Electronic Journal of Mathematical Analysis and Applications
Vol. 7(1) Jan. 2019, pp. 351-373.

ISSN: 2090-729X (online)
http://fcag-egypt.com/Journals/EJMAA /

SOME DIFFERENT TYPE INTEGRAL INEQUALITIES
PERTAINING GENERALIZED RELATIVE
SEMI-m-(7; h1, h2)-PREINVEX MAPPINGS AND THEIR
APPLICATIONS

ARTION KASHURI AND ROZANA LIKO

ABSTRACT. In this article, we first present some integral inequalities for Gauss-
Jacobi type quadrature formula involving generalized relative semi-m-(7; h1, ha)-
preinvex mappings. Secondly, a new identity pertaining twice differentiable
mappings defined on m-invex set is derived. By using the notion of gener-
alized relative semi-m-(r; h1, h2)-preinvexity and the obtained identity as an
auxiliary result, some new estimates with respect to Hermite-Hadamard, Os-
trowski and Simpson type inequalities via fractional integrals are established.
It is pointed out that some new special cases can be deduced from main re-
sults of the article. At the end, some applications to special means for different
positive real numbers are provided as well.

1. INTRODUCTION
The following double inequality is known as Hermite-Hadamard inequality.

Theorem 1.1. Let f: I CR — R be a conver mapping on an interval I of real
numbers and a,b € I with a < b. Then the subsequent double inequality holds:

1(557) < gt [ s < 1EI0 -y

For recent results concerning Hermite-Hadamard type inequalities through various
classes of convex functions the readers are refer to [[3]-[6],[8],[10]-[13],[17],[18],[20]-
[22],25],28]] and the references mentioned in these papers. Also the following result
is known in the literature as the Ostrowski inequality [16], which gives an upper

1 b
/ f(t)dt by the value
a

bound for the approximation of the integral average 5
—a

f(z) at point = € [a, b].
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Theorem 1.2. Let f : I — R, where I C R is an interval, be a mapping differ-
entiable in the interior I° of I, and let a,b € I° with a < b. If |f'(z)| < M for all
x € [a,b], then

1, (-

< Mb=a)lg x(bf;y

b
f@) - 5 [ s

], YV € [a,b]. (1.2)

The following inequality is well known in the literature as Simpson’s inequality:

Theorem 1.3. Let f : [a,b] — R be four time differentiable on the interval (a,b)
and having the fourth derivative bounded on (a,b), that is || f*) || oo = SUPy(a,b) K4
< 00. Then, we have

b b—a
[ rwar-=

Inequality (|1.3) gives an error bound for the classical Simpson quadrature formula,
which is one of the most used quadrature formulae in practical applications.

1
< —||f® —a)®. (L.

M1 10) oy (40)

In recent years, various generalizations, extensions and variants of such inequalities
have been obtained. For other recent results concerning Ostrowski type inequali-
ties see [[9],[16]]. For other recent results concerning Simpson type inequalities see
[[15], 24]].

Let us recall the Gauss-Jacobi type quadrature formula, [20] as follows

b +oo
[ @ — o f@)de = 3 Bt () + Bl (1.4)

a k=0
for certain By, i, and rest R} |f|. In [I4], Liu obtained integral inequalities for
P-function related to the left-hand side of 1) and in [23], Ozdemir et al. also
presented several integral inequalities concerning the left-hand side of via some
kinds of convexity.
Now, let us evoke some basic definitions as follows.

Definition 1.4. [I] A set K C R” is said to be invex respecting the mapping
n: K xK-—R" ifx+tn(y,x) € K for every z,y € K and t € [0,1].

Definition 1.5. [5] A non-negative function f : I C R — [0, +00) is said to be
P-function, if

fltz+ (1 —t)y) < f(x) + fly), Ve,yel, tel0,1].

Definition 1.6. [I9] Let & : [0,1] — R be a non-negative function and h # 0.
The function f on the invex set K is said to be h-preinvex with respect to n, if

flz+tn(y,2)) < h(1—t)f(x) + h(t)f(y) (1.5)
for each x,y € K and t € [0, 1] where f(-) > 0.

Definition 1.7. [27] Let f: K C R — R be a non-negative function, a function
f: K — R is said to be a tgs-convex function on K, if

F(A =tz +ty) <t(1—1)[f(2) + f(y)] (1.6)
holds for all z,y € K and t € (0,1).



EJMAA-2019/7(1) SOME DIFFERENT TYPE INTEGRAL INEQUALITIES 353

Definition 1.8. [I6] A function f: I C R — R is said to M T-convex functions,
if it is non-negative and V x,y € I and ¢ € (0, 1) satisfies the subsequent inequality:

NG VI—t
tr+ (1 —1t)y) < + . 1.7
b+ (1= 0) < 5o f@) + S 1) (1.7
Definition 1.9. [22] A function: f:I C R — R is said to be m-MT-convex, if f

is positive and for Vz,y € I, and ¢t € (0,1), among m € (0, 1], satisfies the following
inequality

Vi myv1—t
< x) +
~ 21— tf () 2Vt
Definition 1.10. [6] A set K C R™ is named as m-invex with respect to the

mapping 7 : K x K — R" for some fixed m € (0, 1], if ma + tn(y, mzx) € K holds
for each z,y € K and any ¢ € [0, 1].

[tz +m(1—t)y)

fy). (1.8)

Remark 1.11. In Definition under certain conditions, the mapping n(y, mx)
could reduce to n(y, x). For example when m = 1, then the m-invex set degenerates
an invex set on K.

Definition 1.12. [24] Let K C R be an open m-invex set respecting 7 : K X K —»
R and hi, hs : [0,1] — [0,4+00). A function f: K — R is said to be generalized
(m, hy, he)-preinvex, if

Fma + oy, ma)) < mia(6)F(2) + ha(0) £ () (1.9)
is valid for all z,y € K and t € [0, 1], for some fixed m € (0, 1].
Definition 1.13. [I7] Let f € L[a,b]. The Riemann-Liouville integrals J¢, f and
Jot f of order av > 0 with a > 0 are defined by

Jo flx) = ﬁ /:(m — ) f()dt, = >a

and
1

(o)
where I'(a) = /+ooe_“u°‘_1du. Here JO, f(z) = J)_f(z) = f(x).

0
Note that a = 1, the fractional integral reduces to the classical integral.

b
Jp flx) = / (t— o) f(0)dt, b> e,

Motivated by the above literatures, the main objective of this article is to establish
in Section [2] integral inequalities using two lemmas as auxiliary results for the left
hand side of Gauss-Jacobi type quadrature formula and some new estimates on
Hermite-Hadamard, Ostrowski and Simpson type inequalities via fractional inte-
grals associated with generalized relative semi-m-(r; hy, he)-preinvex mappings. It
is pointed out that some new special cases will be deduced from main results of the
article. In Section [3] some applications to special means for different positive real
numbers will be given.

2. MAIN RESULTS

The following definitions will be used in this section.
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Definition 2.1. Let m : [0,1] — (0,1] be a function. A set K C R" is named as
m-invex with respect to the mapping A : K x K — R" if m(t)z 4+ A (y, m(t)z) €
K holds for each x,y € K and any t,& € [0, 1].

Remark 2.2. In Definition under certain conditions, the mapping A(y, m(¢)x)
for any t, ¢ € [0, 1] could reduce to A(y, mz) = n(y, mx). For example when m(t) =
m for all ¢ € [0,1], then the m-invex set degenerates an m-invex set on K.

We next introduce the notion of generalized relative semi-m-(r; hq, ho)-preinvex
mappings.

Definition 2.3. Let K C R be an open m-invex set with respect to the mapping
A: K x K — R. Suppose hy,hy : [0,1] — [0, +00), 6 : I — K are continuous
functions and m : [0,1] — (0,1]. A mapping f : K — (0,+00) is said to be
generalized relative semi-m-(r; hy, ho)-preinvex, if

3=

f(m(t)0(x) + EA(B(y), m(1)0(x))) < [m(ﬁ)m(ﬁ)fr(x) + h2(§) f"(y) (2.1)
holds for all z,y € I and ¢, € [0, 1], where r # 0.

Remark 2.4. In Definition[2.3] if we choose m = m = r = 1, these definition reduces
to the definition considered by Noor in [20] and Preda et. al. in [7].

Remark 2.5. In Definition [2.3] if we choose m = m =r =1 and (z) = z, then we
get Definition [1.12

Remark 2.6. For r = 1, let us discuss some special cases in Definition [2:3] as follows.

(I) If taking hq(t) = (1 — )%, ha(t) = ¢° for s € (0,1], then we get generalized
relative semi-(m, s)-Breckner-preinvex mappings.

(IT) If taking hq(t) = (1 — )%, hao(t) = t° for s € (0,1], then we get generalized
relative semi-(m, s)-Godunova-Levin-Dragomir-preinvex mappings.

(II1) If taking hq(t) = h(1 —t), ha(t) = h(t), then we get generalized relative semi-
m, h)-preinvex mappings.

IV) If taking hi(t) = ha(t) = t(1 — t), then we get generalized relative semi-
m, tgs)-preinvex mappings.

V) If taking by () = Y2 vt

_— = , then we get generalized relative
e 2(t) = 57— get g
semi-m-MT-preinvex mappings.

—~ o~~~

We claim the following integral identity.

Lemma 2.7. Let § : I — K be a continuous function and m : [0,1] — (0,1].
Assume that f : K = [m(t)0(a), m(t)0(a)+A(0(b), m(t)0(a))] — R is a continuous
function on K° with respect to A : K x K — R for A(0(b), m(t)f(a)) > 0 and
YVt € [0,1]. Then for any fized p,q > 0, we have

m(£)0(a)+A(0(b),m(t)6(a)
/ (@ = m(t)0(a))”(m(t)6(a) + A(0(D), m(t)0(a)) — x)* f (z)dx

m(t)0(a)

1
= APFTELH(O(b), m(t)9(a))/0 §(1 = &)1 f(m(t)0(a) + EA(O(b), m(t)6(a)))d.
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Proof. We observe that

m(1)6(a)-+A(6(b).m(1)0(a))
/ (z = m(t)0(a))”(m(t)0(a) + A(0(b), m(t)0(a)) — x) f(x)dz

= (9(6),101@)9(@))/0 (m(t)0(a) + EA(B(b), m(t)0(a)) — m(t)6(a))”

x (m(t)6(a) + A(0(b), m(t)0(a)) — m(t)0(a) — EA(O(D), m(t)0(a)))?
x f(m(t)6(a) + EA(O(b), m(t)0(a)))dE

= APTTH(9(b), m(t)0(a)) /0 §7(1 = &) f(m(t)0(a) + EA(6(b), m(t)0(a)))dE.
This completes the proof of the lemma. O

Remark 2.8. In Lemmal[2.7] if we choose m(t) = 1 for any ¢ € [0, 1], A(6(b), m(t)6(a))
=0(b) —m(t)0(a) and 6(z) = z for all x € I, then we get the left hand side of (1.4).

With the help of Lemma we have the following results.

Theorem 2.9. Let k > 1 and 0 < r < 1. Suppose hy,hs : [0,1] — [0, +00), 0 :
I — K are continuous functions and m : [0,1] — (0,1]. Assume that f : K =
[m(t)8(a), m(t)0(a) + A(O(b), m(t)0(a))] — (0,400) is a continuous mapping on
K° with respect to A : K x K — R for A(0(b), m(t)0(a)) > 0 and Vit € [0,1].
If fﬁ is generalized relative semi-m-(r; hy, ha)-preinvex mapping on an open m-
invex set K, then for any fixed p,q > 0, we have

m(t)0(a)+A(0(b),m(t)0(a))
/ (z —m(t)0(a))”(m(t)0(a) + A(0(b), m(t)0(a)) — ) f(x)dx

m(t)6(a)

< APFILO(b), m(t)0(a)) 3/ B(kp + 1, kq + 1) (2.2)

k—1
k

<[ FE @ (€); ml), 1) + 125 (O (ol )] ™

where
1

I (€):m(©).r) = [ m*(©h (©)de,  T(ha(€)ir) = / B3 (€)de.

0

Proof. Let k > 1 and 0 < r < 1. Since f% is generalized relative semi-m-
(r; h1, he)-preinvex mapping on K, combining with Lemma Holder inequality,
Minkowski inequality and properties of the modulus, we get

m(£)0(a)+A(8(b),m(1)0(a))
/ (z —m(t)6(a))” (m(t)8(a) + A(0(b), m(t)6(a)) — 2)* f(x)dx

m(t)f(a)

1 3
< [A(O(b), m(t)6(a))["H [/0 (1 —é)kqdfl

[/ Fm(1)6(a) + EA(B(E), m dg]
)

< APTIFL(b), m(t)0(a)) &/ B(kp + 1, kq + 1
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k—1
k

x [ / [mOm 15 (@) + ha()r 5 )] %dJ

< APTLG(b), m(t)6(a)) &/ B(kp + 1, kq + 1)

{ </ O O )d£>r+ (/01 hzi(f)fk’“l(b)de} "

— Ap+q+1(9(b)’ m(t)6(a)) {/ﬂ(kp +1,kg+1)

) [ (@)1 (e (€)s m(€), ) + FET (I (ha(€)i7)]
So, the proof of this theorem is completed. O

kE—1
Tk

We point out some special cases of Theorem

Corollary 2.10. In Theorem[2.9 for k = 2, we get

m(£)0(a)+A(8(b),m(1)6(a))
/ (= m(t)0(a))?(m(t)0(a) + A(O(D), m(t)0(a)) — 2)* f (x)d

m(t)f(a)

< APHIFLG(b), m(1)0(a))\/B(2p + 1,2 + 1) (2.3)
xR/ F2 () (ha (€); mU(€), ) + £27 (D) I7 (ha(€); 7).

Corollary 2.11. In Theorem[2.9 for hi(t) = ha(t) =1 and m(t) = m € (0,1] for
all t € 10,1], we get

m(a)+A(0(b),mb(a))
/ ) (x — mb(a))?(mb(a) + A(O(b),mb(a)) — z)9f(x)dx

k=1
Tk

< APH(0(b), mo(a)) §/Blkp + 1 kg + 1) [mf ¥ (a) + f75 (0)] (2.4)

Corollary 2.12. In Theorem for hi(t) = h(1 —t), ha(t) = h(t) and m(t) =
m € (0,1] for all t € [0,1], we get

m(a)+A(0(b),mb(a))
/ ( — mb(a))? (mdla) + A(B(D), mb(a) — )7 f(z)d

mb(a)

< APREL(6(b), mb(a)) §/Bkp + L kg + DI'F (h(€):7) (2.5)
x[ms# (@) + 1 0)]
Corollary 2.13. In Corollary[2.19 for hi(t) = (1 — t)*, ha(t) = t*, we get

(x —mb(a))"(mb(a) + A(0(b), mb(a)) — )" f (2)dx

< APFL(0(b), mO(a)) &/ Blkp + 1, kq + 1) (Tis> ' (2.6)

/ma(a)JrA(@(b) ,mb(a))

mb(a)

k—1
Tk

x [mf () + 5 (0)]
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Corollary 2.14. In Corollary[2.19 for hi(t) = (1—t)7%, ho(t) =t and 0 < s <,
we get

mO(a)+A(6(b),mb(a))
Lo (&~ m8())"(mB(a) + A(O(b), m(a) — ) (o)

k—1
k

< AP 0(0), mb(@) /R T ka1 ( ) (2.7

k—1
Tk

x[mf (@) + £ (b))

Corollary 2.15. In Theorem[2.9 for hy(t) = ha(t) = t(1—t) and m(t) =m € (0,1]
for all t € 0,1], we get

m(a)+A(0(b),mb(a))
/ (2 — mB(a))? (mb(a) + AO(D), mB(a)) — 2)7 f (x)da

mb(a)
< APYL(Q(0), m0(a)) /Blkp + 1, kg + 1) T (1 + % 1+ i) (2.8)
< [mp @)+ )
Corollary 2.16. In Corollary |2.19 for hi(t) = %, ho(t) = 2\/\1/% and
r e (%,1], we get
m0(a)+A(0(b),mb(a))
/ (x — mb(a))P(mb(a) + A(O(b),mb(a)) — x)9 f(x)dx
mo(a)
< APFTEL(O(b), mB(a)) /Blkp + 1 kg + 1) 7 (1 - % 1+ 21r> (2.9)

k—1

x[ms# (a) + 17 1))
Theorem 2.17. Let 1 > 1 and 0 < r < 1. Suppose hq,hs : [0,1] — [0, +00), 6 :
I — K are continuous functions and m : [0,1] — (0,1]. Assume that f : K =
[m(t)f(a), m(t)0(a) + A(O(b), m(t)f(a))] — (0,400) is a continuous mapping on
K° with respect to A : K x K — R for A(6(b), m(t)8(a)) > 0 and Vt € [0,1]. If
ft is generalized relative semi-m-(r; hy, hy)-preinvex mapping on an open m-invex
set K, then for any fixed p,q > 0, we have
m(t)0(a)+A(8(b),m(t)6(a))
/ (z —m(t)6(a))"(m(t)6(a) + A(0(b), m(t)0(a)) — x)* f(x)dx
m(t)0(a)

-1

< APFITLO(b), m(t)0(a))B T (p+1,q+ 1) (2.10)
<\ frH @) I (ha(€); mU&),m,p, q) + [ (D)7 (ha(8); 7, p, @),

where

Ik (€): mi€), . p, ) == /O m* ()€ (1 — €)7h] (€)de:
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)i, Py /5]’1— €)7h3 (€)de.

Proof. Let I > 1 and 0 < r < 1. Since f! is generalized relative semi-m-(r; hy, ho)-
preinvex mapping on K, combining with Lemma [2.7] the well-known power mean
inequality, Minkowski inequality and properties of the modulus, we get

m(t)0(a)+A(0(b),m(t)0(a))
/ ()0(a) (x —m(t)0(a))?(m(t)0(a) + AO(b), m(t)0(a)) — x) f(z)dx

-1 1
1

1
= Mo mp@y e [ea-g T [ea -]
 F(m(1)0(a) + EA(B(E), m(1)0(a)))de

-1
]

< |AO(b), m(t)0(a)) [P0 [/0 §(1 - §)qd§]

x l /0 &' (1 - €)7| fm(t

< APTTHLO(b), m(1)0(a))B T (p+ 1,q+ 1)

1

0(a) +EA(OID), m(tw(a)))jldg]

1
[

x [ [ ea-91[mEm©ri@ +ha©o)] idg]
0

< APTTHL((b), m(t)@(a))ﬁl%l(p +1,q+1)

X{ (/01 m? ()¢7(1 - f)th(é“)fl(a)dfy + (/01 € (1-€)7h; (§)fl(b)df>r }

— AT (O(b), m(1)6(a)) B T (p+ 1, + 1)

X r\l/le(a)Ir(hl(g)J m(&),r,p,q) + frHO) I (ha(€);7, D, q)-
So, the proof of this theorem is completed. O

Tl

Let us discuss some special cases of Theorem [2.17]

Corollary 2.18. In Theorem[2.17 for | = 1, we get

m(t)6(a)+A(8(b),m(1)6(a))
/ (x = m(t)0(a))?(m(t)0(a) + A(0(), m(t)0(a)) — 2)" f (x)dx

m(t)0(a)
< Ap+q+1(9(b), m(t)0(a)) (2.11)
X\/fr IT hl (§)7T7p7q)+fr(b)lr(h2(§);7’7p7q).

Corollary 2.19. In Theoremmfor hi(t) = ha(t) =1 and m(t) = m € (0,1] for
all t € [0,1], we get

mb(a)+A(0(b),mb(a))
/ (# —mb(a))?(mb(a) + A(0(b), m0(a)) — x)7 f(z)dx

mb(a)

< AP (O(0), mO(@) B(p + 1, g + 1) Y mfria) + 10). (212)
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Corollary 2.20. In Theorem [2.17 for hi(t) = h(1 —t), ha(t) = h(t) and m(t) =
m € (0,1] for all t € [0,1], we get

mO(a)+A(6(b),mb(a))
/ (& — mb(a))? (mb(a) + AB(D), m(a)) — 2)7 f (x)da

né(a)

-1

< APTHLQ(b), mB(a))B T (p+1,q+ 1) (2.13)

x {fmfri(a) " (h(€);r.q.p) + F O (h(€): 7. p,q).
Corollary 2.21. In Corollary[2.2 for hi(t) = (1 — t)%, hao(t) = t*, we get

m(a)+A(0(b),mb(a))
/ (2 — mB(a))? (mb(a) + AO(b), m(a)) — 27 (x)da

mb(a)

< APFIL(9(b), mB(a)B T (p+ 1,q + 1) (2.14)

x Vmfri(a)gr (q-i— ; +1,p+ 1) + fri(b)pr (p—i— ; +1,q+ 1).

Corollary 2.22. In Corollary[2.20 for hi(t) = (1—t)7%, hao(t) =t and 0 < s <,

we get

mO(a)+A(6(b),mb(a))
/ o (x —mb(a))”(mb(a) + A(0(b), mb(a)) — ) f (z)dx

-1

< APTIHLQ(B), mb(a))B T (p+1,q+ 1) (2.15)

x W/mfri(a)sr (q— ; +1,p+ 1) + frib)sr (p— ; +1,q+1).

Corollary 2.23. In Theorem [2.17 for hi(t) = ho(t) = t(1 — t) and m(t) = m €
(0,1] for all t € [0,1], we get

m(a)+A(0(b),mb(a))
/ (x — mb(a))?(mb(a) + A(O(b),mb(a)) — z)9f(x)dx

mb(a)

=1

< APFITLG(b), mB(a))B T (p+ 1,9+ 1)\’//3 (p + % +1,q+ % + 1> (2.16)

x {fmfri(a) + Fr1(0).

1—¢ Vit
Coroll 2.24. In Corollary [2.20) hi(t) = , ha(t) =
orollary n Corollary for hq(t) 2(t) N an

d
2Vt

r e [%,1}, we get

m(a)+A(0(b),mb(a))
/ (& — mB(@))? (mb(a) + AO(D), mB(a)) — 2)7 f (x)da

mo(a)

< APHHLO(b), mf(a)) BT (p+ 1,9 + 1) (2.17)
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x\l/mfrl(a)ﬂ <q+21 +1p—2i > + fri(b)Br < +2i+1q 217«+1)'

For establishing our second main results regarding generalizations of Hermite-
Hadamard, Ostrowski and Simpson type inequalities associated with generalized
relative semi-m-(7; h1, ho)-preinvexity via fractional integrals, we need the follow-
ing lemma.

Lemma 2.25. Let § : I — K be a continuous function and m : [0,1] — (0,1].
Suppose K = [m(t)0(a), m(t)8(a) + A(O(b), m(t)0(a))] C R be an open m-invex
subset with respect to A : K x K — R and let A(8(D), m(t)0(a)) > 0 for all

€ [0,1]. Assume that f : K — R be a twice differentiable mapping on K° and
/" € Li(K). Then for any X € [0,1] and o > 0, the following identity holds:

A—1 a+10g(2). m N (m “ 2. m u
T LA Oe) mo(@)  (mit)0(e) + A(). mit)0(a)

+HATH(O(x), m()0 (b)) ' (m(1)0(b) + A0 (), m(t)e(b)))}

1+a—A “(9(z). m . - . S .
R0 0@y LA (0, mD6(@) f (m()6() + AO(), m(t)6(a)

+A%(0(x), m(t)0(D)) f (m(t)0(b) + A(6(x), m(t)9(b)))}

>

(9(5)»m( )6(a))
X{A“(H(x),m(t)e(a)) (m(t)f(a)) + A%(0(), m(t)e(b))f(m(tW(b))}
(o +2)
~A(O(b), m(t)6(a))
|:‘](m(t) 0(a)+AO(z),m(t)8(a)))~ ] (MUE)0(a)) + T (e (b)+A(0(:1:),m(t)6(b)))*f(m(t)e(b))}

A2 (0(x), m(£)0(a) NT— e

- A(@( M) [ (0 €)1 (mi)0(a) + EA0(), mie)o(0))

A2 (9 eb» e

GRTOT / £ — € (m(1)0(b) + EA(B(z), m(t)0(b)))dé. (2.18)
We denote . - B o Aa+2(9(x ,m(t)0(a))

R XUONTOT )
x / £ — €)1 (m(£)0(a) + EA(O(x), m(t)6(a)))de
a+2
A A+(9(( / £ — €) " (m(t)0(b) + EA(B(x), m(t)0(b)))de. (2.19)

Proof. A sunple proof of the equality (2.18) can be done by performing two inte-
gration by parts in the integrals above and changing the variables. The details are
left to the interested reader. This completes the proof of the lemma. O

Using Lemma [2.25] we now state the following theorems for the corresponding
version for power of second derivative.
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Theorem 2.26. Suppose hy, hs : [0,1] — [0,+00), 6 : I — K are continuous
functions and m : [0,1] — (0, 1]. Let K = [m(t)0(a), m(t)0(a)+A(6(D), m(t)8(a))]

C R be an open m-invex subset with respect to A : KxK — R and let A(8(b), m(t)0(a))
> 0 for all t € [0,1]. Assume that f: K — (0,+00) be a twice differentiable map-
ping on K°. If 0 < r <1 and (f"(x))? is generalized relative semi-m-(r;hy, ha)-
preinvez mapping on K, ¢ > 1, p~t + ¢~ 1 = 1, then for any A € [0,1] and a > 0,
the following inequality for fractional integrals holds:

. Ao, A, p)
’If,A,O,m(-ra Ao, a, b)| < A(O(b), m(t)0(a))

. {'A(e(x), m(t)6(a))|* 2 Y/ (f7 (@) el (ha (€); m(€), ) + (" (@) " (ha(€); 7)

+[A @), m()8(0))|*+2 Y/ (f7 (D)L (ha (€); m(€), ) + (f7 ()7 (ha(€); r)},
(2.20)

where )
Alahp) = [ len—enrde
and I(h1(€); m(€),7), I(ha(€);7) are defined as in Theorem [2.9

Proof. Suppose that ¢ > 1 and 0 < r < 1. Using relation (2.19)), generalized relative
semi-m-(r; hy, ho)-preinvexity of (f”(z))?, Holder inequality, Minkowski inequality
and properties of the modulus, we have

|IfA9m(33 )\ «, a, b)|

). m a a+2

§|A|(A9Ee<)>nfzf>o<2| / € = €L (m(1)0(a) + EAO(), m(1)0(a)))ldg
T a+2

+IA(Ag<(9<)> ?3“’3' - / €O = €)1 (m(1)0(b) + EAO(x), m()0 (b))

_ [A®(z), m(t)e( |a+2 AT
= TA60), mO( (/ 6 =€)l d5>

1
q

x ( | (w0t + €A(0(0), m(0o())" d&)

A(B(x), m(1)0(b)) |a+2 e
T AG(), m(D)6(a (/ 63 = &%)l df)

1

1
x </O (f"(m(8)0(b) + EA(6(x), m(t)6(b)))) df)
(

Q=

MO @)+ hal€) ()] )

)
[A(O(z), m(t)6(b))|**

AOG), m(oa)) VA
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1
q

) 1
x (/ [m(E)ha ()" (0)) + ha(€) (S ()" Tdf)

< 1A0(@), m(®Db(@)|*+

AO), m@ay) L AEAP)

" {'A(G(x)’ m(t)8(a))|**2 /(" ()17 (ha (€); m(€), 7) + (f7(x)) 91" (ha(€); )

+[AO(x), m(t)0(0)) |+ Y/ (f7 (1)) I (b1 (€); m(E), ) + (f”(x))’"qfr(hz(ﬁ);r)}'
So, the proof of this theorem is completed. O

Let us discuss some special cases of Theorem [2.26]

Corollary 2.27. In Theorem[2.26 for p = q = 2, we get

£,0,0,m(T5 A a, = A(@(b), m(t)g(a)) 3 204+3 a+3

x {|A(9(93), m(t)0(a))|* 2 X/(f7(a))?r I (ha(€); m(€), ) + (f ()2 I (ha(€);7)

+ A (0(x), m(£)0(0))| 2 X/ (7 ()2 17 (ha (€); m(€), 1) + (f”(w))”ﬁ(hz(é“);r)}-
(2.21)

Corollary 2.28. In Theorem[2.26}, if we choose A(6(y), m(t)0(x)) = 6(y)—m(t)0(z),

b
T = a—2|— and m(t) = 1,Vt € [0, 1], we get the following generalized Simpson type

inequality for fractional integrals:
A—1

Iy (a;—b;)\,a,a,b> @) —6@)

L) ) (-0 (5)) ) (0 (55) }

l+a—X
NUCED)
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{(65) )+ - () )0 ()
{ (0(“52) - o) s000a + (90— (“;b))“ﬂe@»}

IMNa+2) o N
) 0@ * et OO+ gy (9“))}‘

< YHmnt L (0(4) o)
Y 7(/(f”(a))7“qlr(h1(£); D (1 (53)) e

fo-n(2)

x \/ reyrruern +(r(452)) Ir(hz(o;r)}.

Corollary 2.29. In Theorem[2.26, if we choose A(6(y), m(t)0(z)) = 6(y)—m(t)0(z)
and A = m(t) = 1,Vt € [0,1], we get the following generalized Hermite-Hadamard
type inequality for fractional integrals:

(2.22)

|If79(sc; 1,a,a,b)| =

1 .t e
+M{(9(w)—9(a>) F(0(@) + (6(6) — 0(2))*F(6(0)) }
INa+2
(W)()_Jre(i)) x [J('é(w»—f(@(a)) + J(‘ém)—f(@(b))] |
1 o

= 00) — @) V2@ +2)

x {(9(96) —0(a))* " /(@) T (ha (€);r) + (f" (@) 1T (ha(€)i)  (2.23)

+(0(0) = 0(x))* " Y/ (f ) I (ha (€);7) + (f”(x))’“qfr(%(i);?“)}

Corollary 2.30. In Theorem[2.26} if we choose A(6(y), m(t)0(x)) = 6(y)—m(t)0(z),
A =0 and m(t) = 1,Vt € [0, 1], we get the following generalized Ostrowski type in-
equality for fractional integrals:

|If’9(x;0,a,a7b)’

G gy (@@ —0@)™ +60) = 0)™) £(0() |
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1+« N pane )
g { (0@ = 0@)* + 00) o)) fl6())
I'a+2
—(t%b()je(i)) x [J&(x))*f(e(a)) + J(O;(x))f(a(b))}’
1 1

S 00 —0@) plar D1

) {(g(fﬂ) —0(a)* " (@) I (I (&) + (F7 (@) I (he(€);r)  (2:24)

+(0(b) = 0(x))* " Y/ (F ()9 (ha (); ) + (F7 () 79I (ha(E); 7“)}'
Corollary 2.31. In Theorem[2.26 for hi(t) = ha(t) = 1 and m(t) = m € (0,1] for
all t € [0,1], we get the following inequality for generalized relative semi-(m, P)-

preinvexr mappings:

[If.a,0,m(z3 N, a,a,b)] <

) {'A(Q(ﬂﬂ),mf?(a))la+2 W/m(f (@) + (7 (@) (2.25)

+ A (0(x), mO(B))|**2 X/ m(f (b)) + (f”(a?))”’}-

Corollary 2.32. In Theorem [2.26 for hi(t) = h(1 —t), ho(t) = h(t) and m(t) =
m € (0,1] for all t € [0,1], we get the following inequality for generalized relative
semi-(m, h)-preinvex mappings:

A(a, A\, p)

A00), molay Vi)

‘If7A797m(x; )\7 «a, a, b)| S

X {IA(G(%)JW(@))I“+2 m(f"(a) e + (f"(x))" (2.26)

+ [AO(x), mO(0))[* 2 /m(f (b)) + (f”(w))rq}.

Corollary 2.33. In Corollary[2.39 for hi(t) = (1 —t)*, ho(t) = t°, we get the fol-
lowing inequality for generalized relative semi-(m, s)-Breckner-preinvez mappings:

Ala, A, p) r

a

A(6(b),mbB(a)) \ r+s

‘If’A’g’m(l'; A o, a, b)| <

) {'A(9(ﬂﬂ),mf?(a))la+2 /m(f7(a) e+ (7 (@) (2.27)

+ A (0(x), mO(B))|*F2 Y/ m(f (b)) + (f”(l’))rq}'
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Corollary 2.34. In Corollary[2.39 for hi(t) = (1—t)7%, ho(t) =t and 0 < s <,
we get the following inequality for generalized relative semi-(m, s)-Godunova-Levin-
Dragomir-preinver mappings:

[Tf,0,0,m (@5 A,y a,b)| <

" {'A(Q(ﬂv)ﬂw(a))la+2 m(f(a))re + (f"(x))ra (2.28)

+ [A(B(2), mO(b)|* 2/ m(f (b))re + (f”(a?))”’}-

Corollary 2.35. In Theorem [2.20] for hi(t) = ho(t) = t(1 — t) and m(t) = m €
(0,1] for all t € [0,1], we get the following inequality for generalized relative semi-
(m, tgs)-preinvex mappings:

. Ale, \,p) 1.1
|If,A,9,m(xa A a,a,b)] < [WHM\/ﬁ (1 + r,1—|— 7‘)

. {A@(av)m”b@(a))“+2 m(f (@) + (f"(x))ra (2.29)

+[AO(x), mOD)|*F2 R/ m(f" (b)) + (f”(w))“?}-

val
Corollary 2.36. In Corollary |2.39 for hy(t) = 725, ha(t) = Vi and

2/t 21—t
r e (%,1], we get the following inequality for gemeralized relative semi-m-MT -
preinver mappings:

Ao, A 1 1
[Ira0.m(T; N o, a,b)] < m”p))&’/ﬂ (1 -1+ )
T

X {/\(9(96),77%9(@))"‘+2 Wm(f(a))re+ (f"(x))ra (2.30)

+[A(0(x), mO(b)[*2 R/ m(f ()7 + (f”(x))rq}.

Theorem 2.37. Suppose hi,hs : [0,1] — [0,+00), 0 : I — K are continuous
functions and m : [0,1] — (0,1]. Let K = [m(t)0(a), m(t)0(a) +A(6(D), m(t)0(a))]

C R be an open m-invex subset with respect to A : KxK — R and let A(6(b), m(t)0(a))

>0 for all t € [0,1]. Assume that f : K — (0,400) be a twice differentiable map-
ping on K°. If 0 < r <1 and (f"(x))? is generalized relative semi-m-(r;hy, ha)-
preinvex mapping on K, ¢ > 1, then for any A € [0,1] and o > 0, the following
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inequality for fractional integrals holds:

. Cl (a, \)
|T7p0m(5 A, 0,0, b)| < A, m(1)0(a)

x {IA(G(I%m(t)9(a))la+2

x Y (f"(a))raFT (hy(€); m(€), N, a, ) + (f"(2)) 4G (ha(€); N, i, 1)
+[A((x), m(t)8(b))|*+*

(2.31)

x Y/ (" (0) T (ha (€); (E),%Ow‘)+(f”(x))mGT(hz(E);A,OM‘)},

where )
aXta +1 A
Cla,\) i= —m8M — —;
(@A) o+ 2 2’

L 1
F(bn(€im(e) Avar) i= [ m(©le0r - €)Ihf ©)des
0
1 1
Glha(@)i ) = [l €5 (©)de
0
Proof. Suppose that ¢ > 1 and 0 < r < 1. Using relation (2.19)), generalized relative
semi-m-(r; hy, ha)-preinvexity of (f”(x))?, the well-known power mean inequality,

Minkowski inequality and properties of the modulus, we have

|IfA9m(:c A a,a, b)|

SM&E?J&% <)3|a+ / €O = €)1/ (m(1)6(a) + EAB(), m(1)6(a))) dé
+'A<i§§2b)mnf§f;< DL [ €l (m(00) + A0(),mi0)0)) e
0

< MmO (o)

Y ( / €0 — €] (F(m(1)0(a) + EA(O(z), m(1)0(a)))” df)

1—1

A(O(z), m(1)6( |a+2 . ;
T AB), m(D)6( </ 6= “df)

1
a

Q=

(/ [EC =€ (f( )(b)+£A(9(w),m(t)9(b))))qdé)

AB@). M) s
< RO, mme(y) C @

1

(@) + )] de)
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([ 160 - e [m@m@ s o+ na@ @] ac)
(

0 1—1
AOG) mDo@)y)  C @M

x{ /Omr(&)h{(ﬁ)li(k—ﬁa)(f"(a))"d§>

(
" (/o B (1€ — €)(" (x))ngy }

AB(). mEID)" s
T AO®) mea) C >

{ ( / " (@b (O~ fa)l(f”(b))qdf)

1
q

r

" ( / h Ol é”‘)l(f”(x))qdf)r }

(N
~ A(B(b), m(t)6(a))

x {A(9(36)7lfn(t)9(a))|°“r2

X \/ f// TqFT hl(f) (g)a )‘70[77‘) + (f//(x))TqGr(h2(£); )‘70[77‘)
+ [A(6(z )7m(t) (b))|*F2

x Y/ PO F (h(©m(€), N asr) + (@) 16 (ha(€): A, a,n}'
So, the proof of this theorem is completed. O
Let us discuss some special cases of Theorem [2.37]

Corollary 2.38. In Theorem[2.37 for ¢ = 1, we get

|If,A’07m(«T; )\7 Q, a, b)‘ < A(@(b)7 m(t)@(&))

x {A(f)(ﬂc), m(t)0(a))| "

% \/f// YET(h1(€); m(€), N\, a, 1) + (f7 ()G (ha(€); N, 1)
+ A (O (), m(H)f ()"

(2.32)

X \/ f” TFT hl(g) (6)3 )\701,7") + (f//(x))rGT(hQ(g)v >\7057T)}'
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Corollary 2.39. In Theorem[2.37, if we choose A(6(y), m(t)0(xz)) = 6(y)—m(t)0(z),

b
T = a;_ and m(t) = 1,Vt € [0,1], we get the following generalized Simpson type

inequality for fractional integrals:
- C' 5 (o, \)

() )

x \/ ra@yierin© ) + (£ (S5)) Grthaternan) 23

2
+ (a(b) —0 <“;b>)a+2

« \/ oy + (1 (“5)) oo A,a,r>}.

Corollary 2.40. In Theorem[2.37, if we choose A(6(y), m(t)0(x)) = 6(y)—m(t)0(z)
and A = m(t) = 1,Vt € [0,1], we get the following generalized Hermite-Hadamard
type inequality for fractional integrals:

« o 1
|If’9(m;1,a,a,b)‘ < (2(044‘2)) ©) — 0(a)

) {(9(90) = 0(a)* T2 R/ (f7(a)) G (P (€); 1, a,7) + (f(2))79G" (ho(€): 1, )

+(0(0) = 0(2))* "2 R/ (f7(0) 4G (ha(€); 1,0, 7) + (7 () 9G" (2 (€); 170177“)}'
(2.34)
Corollary 2.41. In Theorem[2.37, if we choose A(6(y), m(t)0(z)) = 0(y)—m(t)0(z),

A =0 and m(t) = 1,Vt € [0, 1], we get the following generalized Ostrowski type in-
equality for fractional integrals:

v 1
(0(b) — 6(a))

) {(Q(x) = 0()™*2 Y/ (f(a)) G (h1(€); 0,0, 7) + (f7(2))79G" (h2(€); 0, . 7)

1\
|If79(x;0,a,a,b)‘ < (a+2>

+(0(b) = () R/ (F7(0)79G" (h1(€); 0, @, 7) + (f"(2))79G" (h2(€); 0, ,7) ¢
(2.35)
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Corollary 2.42. In Theorem[2.37 for hyi(t) = ho(t) = 1 and m(t) =m € (0,1] for
all t € [0,1], we get the following inequality for generalized relative semi-(m, P)-
Preinvexr mappings:

Ca, )

. S 5
IT7A0,m(z; A a,a,b)] < A(O(b), mb(a))

. {'A<9<x>,me<a>>|a+2 (@) + (@) (2.36)

+[A(0(2), mO(b)| 2 Y/ m(f7 (b))re + (f”(w))“?}-

Corollary 2.43. In Theorem [2.57 for hi(t) = h(1 —t), ho(t) = h(t) and m(t) =
m € (0,1] for all t € [0,1], we get the following inequality for generalized relative
semi-(m, h)-preinvex mappings:

C' (o, \)
I m ;>\7 9 7b S —7
S ON T )

x {IA(@(:L“),m@(a))I‘“+2

< /(" () 9GT (h(1 = €); A, o, 7) + (f7(2))79G" (h(€); X, a, 1)
+[A(0(x), mO(b))**>

(2.37)

x Y/ m(f7(0)) G (h(L = €); X 1) + (f"(2))"9G" (R(€); A, 04,7“)}-

Corollary 2.44. In Corollary[2.43 for hi(t) = (1 —t)*, ho(t) = t*, we get the fol-
lowing inequality for generalized relative semi-(m, s)-Breckner-preinvex mappings:

C' 1 (o, \)
A(0(b), mb(a))

x {IA(G(IC),W?(CL))I“+2

< Y/m(f"(a)r1GT((1 = §)*; X, a,7) + (f(z)) D" (X, o, 5,7)
+ |A(8(z), mO(b))[*+?

5 a0m(z; A a,a,b)| <

(2.38)

x /m(f(0)7 G (1= €)% A, a,r) + (f(2))7 D" (N, a, s, T)},

where

s+r(at2) str(at2)
ro o

A A
s+2r s+r(a+2)

+— (1—A7‘§+1‘3+2))7 r (17)\%).
s+ 2r S+ 2r

D\ a,s,1) =
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Corollary 2.45. In Corollary |2.45 for hi(t) = (1 — )%, ha(t) = t7 5, r # g

and r # %, we get the following inequality for generalized relative semi-(m, s)-
a

Godunova-Levin-Dragomir-preinvex mappings:

C'd(a, \)
A(0(b), m(a))

x {I/\(9(x)ﬂn9(a))l(“r2

|If7A$9,m(x; )\7 «, a, b)| S

x Y/ m(f"(a)r G ((1 — €)% N\, o, ) + (f" ()" 9ET (N, v, 5, 7) (2.39)
+ [A(O(x), mO(b))|* T2

x R/m(f7(0) G (1= €)% A, a,7) + (f7(2))T 9B (A, a, s, 7’)},

where

r(at2)—s r(at2)—s

TAT e rAT o
2r — s rla+2)—s

n r (17/\@:?5)_5)7 A (17)\2:;5)'
2r — s 2r — s

E(\ a,s,1) =

Corollary 2.46. In Theorem [2.57 for hy(t) = ha(t) = t(1 — t) and m(t) =m
€ (0,1] for all t € [0,1], we get the following inequality for generalized relative
semi-(m, tgs)-preinvex mappings:

. C'i(a,N) .
‘IﬁA,O,m(xv)‘vava" b)| < W\/G(g(l - f),)\,a,r)

X {IA(H(QC)W@(@))|°‘+2 Vm (" (@) + (f"(x))ra (2.40)

+[A(0(2), mO(b)|* Y/ m(f (b))re + (f”(:v))fq}.
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I—1¢ Vit
C 11 2.47. In Coroll 2.49 hi(t) = , ha(t) = ,
orollary n Corollary |2.43 for hi(t) 2(t) N

2Vt

the following inequality for generalized relative semi-m-MT -preinvex mappings:

we get

C " (o, \)
A(B(b), mb(a))

x {A(G(x), mf(a))|*+?

X "i/m(f”(a))quT (m;)\,a,r) + (f"(x))raGT ( Ve )\,a,r)

[Ts.0,0,m(z; A, a,b)] <

NG 20/ —¢
+ |A(0(x), mO(b))|*+?

XVWW%W%WCﬁ_ékmO+U%mW@( vt )}

2/E ¢
(2.41)

Remark 2.48. For a = 1, by our Theorems and we can get some new
special Hermite-Hadamard, Ostrowski and Simpson type inequalities for classical
integrals associated with generalized relative semi-m-(r; hy, ho)-preinvex mappings.

Remark 2.49. Also, applying our Theorems and for different values of
A€ (0,1) and if f”(z) < K, for all x € I, we can get some new special Hermite-
Hadamard, Ostrowski and Simpson type inequalities for fractional integrals associ-
ated with generalized relative semi-m-(r; hy, he)-preinvex mappings.

3. APPLICATIONS TO SPECIAL MEANS

Definition 3.1. [2] A function M : RZ — R, is called a Mean function if it has
the following properties:

(1) Homogeneity: M (ax,ay) = aM(z,y), for all a > 0,
(2) Symmetry: M(z,y) = M(y, o),
(3) Reflexivity: M(z,z) = x,

(4) Monotonicity: If x <2’ and y </, then M (z,y) < M(z',y'),

(5) Internality: min{z,y} < M(z,y) < max{z,y}.

Let consider some special means for arbitrary positive real numbers o # [ as
follows: The arithmetic mean A := A(a, §); The geometric mean G = G(«, f);
The harmonic mean H := H(«, 8); The power mean P, := P.(«, ); The iden-
tric mean I := I(«,); The logarithmic mean L := L(«,f); The generalized
log-mean L, := Ly(a,8); The weighted p-power mean M = M,. Now, let a
and b be positive real numbers such that a < b. Consider the function M :=
M(6(a),0(b)) : [0(a),0(a) + A(0(b),0(a))] x [0(a),0(a) + A(6(D),0(a))] — Ry,
which is one of the above mentioned means, therefore one can obtain various
inequalities using the results of Section [2] for these means as follows: Replace
A(O(y), m(¥)0(x)) with A(6(y),0(x)) where m(t) = 1, for all ¢ € [0,1] and set-
ting A(0(y),0(z)) = M(0(x),0(y)) for all z,y € I, in and (2.31)), one can
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obtain the following interesting inequalities involving means:

M

Ipnolai e ) < SACLD)

x § MO2(0(a), 0(2) /(P @) T (€ ) + (@) T (@) (3.1)

+MOT2(0(b), 0(2)) /(£ (0)r I (ha (€);7) + (f (@)L (ha(€)s7) ¢,

[Ipa0(z; A a,a,b)| < =

x { M°*+2(0(a), 6(z))

% Y@ G () Mo r) + (@) G (ha (€)M anr) (3:2)

+MOF2(0(b),0(x))

x R/ (f(0))9GT (1 (€); Ao, 1) + (f7 ()7 9GT (h2(€); A, a, 1)

Letting M (6(x),0(y)) .= A,G,H,P,,I,L,L,, M,,Vx,y € I in (3.1) and (3.2)), we
get the inequalities involving means for a particular choices of (f”(x))? that are
generalized relative semi-1-(r; hy, he)-preinvex mappings.

Remark 3.2. Also, applying our Theorems and for appropriate choices of
functions h; and hs (see Remark [2.6) such that (f”(x))? to be generalized relative
semi-1-(r; hy, ha)-preinvex mappings (for examples f(z) = %, where a > 1,V > 0;
f(x) =2, Vx> 0 etc.), we can deduce some new inequalities using above special
means. The details are left to the interested reader.
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