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EXISTENCE OF SOLUTIONS TO NONLINEAR SINGULAR
DIFFERENTIAL EQUATIONS ARISING IN THE THEORY OF
POWER LAW FLUIDS

CHUNG-SIK SIN, LIANCUN ZHENG, SHUSEN CHENG, JUN-SIK SIN

ABSTRACT. We consider the nonlinear singular boundary layer problem
t
u(t) = —
) =-— 0
subject to the conditions u/(h) = b,u(l) = 0, which describes the steady
laminar boundary layer flow of power law fluids on a moving flat plate. This

paper establishes the new existence results for the boundary value problem for
the case: p>0,0<h<1,b€eR.

1. INTRODUCTION

The laminar boundary layer flow has been extensively investigated since the
early 20th century. In 1908, Blasius used similarity transformations to transform
the steady boundary layer flow of Newtonian fluids past a flat plate into the famous
Blasius equation. Applying the Crocco variable transformation to the classical Bla-
sius equation, Crocco obtained nonlinear singular second order differential equation.
Since the non-Newtonian fluid has a wide range of application in industry, it has
been considered by many researchers. With the help of the techniques developed
by Blasius and Crocco, the steady boundary layer flows for power law fluids past
a moving porous plate with suction or injection are transformed into nonlinear
singular ordinary differential equations of the form

W) = —— (1)

uP(t)

with the conditions

u'(h) =b,u(1) =0, (2)
where h means the ratio of the velocity of the flat plate to that of the uniform flow
and b is the suction or injection parameter(see [2]). If A > 0, then the uniform
flow and the plate move in the same direction. h < 0 implies that their moving
directions are opposite. The case b > 0 means that there is injection of the fluid into
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the boundary layer and b < 0 implies the suction of the fluid from the boundary
layer. If p = 1, then the equation (1)-(2) corresponds to a Newtonian fluid. If
p > 1, then it describes the motion of a pseudoplastic fluid. Dilatant fluids have
O0<p<l.

The equation (1)-(2) has been investigated by many mathematicians. Callegari
et al. [1] used the standardization technique to prove the existence of uniqueness
solution of (1)-(2) for the case p = 1,h = 0, b = 0 and obtained an analytical
solution. Callegari et al. [2] established uniqueness and analyticity of solutions
in the case p = 1,h > 0, b = 0. Vajravelu et al. [11] obtained the existence,
uniqueness and analyticity results for the case p =1, 0 < h < 1, b € R. Nachman
et al. [7, 8] studied the case p > 1, h = 0, b = 0 and the case p > 0, h = 0,
b < 0. Zheng et al. [14] proved existence and uniqueness of solutions for the case
0<p<1,h=0,b=0 and obtained an estimate for the skin friction coefficient.
In [3, 4, 5, 10, 9, 12], the authors established sufficient conditions for existence
and nonuniqueness of solutions for the case p = 1, h < 0, b € R. Zheng et al.
[13] used the shooting technique to obtain sufficient conditions for the existence of
bifurcation solutions for the case p > 1, h < 0, b € R. Lu [6] proved new results for
the existence of solutions for the case p > 1, h <0, b € R.

In spite of efforts of many mathematicians, this existence problem has not yet
been completely solved. In the present paper, we consider the casep > 0,0 < h < 1,
b € R which is more general than the previous works [1, 7, 8, 11, 14].

2. EXISTENCE AND UNIQUENESS OF SOLUTIONS OF BOUNDARY LAYER PROBLEMS
FOR POWER LAW FLUIDS

In this section we discuss the existence and uniqueness of solutions of the bound-
ary value problem (1)-(2). In the paper the equation (1)-(2) is investigated by con-
sidering the singular ordinary differential equation (1) subject to initial conditions

w(h) = a,u'(h) =b (3)

where 0 < h < 1,a > 0 and b € R. By Peano Theorem, the initial value problem
(1)-(3) has at least one local solution wup qp(t). The solution up qp,(t) can be
continuously extended to a maximal interval of existence [k, T q,p,p) Where T}, o 4. €
RU{oo} .

Lemma 1 Let 0 < h < l,a > 0,b € R and p > 0. Then uj, ,, () is monotone
decreasing in [k, Th,a,b,p). If Th,app = 00, then uj, .4 (t) > 0 for ¢ > h.

Proof. Since up q,p,(t) is initially positive, it is clear that up qp,(t) > 0 for any
t € [h,Th,app) Integrating both sides of (1) over [h,t], we obtain

t
s
Uy 0y p(t) =0 —/h ————ds. (4)

Uhabp(5)

By (4), U}, 44 (t) is monotone decreasing in [h, Th a,p,p). By integrating both sides
of (4 )ove [h t], we have

Uh,abp(t) =a+b(t—h)— / mds. (5)

h ui,a,b,p(s)
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Assume that T}, 45, = 00 and there exists tg > 0 such that uj, ,, (to) < 0. Then
Uy 0 pp(t) < Uy oy, (to) <0 for t >t and, by (4), we have that for ¢ > to,
t

b— ) o (to) < / S — (6)
o bop h uz)a)b’p(s)
Integrating both sides of (6) over [h, t], we have that for ¢ > ¢,
t
(t—s)s
(b— 1} 4pp(to))(t—h) < / ———~ds. (7)
Pt h U’Z,a,b,p(s)

By (5) and (7), we have that for t > tg,

Un,abp(t) < a+b(t —h) = (b=ujqp,(t0))(E =) = a+uj 44, (t0) (= h).
Thus tli)rglo Uh,a,b,p(t) = —oo. This contradicts up,q,p,p(t) > 0 for any t > h.
Lemma 2 Let 0 < h < 1l,a>0,b€ Rand p > 0. If T} 43, < o0, then
uh,a,b,p(Th,a,b,p) =0.

Proof. From the fact that uj, ,; (f) is monotone decreasing in [h, Tj 4,b,p), the
sign of u;l’a,b’p(t) is not changed in [T} qbp — €, Th,app) for a sufficiently small

positive number e. Therefore ~ lm  wupq.p(t) exists. Let  Hm  wpap,(t) =
t=Th,a,b,p t=Th,a,b,p '

Uh,ab.p(Th,app) = d. If d > 0, then, by Peano Theorem, there exists a continuous
solution in some neighbourhood of T}, 4.p.p- Thus up ¢.b.p(Th,abp) = 0.

Lemma 3 If b <0, then T, 45 p < oo for 0 < h <1,a>0,p>0.

IfO<p <2, then Thopp <ocofor0<h<1,a>0,be R If p> 2, then for any
0<h<1andbe€ R, there exists a > 0 such that T}, 45, < 00.

Proof. If b < 0, then, by (4), uj, ., ,(t) < 0 for any ¢ > h and by Lemma 1,
Th,abp < 00. Now we consider the case b > 0. In order to use the method of proof
by contradiction to prove the second assertion of the lemma, we assume that there
exists 0 < p < 2 such that T} 4,5 = co. Then, by Lemma 1, uj, ,, .(t) > 0 for any
t > h. By (5), up,app(t) <b(t—h)+a.

If p =1, then we have

¢ s t—h 1 a
o, e s ft=h 10
i a0 (0) < b= Jim | peds = b= Jim | = 7 (k= Jin(;
a 1 a a

"‘H)‘b(h‘b)l”b]:‘“-
If p € (0,1) U (1,2), then we have

o o () <b—Tim [ gt tim | ——((t—n
B (1) < 0= i [ s = b= Jim | (1

@) - () 0]

If p = 2, then we have

t

. , o s B a
A vhasa®) <b= N |Gy rap® =0 b%lif&[l”(t h+3)

RGN

= —0OQ.
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The above inequalities contradict thm Uy, 0 pp(t) >0 for t > h. Thus Th qp,, < 00
Cbo hyab,

for any 0 < p < 2. Now we will prove the last assertion of the lemma. Assume that
there exists p € (2, 00) such that T} 44, = 0o for any a > 0. Then, by Lemma 1,
uj, o pp(t) >0 for any a > 0 and t > h. We have

)0, (8) < b= lim, | mds:b l)(;p)(}l_r%[(t—h—i—?j)z_p
)7 s (- () T ()] o

. [a\2p . ha'"P h(t —h)*=P  (t—h)?"P
tim () {mpl—z)‘bfﬂ(pl—n]‘ilféb(p—n* -1~ 5T

This contradiction implies that for any p > 2, there exists a > 0 such that T}, 44 <
00.

Remark 1 In the case p > 2, it is difficult to prove whether T} 45, < oo for any
a > 0. Thus we need to improve the previous techniques.

For 0 <h<1l,a>0,b>0andp >0,if Thqpp < 00, then there exists
Ehapp > h such that up app(Ehabp) = @ If Thapp = 00, then we set Ep o3 p =
00.

Lemma 4 Let 0 < hg <1,a>0,b>0,p>0and Ty, qpp < oo. Then Ej, 44, is
continuous at hg with respect to h.
Proof. We have that for any ¢ € [maz{h, ho}, min{En a.p.p, Eny,a,b,p}],

tu? s) —u? s
| ho,a,b7p( ) h,a,b,p( )| (t . s)sds

|Uho,a,6,0(t) = Un,a,pp(t)] < [b(R — ho)| +
0,0,b,p ab,p b “Z,a,b,p(s)uﬁo,a,b,p(s)

h t P
- 1 Up 0pn(S
+ / ,Etis)sds :|b(h7ho)|+/ 5 1— 0 £(®) (t — s)sds
ho uhg,a,b,p(s) h ’u’h,atb,p(s) uho,a,b,p(s)
h t [p]
_ 1 w’
+ / Mds < |b(h—h0)|+/ 5 1— ﬁ (%) (t — s)sds
ho Uho.abp(5) B Uhapp(S) wl (8

[p]-1 [p]—1

h
t @ s)+-4u o S
+ / 7,5 ) = [b(h — ho) |+/ LA a2 22
h uho a7bap() uhabp )uhoabp(s)

0
/h (t—s)s ds
ho Uzo,a,b,p(s)
/h (t—s)s ds
ho uﬁo,a,b,p(S)

E?
[P1ER abp ho.a,b,
< [b(h = ho)| + e |Uho,a b,p(8) = Un,app(s)|ds + —222F|h — h
aP

[Unhg.a.b,p(5) = Un,app(s)|(t — s)sds + < [b(h — ho)|

‘| t
=y |Uho,a.b,p(5) = Un,abp(s)|(t — s)sds +

apbt1

E?
<|h— hO|(bJr hf;’b’p> Brnir / |tho,ab,p(5) = Un,abp(s)lds.

afg+1
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By Gronwall’s inequality, for any t € [maz{h, ho}, min{Eh.ap.ps Eng,a,b.p})s

E? E3
o) — 0] < o = 15+ “)wp(m”b) ®)

aP ap+1

Now we will use the method of proof by contradiction to prove the assertion of
the lemma. If there exists a number sequence {h,} such that lim h, = hy and
n—oo

Ehgabp — Ehyapp > 0 for any n € N, then

Ei2z b (pWEl% b
|uh07a7b’p(Ehma7b’p) - a| < |h0 - hn| (b + Z’Z”p>6xp(cwi’1w)>.

Since u} En ab 0, by the implicit function theorem, wu; * t) is con-
ho,a,b,p 0,@,0,p ho,a,b,p

tinuous at a with respect to ¢ and thus lim Fp_ .pp = Enyaep,p which contra-
n—oo

dicts Eng.abp — Ehy,app > 0. If there exists a number sequence {h,} such that
lim h, = ho and E}, abp — Eng.abp > 0 for any n € N, then

n—oo

El% b (p]Eﬁ ,a,b
la — un,,a,b,p(Eng,a,,p)| < [ho — hal (b + OC;:HP) ea:p(W)

Using the same discussion as the above one, we can prove that for any ¢ € [max{h, ho},
min{ B a.b.ps Eng.abp ],

I_p—‘ E%O,a,b,p )

Ehyg,ap,
ha000) ~ O] < o = H| 2582y

aP

. , o .
Thus nl;rrgouhma)b7p(Eh07a’b,p) = uho,a,b,p(Eho,a,b,p) < 0. But since Eh, app —

En, abp >0 and u} t) is monotone decreasin
0,a,0,p hyn,a,b,p ’

=0.

. 0= Un,ab,p(Engab,
lim uﬁlﬂ abp(Eh07a>b7P) > lim a p( 0 p)
n— 00 T n—o00 hysa,byp ™ Eh07a7b’p

This contradiction implies that hlinﬁ Ehabp = Engabp-
—ho

Lemma 5 Let 0 < h <1,a; >a2 >0,b€ Rand p> 0. Then Th, o, b.p = Th,as,b,p
and uh7a17b7p(t) > uh,az,b,p(t) for any t € [h,Th7a27b,p).

Proof. In order to use the method of proof by contradiction to prove the lemma, we
assume there exists to > h such that up ¢, 5p(t0) = Un,as.6,p(to) and wp a, pp(t) >
Uh,as,b,p(t) for any t < tog. By (5), we have that for ¢ € [h, to],

¢ 1 1

(t— s)s[ - ds
uzfol,az,b’P(S) ufl,alybm(s)

o p () = nap pp(£) = a1 — a3 + /
h

> aj — ag, which contradicts up,q;,b.p(t0) = Uh,as,6,p(to)-

Lemma 6 Let 0 < h <1,a0>0,b>0,p>0and T} 4,p,p < oo. Then Ej, 4, is
continuous at ag with respect to the initial value a. Moreover there exist ay, h; > 0
such that {E} o pla € (0,a1]} converges uniformly to Ep, 95, on [0,h1] as a — 0
where E}, 4 p is considered as a function of h and Ej, 04, = (11_% Ehabp-

Proof. Let |a —ag| < € where € is a positive number which is less than ag. Similar
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to Lemma 4, we have that for ¢ € [h, min{Eh. a9 b.ps Eh,a,b.p})s

g a0 5p(8) = U ()]
|th,a0,b,p(t) = Un,abp(t)] < la—aol —|—/ S LR (t — s5)sds
ao,0,p a,0,p h uz,a,b,p(s)uﬁ,ao,b,p(s)

h b,
<la —aq| + aop+110 / [Uhg,a.b,p(S) — Uh,a,b,p(8)|ds.

By Gronwall’s mequahty, we have that for t € [h, min{Ep a0.6,p, Eh,abp}],

[PWEh b
[Uh,a0,b, (1) = tn,app(t)] < la— a0|€$P(M : 9)
Similar to Lemma 4, by using the proof by contradiction, we can prove that

hm Ehapp = Enao,pp- Now we will prove the second assertion of the lemma.
a—a

By Lemma 3, there exists a; > 0 such that Ey 4,4 < 00. Since Ej, 45, is contin-
uous with respect to h, there exists hy > 0 such that Ej o, 5, < 0o for h € [0, hq].
Then we have that for ¢ < ay and h < hy,

|Eh.abp — En0b,p| < maz{|Enapp— Eh,o,b,th € [0, ]}

Since E}qp,p is monotone decreasing as a — 0, lirr%) maz{|Enp.app — Enoppllh €
a—

[0, h1]}=0 which implies that {Ep 4 pla € (0,a1]} converges uniformly to Ep, 5 p
on [0, h1] as a — 0. The proof is completed.

For0 <h <1l a>c¢c>0,b€ Rand p > 0, if T4, < 00, then there
exists Ep,qb.p,c such that up opp(Enabpe) = ¢ I Thapp = 00, then we set
Ehab,p,c = 00.

Remark 2 Similar to Lemma 4 and Lemma 6, we can prove that Ej qpp.c is
continuous with respect to initial value a and h. And we can show that up qpp(t),
ujy, o pp(t) ave continuous with respect to the initial value a and h for t € [h, Ep,a,b,p,c]-
Lemma 7 Let h > 0, b € R and p > 0. Then T}, 45, is continuous with respect to
the initial value a in Gp 3, where G, = (0, sup{a\Thyayb,p < 00}).

Proof. If a € Ghpp, by Lemma 2 and Lemma 5, upqbp(Thapp) = 0. Since
Uj, o pp(t) is continuous with respect to ¢ and u27a7b7p(Th,a)b7p) = —oo for a € G p,
there exists €, € (0,a) such that [Ty a,b,p — Enab,p.el < €/4and uj, . (Ehabpe) <
—1 for any 0 < € < ¢,. Now we will prove that for any ag € G and 0 < €y < €q,
there exists § > 0 such that |Th 0,60 — Th,ab.p| < €0 for any a € (ag, ag + J). Since
up, o pp(t) is continuous with respect to the initial value a, there exists 6 > 0
such that [T q6p — En,abp.e| < €0/4 for any a € (ag,ag + d1). Meanwhile since
U a0 b.p(Ehsao bpeo) < —1 and up qp,5(t) is continuous with respect to initial value
a, there exists d2 > 0 such that |Ep .pp.eo — Enaobpeol < [Uh,abp(Enabper) —
Un,a,b,p(En,a0,b,p.c0)] = [Un,ao,6,0(Eh,a0,bp.e0) = Unsabp(Ehaobpe)| < €0/4 for any
a € (ag,ag + 02). Set 6 = min{d1,d2}. Then, by the triangular inequality, we
have that |Th,a0,b,p - Th,a,b,p‘ < |Th,a0,b,p - Eh,ao,b,p,eo| + |Eh,a0,b,p,eg - Eh,a,b,p,eg' +
|Eh.a.b.p.eo — Th.appl < €0 for any a € (ag,ap + 6). The proof is completed.
Lemma 8 Let 0 < h < 1. If b <0, then iig%Th’a,b,p = h for any p > 0. If b > 0,

then lir% Th,app = h for any p > 1.
a—
Proof. If b < 0, then, since U;z,a,b,p(t) < 0 for t > h, by Lemma 1 and Lemma 2,

Th,a,b,p < 0o and uh,a,b,p(Th,a,b,p) = 0. Since U}“a’b’p(t) <a+ b(t — h) for t > h,
h<Thapp <h—a/b. Thus Ty qapp, = hasa — 0. If b =0 and A > 0, then, by
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Uy 40p(t) <O for t > h, Thap0p < oo and upa0p(Thao,p) =0. We obtain

Uh,a,bp(t <a——/ t—sds-a—%(t—h)

Then h < Tha0p < b+ 2Y/2a04P)/2 /p1/2 and thus Th a0, — b as a — 0.
If =0 and h = 0, then we have

1
U0,0,0,p(t _a——/ (t—s) Sds_a_ﬂtg

Then 0 < T 4.0, < 6Y/3a1+P)/3 and thus T 40, — 0 as a — 0.

Now we consider the case b > 0. By Lemma 3, there exists a; > 0 such that
Th,abp < 0o for any a € (0,a1). Then for any a € (0,a1), there exists Sh.qpp > h
such that U;z,a,b,p(‘gh,a,b,p) = 0. We have

Sh,.a,b,p s
b= / ————ds. (10)
h

“h,a,b,p(s)

Let S, = 1112(13 Sh.app- By (10) and Lemma 5, S, < Sp 4. In order to use the

method of proof by contradiction to prove that S, = h, we assume that S, > h. If
p=1and 0 < h <1, then we have

Sh,a,b,1 S1

S S

b> 1 —d li —d
= o), atis-mT 7N ), ares—m®

_ Si—h + lim (h— a)ln(b(Sl —h) +a)

a—0 b a
If pe (1,2) and 0 < h < 1, then we obtain
Sh‘a,b,p s Sp S

b> 1 —d li ———d
S0 Sy (atos—mpT T e ), (avb(s— )y

“m s () 6 )) g ()
()7 -7 w59 55

ili%(b)l ' zﬂn(;_l)(sph)l_pw

If p € (2,00), then we have

Sh,a,b,p S Sp S

b > li ———d li ———d
Sy GarbonpT T a0 ), (abis - myr”

() (5o 7 1) o580 w6

(sp- h>2_p - m(sp - h)l_p = .

If p = 2, then we obtain

Sh,a,b,p s Sa s

b > li —d li ——d
“amn Sy (arb-mET T a5 ), (arb(s—m)2”
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wlm{h@%—h+b)_l+<b_®(c%_h+2>l_z)]

b h h 1
FﬂW%+?W& DR Ty Bl R

The above contradictions imply that lir% Shabp = 0 and lin%) Thapp =0. If pe
a—r a—r
[1,2) and h = 0, then, by Lemma 4 and Lemma 6, lim Fy 45, = lim lim E}, 4, =
a—0 h—0a—0
0 and thus lir% To,a,6,p = 0. The proof is completed.
a—r

Remark 3 The work of [11] is not sufficient for proving the existence of solutions
of the boundary layer problem for the case h = 0. In fact, that paper established
the existence for the case 0 < h < 1. In the present paper we use properties of
E} a.p,p to complete the proof.

Lemma 9 Let 0 < h < 1,b € R and p > 0. Then sup{Th.app|Thapp < 00,0 >
0} =00

Proof. First we will prove that ali_)ngo Thapp =00. If a>1and T} 4, < 00, then
Ehapbp1 < oo and upqpp(t) > 1fort € [h, Epqppi]. By (5), we obtain

Enab,p,1
1<a+b(Ehabp1 —h)— / (En,abp,1 — 8)sds
h

which yields that lim FEj 43,1 = 0o and thus lim T}, 45, = oo.
a— 00 a—00

Assume that N = sup{Th.a,p.p|Thapp < 00,a > 0} < 0.
If Thapp < oo for any a > 0, then, since hm Thabp = 00, N = oo which

contradicts N < oo. If there exists a; > O such that Th ., 5p = N, then by
Lemma 2, up a,,6p(IN) = 0 and T qpp = 0o for any a > a;. Then, by Lemma 1,
u§17a7b7p(t) > 0 for a > a1 and t > h. Thus upqp,(t) > a > a1 for a > a; and
t > h. For any a > aj, there exists a, > 0 such that up g, p,(t) < @ — aq for
t € [N — ag, N]. Thus for a > aq and t € [N — g, N|, tpab,p(t) — U ay5,p(E) > a1
which contradicts the continuous dependence of up o5, (t) on a.

If there exists ap > 0 such that T}, 4,,5p = 00 and T qpp < N for any a < as, then
Uh,az,b,p(t) > ag for ¢t > h. For any a < ag, since up q,b,p(Th,abp) = 0, there exists
Ba > 0 such that for ¢t € [Th.a.p.p — Bas Thab,pls Yhas.bp(t) — Un.abp(t) > az which
contradicts the continuous dependence of up, o5 »(t) on a. The proof is completed.
Theorem 1 The boundary layer problem for power law flows (1)-(2) has at most
one solution in C[h,1].

Proof. By Lemma 6, this result is obvious.

Theorem 2 The boundary layer problem for pseudoplastic flows and Newtonian
flows (1)-(2) has a unique solution in CTh, 1].

Proof. By Lemma 7, Lemma 8, Lemma 9 and intermediate value theorem, for
0<h<1,b€ Rand p>1, there exists a > 0 such that T}, 45, = 1.

Theorem 3 If b < 0, then the boundary layer problem for dilatant flows (1)-(2)
has a unique solution in C[h, 1]. If b > 0 and there exists a real number a > 0 such
that Ty 4.5 < 1, then the boundary layer problem for dilatant flows (1)-(2) has a
unique solution in C1h, 1].

Proof. Similar to Theorem 2, this result can be proved.
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