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PERIODIC SOLUTIONS FOR A NONLINEAR ITERATIVE
FUNCTIONAL DIFFERENTIAL EQUATION

AHLEME BOUAKKAZ, ABDELOUAHEB ARDJOUNI AND AHCENE DJOUDI

ABSTRACT. The main bulk of the present work is to study the existence and
uniqueness of periodic solutions of the following iterative functional differential
equation

d

Za) = —a@e @)+ (ta@). 2 (0), .2 1))

+ %g (t,m(t),x[zl @), ...,z (t)) .

By virtue of Schauder’s fixed point theorem and under suitable conditions,
we establish the existence of periodic solutions and by using the principle of
contraction mapping, the uniqueness is proved. This paper, generalized some
results obtained in [I3].

1. INTRODUCTION

The first order differential equations result from the modeling of several phenom-
ena such as population growth, carbon dating, ecological and medical models...
The study of this kind of equations began circa 1671 with the pioneering work of
Newton ”The method of Fluxion and Infinite Series” and since then there has been
much activity in this field [T} 7, [§].

In recent years, there exists a vast literature devoted to the existence of solutions
by using the theory of fixed points (see [I]-[10], [12], [13]) and many authors was
interested in iterative differential equations of the form

%m(t) = £ (a98), 2 (1), 2 (0), ... a1 (1))

where 29 (¢t) = ¢, 2lU(t) = z(t), 2P(t) = z (2(t)),...,2M(t) = ="~ (2(¢)). For
instance, we mention only the work of Eder [4] on the equation
d
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and the works of Si, Wang [9] and Hou, Jia [I3] on the existence of solutions of the
iterative equation

d

pred
Motivated by these works, we will establish sufficient conditions for the existence
and uniqueness of periodic solution for the following equation

%x(t) = —a@®z(t)+ f (o), 2(2), .2l 1))

+ g (100,20, s D). (1

Our approach is based on the application of Schauder’s fixed point theorem and
the principle of contraction mapping for proving the results.

The article is structured as follows. In the next section, we recall some notations
and results which will be used in the next section. Also, we convert the considered
equation into integral equation before applying Schauder’s theorem in the next
section. In the last section, we will establish the existence and uniqueness of periodic
solutions of via Schauder’s fixed point theorem and the principle of contraction

mapping.

(1) = ex(al (1) + e2 ()2l (1) + ..+ en (el (1),

2. PRELIMINARIES
For T >0 and L, M > 0, let
Pr={zeC(R,R), 2(t+T)=z(t)},
equipped with the norm

[z[| = sup |z (¢)] = sup |z (t)]
teR t€[0,T)

and
Pr(L,M)={xz € Py, |z|| <L, |z(ts) —x(t1)| < M |ta — t1], Vit1,t2 € R},

then (Pr,|.]|]) is a Banach space and Pr (L, M) is a closed convex and bounded
subset of Pr.
We assume that

Q(t+T) = alt), /Ta(t)dt>0. @)

0
The functions f(t,z1, 9, ...,z,) and g(t,x1,x2, ...,x,) are supposed periodic in ¢
with period T and globally Lipschitz in x1, ..., z,, i.e,

fE+T, 21, xn) = f(t, 21,0y T0) ,
gt +T,x1,...;zn) =g (t,z1, .0, Tp) - (3)

and there exist n positive constants k1, ks, ..., k, and n positive constants cy, ¢, ..., C,
such that

|f(t,£L’1, ,l'n) - f (tayl, 7yn)‘ < Zkl ||ml - ylH (4)
=1

and

n
|g (t7m17 ,l‘n) -9 (t7917 7yn)| < Zci ||'r’b - yl” . (5)
i=1
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The function g(¢,x1,xa, ..., x,) is also supposed globally Lipschitz in ¢, i.e, there
exists K > 0 such that

|g (t27l’1, ,In) — g(tl,ml, ,In)| S K |t2 — t1| . (6)
Lemma 2.1. Suppose (@ and (@ hold. If x € Pp (L, M), then x is a solution of
if and only if
t+T
x(t) = / [f (s,x(s),xm (s), ...,x["](s))
t
—a(s)g (s, z(s), 2% (s), ...,z (s))} G(t,s)ds
g (ta(0),22(1), ., 0),

where
exp (f: a(u) du) '
exp (fOT a(u) du) -1

Proof. First, we start by writing in the following form

G(t,s) =

%x(t) talt)a(t) - %g (o), (0), .. 1))

—f (t,z(t),xm (1), ooy ) (t)) ,

which is equivalent to
% { [x(t) By (t,x(t),wm (1), ooy ) (t))] exp (/Ot a (u) du)}
= 1 (to@.2(t), .2l 1))
~a(t)g (ta(0).22 (1), .27 (1))] exp (/Ota(u) du) .

The integration from ¢ to t + T gives

/tHT a5 — g (s,2(5),25), .2 (5)) | exp (/O a (u) du) } ds

—N

/tHT(i{[I(SHg (S,I(S)’x[g](sxme(s))} exp (/Osa(u) du)}ds

= (o) + g (202 (0).... 2 (1) }

([ ([ o)) oo ([T otwran) 1),
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then

Finally,

tg (t,x(t),xm (t), ..., ) (t)) .

Lemma 2.2. Green function G satisfies the following properties
Gt+T,s+T)=G(t,s),

and

exp (— fOT a(u) du)

exp (fOT a(u) du) -1

Lemma 2.3 ([13]). For any ¢,v € Pr (L, M),

exp (fOT a(u) du) _
exp (fOT a(u) du) -1 .

o = SG(t7S)S

m—1
o™ = || < 37 M7 o — wil.
j=0

Theorem 2.4 (Schauder [I1]). Let M be a closed conver and bounded subset of a
Banach space (X, ||.]|) and let H : Ml — M be a continuous and compact operator,
then H has a fized point.

3. MAIN RESULTS

3.1. Periodic solutions of equation . In this section we will use the Schauder’s
fixed point theorem [2:4] to prove the existence of periodic solutions of the equation
(1). For this , we define an operator H : Py (L, M) — Pr by

A= [ [ (26606760 8)
~a(s)g (5:0(5), (5, s 9 (5)) | G (8, 5) ds

9 (1), 2, (D)) (7)

and we will show that it is continuous and compact on Pr (L,M) and Hy €
Pr (L, M) for all ¢ € Pp (L, M).
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For ease of exposition, we will adopt the following notations:

5= t = £.0,0,....0 = £.0,0,...0). (8
tgg§]la()|7p1 tgg§]|f(,,, J0)[, p2 tg[lgf%lg(,,, J0)l. (8)

Lemma 3.1. Suppose that conditions @7(@ hold. If

n i—1
TB(p1+0p2) +p2+ LD [ei+TB (ki +6¢:)] > M’ < L, (9)
i=1 j=0
and
28+ aT [|lall) L (p1 + 0p2) + K
n i—1
+> 28+ aT |lal)) L (ks + dc;) + Me;] Y M7
i=1 j=0
< M, (10)

then H (Pr (L, M)) C Py (L, M).
Proof. Let ¢ € Pp (L, M). For having H (¢) € Pr (L, M) we will show that H (p) €

PT, HH(()O)H <L and ‘(H(p) (t2) - (He) (tg)‘ < M|t2 - t1| y th,tQ e R. Itis easy
to show that (He) (t +T) = (He) (t). By (8)), we have

(Te) (1)

t+T
<5 [ [1 (520060 660, 5)
+ B4 /tt+T ’g (8, o(s), 90[2](8)7 e 90["] (S)) ’ ds

+ g (0. ¢80, (1))

ds

b

and in view of conditions f and Lemma, we have

£ (50,02 (5), 0 (9))|
= ‘f (s,go(s),ap[g}(s),...,gp["}(s)) - f(s,0,07...,0)‘ +1f(s,0,0,...,0)]

n i—1
<p1+ ZkhZMJ el
=1 j=0

1
<Sp+LY kY MY (11)
i=1 ;=0
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and

9 (5 0(5), £ (5). s 6(9))|

Thus, it follows from , and (]ED that

[(He) (1)

n i—1 n i—1
SBT [ pr+ LY ki Y M|+ (BT +1) | pp+ LY ;Y M
=1 j=0 i=1 ;=0
n i—1 )
i=1 7=0
< L.

Therefore ||[Hy|| = sup |[(Hy) ()] < L.
te[0,T7]
Let t1,ts € [0, T] with t; < t2, we have

[(He) (t2) = (Hp) (1)

/tﬁT f (s, o(s), o (s), ..., w[”](s)) G (ta,s)ds

ta

<

T (5909 1,9

. /t2+T a(s)g (s, o(s), o2 (5), ..., ol (5)) G (t2,s)ds

to

_/t1+Ta(S)g (s7<p(s),<p[2](8)a~-7‘PW(S)) G (t1,s)ds

t1

+ o (2.0 (t2). 0P t2). 0 (12)) — g (11, 0(02). P (1), (1)) |.
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But,

/tterT f (3, o(s), ol (s), ..., cp[”](s)) G (ta,s)ds

T (500,069 G 1,51

<

/ttl f (5, o(s), go[Q](s), e <p[”](s)) G (ta,s)ds

—|—/:2+Tf (s,cp(s),g@m(s), ooyl (s)) G (t2,s) ds

1+T

t1+T
[ 7 (5069, (0)) (G 1219) = G (11,) s

t1

< [ 16 ()| (5.005). 2 (6), 0l (5)) | ds

2]

#1601 (550060 2060 19t

1+T

: jexp (fTazu) du) — 1 /:+T £ (5 0(), 02 (5), 6 (5) )|
0

exp (/ta (u) du> ~ exp (/t o (u) du)

/:” exp (/t:a(u) du) ~exp (/:a(u) du)
:/:+Texp (/t:a(u)du> |~ exp (/tltza(u)du)
< T'lal| |t — 1] exp <— /OTa(u) du> ,

/ T (5006 ). () G 5

X ds.

and

ds

ds

SO

-/ T (5069, () G 1 5)

n i—1 n i—1
<28t —ta| L (m +ZkiZMj) + Talla] [t2 = | L (,01 +ZkiZMﬂ')

=1 j=0 i=1  j=0

i—1

< ‘tg —t1|L (,01 -‘FZI{?ZZM]) (2B+OZT||CLH) (13)
i=1 7=0
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Similarly, we have

[ aws (s, 961, ) G (12,5)

/ #(8), 6 (5)) G (11, 5) ds
,...,go["](s)) G (ts, 5) ds

/ v #2(8), .6 (5)) G (12, 5) ds

[ +Ta( )9 (s 60,65, e(0)) (6 k)~ G, )
[ a6 29 |7 (520060, 62(5), 5 s

+/t++TT| ()G (b2, )| £ (5, 0(5), (5, s 0 (5)) | s

"o (e 1 T [ 11 (50060 0,6

<ty — 1| LS (pg—chiZMj) (28 + oT ||al]) . (14)

i=1 j=0

Also, we have

9 (t2,0(t2), 92 (12), -, 6 (12)) = 9 (11, 0(02), 62 (1), ) (10) )|
= |o (t2s (e, o2 (t2), . [n](t2)> g (11, p(t2), 9P (t2), oy 0" (22) )
+ g (B 9(t2), 6P (82), s 0 (82)) = g (11, 0(0), 9P (11), o 6P (11) )|
< |g (t20p(t2). P (12), . ["]<2>) g (t1,(t2). @ (t2), -y 01" (12) )|
g (10t 92 12), s (12)) = g (11, 0(00), 2 E1), s 1)) .
By ([@)-(6) and Lemma [2.3] we have
|9 (12 0(22), 02,y 7 (02)) = g (12, 0(10), 2 (10), o 6 (10) )|

<Klty—ti|+) o Hw[ﬂ (t2) — ol (tl)H
=1

n i—1
< (K +) e ZMj+1) lta — t1]. (15)

i=1 j=0
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Thus, it follows from — and that
|(He) (t2) — (Hep) (t1)]

1—1
< | @8+aTla|)L ,01+5,02+Z ki +dc;) Y MY
=1 7=0

H MY Y M|+ K| |t -t

i=1  j=0
< M |ta — tq].
Therefore,
((Hep) (t2) = (HO) (t2)| < M [tz — ta],
for all t1,t5 € R. Consequently, H (Pr (L, M)) C Pr (L, M). O
Lemma 3.2. Suppose that conditions 7(@), (@and @) hold. Then the operator
H:Pr(L,M)— Pr(L,M) given by is continuous and compact.

Proof. Since Pp (L, M) is a uniformly bounded and equicontinuous subset of the
space of continuous functions on the compact [0, 7] we can apply the Arzela-Ascoli
theorem to confirm that Pr (L, M) is a compact subset from this space. Also, and
since any continuous operator maps compact sets into compact sets, then to show
that H is a compact operator it’s suffices to show that it is continuous.

For ¢,0 € Pp (L, M), we have

(Hy) (t) — (HO) (1)]
t+T
< / e ) £ (50(), 62 (), s 6(5)) = 1 (5.0(5),0P)(5), .., 07 (5)) | s

# [ 18 6o (50060660, 01(5)
(ot )
o (80 P10, (1)) =g (1,60 0%)). ... 67 (1) |.

In view of conditions f and notations , we have

((He) (1) — (HO) (1))

SﬂTZkngo — gl +66TZ Plil — gl Z Sl _ gl
=1 i=1
From Lemma 2.3 it follows that
[(He) (t) — (HO) ()]
n i—1 n 1—1
SBTY ki d M o=+ (BT +1)> e > M |-
=1 =0 =1 7=0
n i—1
Z BTki + (BT + 1) c;) Y M7 o — o],
=1 j=0

which shows that the operator H is continuous. Therefore, H is compact. ([
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Theorem 3.3. Suppose (@—@, @ and (@) hold, then equation has at last a
solution x € Pr (L, M).

Proof. From Lemma we see that equation has at last a solution x on
Pp (L, M) if and only if the operator H defined by @ has a fixed point. From
Lemmal3.2land Lemma[3.I]all the conditions of Schauder’s theorem 2.4l are satisfied.
Consequently H has a fixed point on Pr (L, M) and this fixed point is a solution
of equation (I). O

3.2. Uniqueness of the solution of equations . In this section we use the
principle of contraction mappings to prove the uniqueness of the solution of the

equation .
Theorem 3.4. Suppose (@7(@, (@ and (@) hold. If

n i—1

(BTk; + (BT +1)¢;) > M7 <1, (16)
1

1= =0

then equation has a unique solution x € Pp (L, M).

Proof. Similarly as in the proof of lemma and by using , for ¢,0 € Pr (L, M)
we have

((He) (t) — (HO) (1))

n i—1
< T (BThi + (BT + 1) ¢) > M || — 0]
i=1 j=0

By the principle of contraction mapping, H has a unique fixed point on Pr (L, M)
and in view of Lemma [2.1] this fixed point is a solution of equation (T]). O

Acknowledgement. The authors would like to thank the anonymous referee
for his valuable comments.

REFERENCES

[1] A. Ardjouni, A. Djoudi, Existence of periodic solutions for first-order totally nonlinear neutral
differential equations with variable delay, Comment. Math. Univ. Carolin., 55(2) (2014) 215—
225.

[2] S.S. Cheng, J. G. Si and X. P. Wang, An existence theorem for iterative functional differential
equations, Acta Math. Hungarica, 94(1-2) (2002) 1-17.

[3] E. Eder, Existence, uniqueness and iterative construction of motions of charged particles with
retarded interactions, Ann. Inst. H. Poincaré, 39(1) (1983) 1-27.

[4] E. Eder, The functional differential equationx z (t) = x (z (t)), Journal of Differential Equa-
tions, 54 (1984) 390-400.

[5] W. G. Ge, A transform theorem for differential-iterative equations and its application, Acta
Math. Sinica, 40(6) (1997) 881-888.

[6] C.Z. Li, W. G. Ge, Existence of periodic solutions to a type of differential iterative equations,
J. Beijing Inst. Technol. (Chin. Ed.), 20 (5) (2000) 534-538.

[7] Y. N. Raffoul, Existence of positive periodic solutions in neutral nonlinear equations with
functional delay, Rocky Mountain J. Math., 42(6) (2012) 1983-1993.

[8] Y. N. Raffoul, Periodic solutions for neutral nonlinear differential equations with functional
delay, Electronic Journal of Differential Equations, 2003(102) (2003) 1-7.

[9] J. G. Si, X. P. Wang, Smooth solutions of a nonhomogeneous iterative functional differential
equation with variable coefficients, Journal of Mathematical Analysis and Applications, 226
(1998) 377-392.



166 A. BOUAKKAZ, A. ARDJOUNI AND A. DJOUDI EJMAA-2019/7(1)

[10] J. G. Si, W. N. Zhang and S. S. Cheng, Continuous solutions of an iterative functional
inequality on compact interval, Nonlinear Stud., 7(1) (2000) 105-108.

[11] E. Zeidler, Applied Functional Analysis, Applied Mathematical Sciences, Vol. 108, Springer-
Verlag, New York, 1995.

[12] P. Zhang, Analytic solutions for iterative functional differential equations, Electronic Journal
of Differential Equations, 2012(180) (2012) 1-7.

[13] H. Y. Zhao and J. Liu, Periodic solutions of an iterative functional differential equation with
variable coefficients, Math. Meth. Appl. Sc., 40 (2017) 286-292.

AHLEME BOUAKKAZ
LAMAHIS LAB, FACULTY OF SCIENCES, DEPARTMENT OF MATHEMATICS, UNIV SKIKDA, P.O. Box
26, SKIKDA 21000, ALGERIE

E-mail address: ahlmekholode@yahoo.fr

ABDELOUAHEB ARDJOUNI
FACULTY OF SCIENCES AND TECHNOLOGY, DEPARTMENT OF MATHEMATICS AND INFORMATICS, UNIV
Souk AHRAS, P.O. Box 1553, SOUK AHRAS, 41000, ALGERIA
APPLIED MATHEMATICS LAB., FACULTY OF SCIENCES, DEPARTMENT OF MATHEMATICS, UNIV ANNABA,
P.O. Box 12, ANNABA 23000, ALGERIA

E-mail address: abd_ardjouni@yahoo.fr

AHCENE DjoubnI
APPLIED MATHEMATICS LAB., FACULTY OF SCIENCES, DEPARTMENT OF MATHEMATICS, UNIV ANNABA,
P.O. Box 12, ANNABA 23000, ALGERIA

E-mail address: adjoudi@yahoo.com



	1. Introduction
	2. Preliminaries
	3. Main results
	3.1. Periodic solutions of equation (1)
	3.2. Uniqueness of the solution of equations (1)

	References

