain (z,,y,) = (7, 7y) for all n < N.
e If A <1, the proof is similar and will be omitted.

3. PERIODICITY OF SOLUTIONS OF SYSTEM (2)

Theorem 2 Suppose A = 1. Let {(2y,yn)},._, be a solution of system (2).
Then {(zn,yn)},—_, is periodic with period 10 and it is given as follows.

e Casel B<1,0<1, v>1, and a > 1.
11

- 11 oy 11
{<xn7yn)}n:71_{( a7)7(5a6)7<a 'Y) (5 5) (5 ﬂ) (’Y? ) (5 /B) ('Y Ot)
Go5) (G 5§ ). (8.8), ..

e Case2 (3<1,0<1,v>1, and a<1.

_ 1111y 11
()12 = @) (B.0). (120 (525 G ) (10, 6.8, (22,
(o5 5 B 5 (@), (8:0), ).

e Case3d pB<1,0<1,y<1, and a>1.

_ L1 L1 el 11
()12 = @) (8.0, (12 (55 (550 (0. (LA )
Goo5) G i), (8.8).)

e Cased pB<1,0<1, v<1, and a <1.
(g} = {07, (8,6), (5 2), () (3 o

1 1 11

1
Oz7’)/ ) %7%)?(575) ( ) (6 ﬁ) (
)7(575)7(0‘77)7(575)’"'}‘

(

as’ yB
e Case5 (<1,1<i<q, and vy >1.
o L L 19
(o) = (000,301 (2,205 5): (5. 2. (0100, 0.6). (2. 2)
11 v «
(575)3(375)7( 77) (ﬁ 6)a}
e Case6 <1, 1<a<d andy>1.
o _ g1, 11y 19
e N N N e I NCRONCYONE )
11 7«
(aaB%(B?E)v(aa’wa(675)7“'}'
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e Case7 f<1, <1<, andy>1.

o 5 1.1 1,14
{(l'n,yn)}n:,1 = {( ) (/8 5) ( )’(E75)7(575)’(77()‘)7(5’/@)7(
}

e Case 8 [<1,1

00 a 1
{@nsyn)bnmy = 1@7), (8,0), (2, 2), (75, 5): (55 5), (9,0, (6,8), (

1 «
(5 —=2) (5 v 50 (@), (8,9), ..}

e Case9 f<1,0>1, v<1,and a <1.

“ _ LR SR T ISP
()} = (@) (8.0, (5. (5 0): (5 5): (100, (0.8), (2. 2,
}

a’ B B8
e Case 10 <1, v<1,and 1 <a<d.
00 0 1 1 1 a 1 16
(s = L@ 8., (5 0 (5 5): (1000, 6.9, ),
1 1 1 «
e Case 11 1<p<~v,0<1, anda>1.
< ria 1Ay L1l oy g1
(@ s = L@ 8.9, (5 D0 (5,5 (5. 50 00 (6,80 )
11 7 «
(675)7(335)7(0‘77)7(675)7 }
e Case 12 1<~y<fB,6<1, anda>1
_ gy 11y ey g1
{(xn,yn)}nf—l = {( ) (5 5) (a 7)7( ) )7(67ﬁ)a(7> )7((;’6)7(7701)7
11, v «
e Case 13 5>1,6<1,v<1, anda>1.
{<xn,yn)}n:71 = {(Oé,’}/),(ﬁ,é‘) (a ,7) (; 7) (g B) (’77 )’(676)7(;75%
11 1 «
(g’§)’(ﬁ’g>v(a’ ) ( ) }
e Case 14 1<p<~v,0<1, anda<1.
00 153 1 1 1 ~ 61
{(l‘n,yn)}n:,1 = {( ) (/B 6) (E ;) (Ea@)7(575)’(77a)7(6aﬁ)7(;7a)7
1 1 1
(E’B)’(77 5),(0&,’}/),(67(5),...}.
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e Case15 0<1<pf,6<1,v<1, anda<1.

(@ = (@), (3.0 (5.2 (525, o ). () (3.8 (2,2,
1 1, ,11
($75)’(3’3)7(04’7),(676),“.}.
e Case 16 1<~y<pf,6<1, and a < 1.
(@ = (@), (3.0 (52 (525 G 3 (1) (3.8 (22,
1 1. 41
(%75)5(E?E)?(O"V)a(ﬁvd)v'“}'
e Case 17 1 <<~y and1<§<a.

o 6 B, 1 1. «a -~ 8 6
(@) = (@080, (5.0, (5. ) 5. D (e 0.8 E, )
Go5) (G 5§ ). (5.8), ..

e Case 18 1 <<~y and 1<a<d
(@ u)) s = L@ (8.9, (2 20 (5,20, (5. ) e 68 52,
(o3 (55 (@) (8.9), ..}
e Case 19 1<f<~v,6>1, anda<1.
(@ s = L@ (8.9, (5 20 (502, o 3 0 (6,80 5.2,
11,41
(a E)a(B?S)V(a77)7(675)1"'}‘
e Case20 1<y<f and 1<d<a
()b = {(04,7)7(5,5)7(275)7(%71)7(%7%) (6,012, 2,
G2 (G 5. (8.0,
e Case21 f>1,v<l,and1<i<a
(@ s} = L@ (8.5, (5. 5. (2.9 (5. 51 0re). 81 E.2),
G2 (G5 (@) (8.6), ...
e Case 22 1<~y <fB and 1< a<i.
(@ s} = L@ (8.9, (5. 20, (225 D) 0n). (6.8, (2. D),
(13 5 (@ (8,0,
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e Case23 fB>1,v<1l,and1<a<d.
o _ g By L1yl B
() = (@0, (.01 (2.2). (2.2, (5.3). (100, (6.8). (2,
11 1 «
(av;)a(Evg)7<aa’y)»(ﬁva)a"'}'
e Case24 1<~v<B, a<l, andd>1.
© g s By 11, 1 B
{<xmyn)}n:—1 _{( ’7)7(6’6)7<OZ7’Y)’(’)/)Oé)7(5’ﬂ) ( ) (6 /6) (’Y
11, ~v1
(57;)5(573)7(0’7)7(676)5
e Case25 (>1,6>1, a<1l, andy<1.
< _(a s 1L 11 B
{(@nyn) bz = A ’7)’(5’5)’(a’y)’(7’a)’( »7) (1), (6, 8), (7
11 11

Where 1 = a, g =, y_1 =, and yg = 4.
Proof. Let {(zn,yn)}ne
y-1 =1, and yo = 0.

e Case 1 Assumethat 5 <1, <1, vy>1,and a > 1. Then

1,6 1 1 1
xr1 = 7"’”@.@0{( ? } = a and Yy = 7ma]${ 7ﬁ} — ;7
maz{l, + 1
To = é - = % and yp = 7771@3021, o) = %,
maz{l, + @ max{1, } v
$3=f=g and y3 = I — B,
o ~
max{l, %} max{l, ¢
Ty = 1 E =7 and Yg = {1 6} = &,
B 5
1 1
I5:maxi,a}:6 and y5:maz{ ,”y}:/&
5 B
max{l, 1 max{l,d 1
maz{l,1} 1 q max{l,% 1
17 = —— = and yr = ——— = —,
5 5 B g
B maz{l, %} _ 7 B max{l%} @
rg = 1 - ﬁ a1 Yys = 1 — 57
ol o
1,2 max{l, 2
1.9:77710,3){1 6}:a and ygzig ﬂ}:%
5 B
mazx{l, mazx{l, «
T10 = 7§ ’Y} = ﬂ and Y10 = 7& } = 5
B 5

By induction we obtain

Tpt10 = Tn and Ypy10 = yn for all n > 0.

2
«

);

59

be a solution of system (2), and let x_1 = «, g = 3,
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e The proof of the other cases is similar and will be omitted.
If A>1, set
Dy = {(u,v,w,t) € (0,00)*, 1< u,v,w,t< A},
CDy = (0,00)* — Dy,
and if 0 < A < 1, set

1
Dg = {(u,v,w,t) € [A, =]*, Av<w< Au<t<

u,

NH
|

CDg = (0,00)* — Dg.
Theorem 3 Suppose A > 1. Let {(z,yn)}, -
the following statements are true

(1) If (z-1,20,Y-1,Y0) € Ds. Then (n, Tni1,Yn,Ynt1) € Dy for all n > 0.
Moreover {(zn,yn)},o _; is periodic with period 4 and is given by

(@191, (@0, 30), (<, 20 (2 A ey yo),

T-1 Y-1 To Yo
(2) If (z—1,20,Y-1,Y0) € CDy. Then (X, Tpi1, Yn, Ynt+1) € CDy for alln > 0.

Proof. Let {(zn,yn)}.—_, be a solution of system (2).

n=-—1

n—_1 be a solution of system (2). Then

(1) Suppose (x_1,0,y—1,Y0) € Ds. Then

A A
z1=—€[1,A] and y; = €[1,A4],
Z—1 Y-1
A A
2= €[1,A] and yo =2 €1, 4],
0 Yo

zg=x_1€[1,A] and ys=y_1 €[L,A],
xg=1x9 € [1,A] and yq4 =yo € [1, A].
By induction we get { (2, yn )}, o _; is periodic with period 4 and (%, Tn41, Yn, Yn+1) €
Dy for all n > 0.
(2) Suppose that (x_1, 20, y—1,y0) € CD4 and we shall show that (., Tnt1, Yn, Ynt+1) €
CD, for all n > 0. Suppose that there exists an integer N > 0 such that
(N, ZN+1, YN, YN+1) € Dy. Then

S max{A4,yn} _ A and yy i1 = max{A,xy} _ A .
ITN-1 ITN-1 YN-1 YN-1
Hence
A A
TN-1= €[1,A] and yn_1 = €[1, 4]
TN41 YN+1

Then (zy—_1,ZN,YN—-1,Yn) € D4. By induction it follows that (z_1, z0,y-1,%0) €
D, which is a contradiction, So (2, Tnt1,Yn, Ynt1) € CDy for all n > 0.
Theorem 4 Suppose 0 < A < 1. Let {(zn,yn)} oo
Then the following statements are true
(1) If (x_1,%0,y—1,%0) € Dg. Then (Tpn,Tpni1,Yn,Ynt1) € Dg for all n > 0.
Moreover {(zn,yn)},—_; is periodic with period 6 and is given by

»—_1 be a solution of system (2).

Yo o 11 1 10 y1 2
Z-1,Y-1),(Zo, N\ ) — s\ — - — ) (T=1,Y-1),---
(@1 (. 90), (2, 20, () (o (L ) e y)

(2) If (x—1,2z0,y—1,Y0) € CDg. Then (zy, Tp+t1,Yn, Ynt1) € CDg for all n > 0.
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Proof. The proof is similar to that of Theorem 3 and will be omitted.
Remark 1 Observe that if A > 1, then (Z,%,7,7) = (VA,VA,VA,VA) is an

interior point of Dy and if 0 < A < 1, then (Z,Z,7,7) = (1,1,1,1) is an interior
point of Dg.

Corollary 1 The equilibrium point (Z,7) of system (2) is stable but is not locally
asymptotically stable.
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